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PREVAC'E 


111 a sense this is a hook for the heRinner in mechanies, hut in 
another sense it is not. l-'rom the time we make our first move- 
ment.s, crude ideas on force, mass, and motion take shape in our 
minds. Tliis liody of ideas miRlit lie reduced to some order at 
liigh .school (as cruile ideas of geometry are reduced to order), 
hut that is not the educational practice in Xortli America, 
There is ratlier an accumulation of miscellaneous facts hearing 
on mechanics, some mathematical and some experimental, until 
a state is reached where the student is in danger of being lepelled 
hy the subject, as a chaotic jumble which is neither mathematics 
nor pliysics. 

This hook is intended primarily for students at this stage. 
The authors’ ambition is to reveal mechanics as an orderly self- 
contained sul)ject. It may not he (pjite so logically clear as j)ure 
mathematics, but it stands out as a model of clarity among all 
the theories of deductive science. 

The art of teaching consists largely in isolating difficulties 
and overcoming them one by one, without losing siglit of the 
main problem while attending to the details. In mechanics, 
the main problem is the problem of equilibrium or motion under 
given forces — the details are such things as the vector notation, 
the kinematics of a rigid body, or the theory of moments of 
inertia. If we rush straiglit at the main problem, we become 
entangled in the details and have to retrace our steps in order to 
deal with them. If, on the other hand, we decide to .settle all 
details first, we are apt to find them uninteresting because we 
do not see their connection with the main problem. A compro- 
mise is necessary, and in this book the compromise consists 
of the division into Plane Mechanics (Part I) and Mechanics in 
Space (Part II). These titles must, however, be regarded only 
as rough indications of the contents. Part I includes some of 
the easier portions of three-dimensional theory, while Part II 
contains an introduction to the special theory of relativity, with 
mechanics in only one spatial dimension! 
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rii(‘i<' is. of course, nothing novel in reKarcliriK plane mechanics 
the preliniinaiy field; hut it is rather iniusuiil to divide the 
sul)jcct ill this way in a single volume, or even in a sequence of 
volumes. It has made the task of writiiiK more difficult, but 
th(‘ authors liave felt it worth while. Many of the most interest- 
in{>: re.sults in statics and tlyiiamics belong to the plane theory, 
and it is unfair to deny the reader access to them until he has 
mastered the more elaborate technique required for three 
tlimensions. 

Part 1 is complete in itself and might be used as a textbook 
in plane statics and dynamics, with some excursions into three- 
dimensional theory. Vector notation is introduced, but used 
sparingly. Tlie reader should have a fair knowledge of calculus, 
elenuaitary differential o(|uations, and some analytical geometry. 
Practical experience in physics is not e.ssential but very desirable; 
mechanics is at root a physical subject and should not be treated 
merely as an excuse for the exercise of mathematical techniques. 

In Part 11 the language of vectors is u.sed extensively. A 
knowledge of threc'-diinensional analytical geometry is reepnred, 
and greater power in the use of mathematical proccs.ses. This 
part is complete in itself, except for occa.sional references to 
Part I. The selection of particular applications follows con- 
ventional lines, except for one novel feature — a section on electron 
optics, ('hapters on Lagrange’s equations and on the special 
theory of relativit}' are included. 

I'lie l)ook has developed from lectures delivered by both 
authors to Honor Students in their second and third years at the 
University of Toronto. These lectures cover about 110 period.s 
of 50 minutes, and it has been found that the work can be done 
fairly adetpiately in that time. But tliis does not allow 
sufficiently for the working of problems with the classes; it is 
felt that 150 periods might well be spent on the contents of the 
book, were it not for other demands on the students' time. 

Lach chapter is followed by a summary. The summaries to 
the chapters dealing with methods are naturally the more funda- 
mental — there is little hope of being able to attack problems 
unless one is thoroughly familiar with the general principles 
outlined there. On the other hand, the summaries to the chap- 
tei-s dealing with applications are intended to provide only a 
synopsis of what has been done. 
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Many of the cxorcisics are taken witli permission from examina- 
tion papers set in the University of Toronto and printed by 
the University Press. In each set of exercises, the first few 
problems are so simple that failure to solve them will reveal a 
lack of understanding of basic methods, rather than a deficiency 
in skill and ingenuity. 

The equations are numbered in such a way that, when read 
as decimals, they stand in their proper order. The integer 
represents the chapter, the first decimal place lepresents the 
.section, and the last two decimal places the position of the equa- 
tion in the section. 

Debt.s to other textbooks are too numerous to acknowledge. 
But we would like to pay tribute to two books and recom- 
mend them to the reader who wishes to pursue the subject 
further. They are E. T. Whittaker’s Analytical Dynamics 
(Cambridge University Press) and P. Appell’s Mecanique 
rationiielle (Gauthier-\’iUai-s). These books have suggested the 
po.ssibility of reconciling in a textbook on mechanics two opposing 
goals — the reduction of the subject to a compact and classified 
form and its exposition with sufficient fullne.ss to make the 
arguments easy to follow. 

We gratefully acknowledge assistance and advice received fi om 
our colleagues, Professor H. S. M. Coxeter, Professor A. F. 
Stevenson, Dr. A. Weinstein, and Mr. A. W. Walker. We are 
under a particular debt to Professor L. Infold, who read most of 
the manuscript and has been unsparing in fiank criticism and 
suggestions; if we have succeeded in avoiding dullnes.s and 
obscurity, it is d»ie in no small measure to him. 

J. E. Synge, 

B. A. Gkiffith. 

Toronto, Ontario, 

Mkdk ine Hat, Aebprta, 

December^ 1941. 
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CHAPTEll 1 

FOUNDATIONS OF MECHANICS 
1.1. SOME PHILOSOPHICAL IDEAS 

Why do we study mcdmnics? Thovo are at least three reasons 
First, we live in an age of maehinery, wlneh eannot be desiKiier 
without a knowledge of meehanies; in faet, it is the most in, da- 
mental subjeet in engineering. Seeondly, meehanies p ays a 
basic part in physics and astronomy, eoiitributmg to our knonl- 
edge of the working of nature. Thirdly, the mathemati.mn is 
interested in meehanies. both in the logii- of its foundations and 
in the methods employed; a considerable portion ol matheniaties 
was developed for the express purpose of solving meehanieal 

'"Tlln'idijeet of meehanies is not a mere eolleetion of facts. 
From certain simple hypotheses an elaborate theoyv is built „p. 
Anyone who has studied the subject should be able to answer 
ouestions of interest to engineers and physicists; that is to say, 

he should be able to apply his knowledge. But 
have a fair idea of the logical structure. A successful textbook 
ha-s to steer a middle course between undue concentration on the 
mere working out of problems on the one hand, and an over- 
elaborate development of logical structure on the other. 

9 

The two ways of thinking. 

What the student of mechanics requires more than anything 
else is the development of a certain point of view which ,.s difficult 
to describe in a few words. Since the reader is expected to have 
a fair knowledge of geometry, it will be helpful to considei the 

ways in which we think about that subject. 

Every student of geometry learns to think in two ways 
First, there is the physical way, in which a point is a small dot 
on a sheet of paper, a straight lino a mark made by drawing 
a sharp pencil along a straight edge, a circle a mark made by a 
pair of^ compasses, and so on. Secondly, there is the ideal or 
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nuilhi matical wav, in wliit li a point is iio longer a dot on paper, 
hut an uleal thing which the dot .serves only to sugge.st. Anyone 
who uses geometry has both the.se ways of thinking at his disposal, 
switching from one to the other without confusion. The engineer 
and the phvsieist gt'nerally think in the physical way, but \\hen 
there is a theorem to he proved they suheonseiou.sly switch to the 
inatliematical way. On the other hand the mathematician will 
iliink primarily in the mathematical way, but he will change to 
the physical way when he wants to aid his thought with a 

diagram. 

This duality in point of view is confusing to the beginner 
in geometry. But it is fortunate that ho has to face this difficulty 
at an early stage in his career, because it prepares him for a 
similar duality in meclianics, about which he has also to learn 
to think in two different ways. 

First. ther(‘ is the physical way. Wo think of actual physical 
tilings, natural or man-made. We seek to iindei*stand the laws 
goN’crning theii* behavior and to piedict how they will beha\'e 
undei' gi\’(*n circumstances — to he able to trace the paths of 
I'omets in advance, or design machinery and bridges with con- 
fidence as to their liehavior when constructed. 

On the other hand, there is the mathematical way. Often 
without legalizing it consciously, the physicist, astronomer, or 
(‘iigineer .slips over from the phy.sical w’ay of thinking to the 
mathematical. Thus the astronomer may treat the earth as a 
perfect spheri' — an abstract mathematical concept which does 
not exist in nature — or the engineer may discuss a wheel as 
if it were a perfect circle. 

The transition from the physical to the mathematical and 


back again is a source of more confusion than may be .suspectod. 
but it is unavoidable. There is no doubt that the physical 
way of thought is the more natural; but as long as it is the only 
way, progress is slow. Physical things arc very complicated 
and hard to think about. Slowly we come to distinguish between 
Iiroperties which are essential and properties which are incidental. 
We learn to simplify j)roblems by forgetting the incidental 
propei-ties and concentrating on those which are essential. 


To illustrate, suppose we are interested in the periodic time 
of a bar suspended from one end, oscillating as a pendulum. 
Which properties of the bar is it essential for us to bear in mind. 
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and which may we neglect as iiici<lental? C'an we preilict the 
periodic time of oscillation without knowing the material ol 
which the bar is constructed? Does the form of the cross scctitm 
of the bar matter? Does it make any ditYerence whether tlie 
bar is supported on a knife-edge or by bearings? The cautious 
well-informed physicist would say that all these things mattered 
and many otliers. One material yields more than another, tlie 
form of cross section influences the distribution of material, and 
a change in tlie mode of suspension may alter the axis about 
which the pendulum oscillates. But if we were as cautious as 
this we should have no science of mechanics. To start on the 
problem, at any rate, wc must simiflify it ruthlessly. So we 
think of the bar as a rigid mathematical straight line and the 
support as a fixed mathematical point. Now wo have a problem 
which is reasonably simple to handle mathematically. Stiictly 
speaking, no properties are incidental. Kven the color of the 
bar affeebs the pressure of light on it; a subway train stop[)ing 
five hundred miles away may cause a vibration in the support anti 
affect the motion of the bar. Common sense, which is the accu- 
mulated experience of centuries, gives us some guide as to the 
factors which wc may neglect. 


Mathematical models. 

Gradually stripping physical things of attributes which are 
unimportant for the (piestion in hand, we arrive at a mathe- 
matical way of thinking about nature. The particular mathe- 
matical model* to be used on a given occasion depends on that 
occasion. Consider the earth, for example. The simplest model 
of the earth is a particle, a matliematical point with mass. This 
model suffices to obtain the earth’s orbit round the sun. but 
obviously will not do for the discussion of tides or lunar 
eclipses. For the.se phenomena we may think of the earth as a 
rigid sphere, but this model will not serve for the discussion 
of the precession of the equinoxes (for which we retpiire an ellip- 
soidal rigid body) or for the discussion of earthquakes (for which 
we require an elastic sphere). Thus there arc many matho- 

• The reader will of course understand that when we speak of a “model” 
we do not mean an actual physical reproduction on a small scale. We use 
the word— for want of a better— to describe our simplified mental picture 
of a physical object- 
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MKiti.-al nuHlrls for tlie earth, and the one which we choose 
dc|)en(ls on llie <iuestion we are discussing at the moment. 

In fact, mechanics— and indeed all theoretical science — is a 
game of mathematical make-believe. \\ e say: If the earth 
wt-n a liomog(‘neous rigid ellipsoid acted on by such and such 
forces, how would it behave? Working out the answer to this 
matlu'matieal (piestion, we compare our results with observa- 
tion. If there is agreement, we say that wc have cliosen a good 
imaiel; if di.^agreernent , then tlie model or the laws assumed are 
bad. 


bet us now sum up the general procedure in theoretical 

mechanics in the following five steps. 

(1) .\ physical .system is an object of curiosity; we wish to 
pnalict its behavior under various circumstances. (Tito system 
iti (jiieslion might be a pendulum, nr a pair of stars attracting 
one anotlier.) 

(2) An ideal or mathematical model of tlie physical system is 
constructed mentally. (The pendulum is regarded as a rigid 
straight line, and the stars are regarded as two particles.) 

(3) Mathematical reasoning is applied to the mathematical 
model. (This means that ditTerential or finite equations are set 
up and solved. Formulas are developed to give answers to 
intere.sting (piestions. such as those concerning the periodic 
time of the pendulum or the orbit of one star relative to the 
other.) 

(4) The inatheinatic*al results are interpreted physically in 
terms of the phy.sical problem. 

(5) The results are compared with tin* results of observation, 
if possible. 

Certain remarks .should be made about these five stops. First, 
(1) implies a physical curiosity. In spite of the fact that theo- 
retical mechanics is a part of mathematics, we should not forget 
that its roots lie in physics and the actual world around us. 

Secondly, as has been remarked above, the construction of 
a mathematical mo<leI (2) at once simple and adequate is by no 
means easy in all cases. However, mechanics is an old subject, 
and there is much accumulated experience to fall back on. The 
concepts of particles, rigid bodie.s, forces, etc. (all mathematical 
idealizations), have been designed for this purpose. These will 


be discussed in Sec. 1.2. 
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Stop (3) bolongs Inrgoly to pure nuithoniatics, locjuiring no 
particular knoulodgo of, or interost in, the j^hysical prol)loin. 
Nevortholoss, it is often of tlio greatest assistance to tlie mathe- 
inatieiaii to bear tlie pliysical problem C(jntinually in iniml; in 
this way, methods of attack may be suggested to him. 

The fourth step in general j)resents no difficulty, provided 
that we are clear as to the things in nature which correspond to 
the things in our mathematical model. 

The technical details of the fifth step belong to e.xperimental 
jjhysics or observational astronomy, and with them we shall 
not be concerned. But we are intcreste{l in the fact that the 
conclusions drawn from a mathematical theory are, or are not, 
physically true, within the limits of accuracy of observation. 

It is necessary to distinguish between mathematical truth 
and physical truth. In developing the theory of mechanics, we 
shall try to make the mathematical arguments fairly complete, so 
that we can have confidence that the conclu.sions follow logically 
from the hypotheses, i.e., that they are mathematically true. 
We should not undertake this work, however, if we had not 
confidence that our conclusions are also physically true, in the 
sense that they agree with observation. A vast accumulation of 
physical results confirms our confidence. Xe^’erthel(*ss, it would 
be too much to claim that all our conclusions are physically valid. 

Attempts to construct a .succe.ssful model of an atom on the 
basis of Newtonian mechanics have failed. This failure led 
to the invention of quantum mechanics. We may say in gen- 
eral that Newtonian models of small-.scale phenomena have 
not been successful, whereas at the other end of the scale we 
find difficulty also in the large-scale phenomena of astronomy. 
In .spite of the many triumphs of Newtonian mechanics in 
dynamical astronomy, there remain a few phenomena which 
are in apparent disagreement with it; the best-known concerns 
the orbit of the planet Mercury. This difficulty \vas overcome 
when Einstein created the general theory of relativity. 

To explore with any degree of completeness the theories 
referred to above would demand a course of study far wider than 
that covered in this book. The reader may feel disappointed 
that at this stage he cannot reach the forefront of our mechanical 
knowledge. To encourage him, however, it may be pointed out 
that as long as the phy.sical problems concern only apparatus 
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«.f tin srair, iK-itlirr atomic on the one liarul nor 

Mstroimmual on the other. on<‘ rnay liave compleU' confi<lence 
tliat no exix'iiinental t('chni»iue can reveal any tiiscrepiuicy 
lietvvecn ol)scr\'al ion and tlu' coiiclnsions <lrawn from Ne\\- 
toniaii mechanics. This confi<lence may even he extended to 
astronomy. l)ecaii.-<(‘ tliere the relativistic effects are extremely 
minut(': tilt' vast hody of calculations of dynamical astronomy 
are still saf<*ly ha.sed on Newtonian mechanics. 

H<‘lativity and (luatdum mechanics not oidy enable us to 
obtain results which are physically true — they also throw light 
on such basic pliilosoi)liical ideas as simultaneity and causality. 
Chapter WI contains an introduction to the special theory of 
iclutivity. The general theory of relativity and quantum 
mechanics both lie outside the scope of this book. 


1.2. THE INGREDIENTS OF MECHANICS 

In any subject there are words which occur again and again, 
like the words “ point,” “line,” and “circle” in elementary geom- 
etrv. .\s well as these technical words, there occur ordinary 
words with the meanings of which we arc supposed to be familiar. 
When we start a new .subject, we are not expected to know 
what the technical words mean. They arc introduced with some 
formality, being in fact given definitions. A definition is itself 
only a .'^et of words and may not mean much; the general idea is 
to explain a new thing in terms of things already familiar. 

We are now to try to create mathematical models of physical 
things. We start with a fair general imprecise knowledge of the 
world aiound us; the places in our minds reserved for the mathe- 
matical models arc suppo.sed to be absolutely blank. If we 
opened those places for the actual world to rush in, we should bo 
overwhelmed with confusion. We guard the door and admit 
only a few ingredients of simple mathematical character. 

Particles. 

The first thing we admit is a particle. We have seen tin>' 
scraps of matter anti it is not difficult for us, with our training 
in geometry, to think of a scrap of matter \nth no size at all, 
but with a definite position; that is a particle. When we have 
to deal with a physical problem in which a body is very small 
in comparison with distances or lengths involved (for example. 
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the earth in comparison with il.s distance from the sun, or the boh 
of a pendulum in compari.son witli the string), we may repre.sent 
that l)ody in our matliematical model by a particle. 

Mass. 

Primitive trade was a matter of barter; later, money was intro- 
duced as a standard scale for comparison of values, and etiuiva- 
lence in value is now expressed by eciuality of price*. This 
exemplifies a process of deep importance in science, namely, 
a concentration on some characteristic (value) of a thing and 
its expression by means of a number (price). A barrel of ai)ples 
is very ditYerent from a pair of shoe.s, but they may be ecpiivalent 
if value is the only characteristic in which we are interested. 
That the price is the same expre.sses complete ecjuivalenee as 
far as our pur.'^c is concerned. 

Consider now a great variety of bodies — pieces of stone, 
iron, gold, wood, etc. — and mechanical experiments performed 
on them. As exami)les. we mention two experiments: 

(i) The body is placed in the pan of a .spring balance and the 

reading noted. 

(ii) The body is fired from a gun by means of a definite explo- 
sive cliarg(; and pa.sses into a block of wood, the resulting dis- 
placement of which is noted. 

If A and Ii are two piece.s of iron, as nearly ideiiticjd in shape 
and size as it is possible to make them, they will of course give 
the same results when used in any experiment, performed first 
using A and then rep(*ated using li instead. But it is a remaik- 
able fact, resting on long experience, that two bodies A and Ii 
may differ in material, size, shape, etc., and yet give the saim^ 
result in a great variety of mechanical experiments. We then 
say that they are tncchanicaUy equivalenl. A j)iece of wood and a 
piece of gold may be mechanically equivalent, just as a barrel of 
apples and a pair of shoe.s may be equivalent in value. 

As we a.ssign a price to each article of trade, .so we may assign 
a number to each piece of matter, eciuality of these numbers 
implying mechanical equivalence. This number is called inass 
and is usually denoted by m. Following the analogy of money, 
ba.sed on a standard substance (gold), it is easy to sec how a 
scale of mass is to be constructed. We start with a number of 
identical pieces of .some standard material such as platinum, 
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;iml we n.'<>iKn to the mass of eacli the value unity (m = 1). 
When ft <jf these pieces are lumped together, we assign to the 
mass of the lump the value n(m = n). By cutting the pieces, 
we can <-oiis1nict lanlies witli fra<-tional masses and so obtain 
a s(‘t of standai’d hodi(‘s ol all possible' masses. T.}ien, to assign 
a mass to a body .1 (not of the standard material), we subject it 
to ('xpt'riments and find that standard body 3 to which it i.s 
mecluinicall\' ('(piivalt'nt. e then say that the mass of -1 
is the .same as the mass of H. 

'rh<‘ comparison of masses is usually made by weighing as 
in the experinu'iit (i) mentioned above, except that for reasons 
of accuracy the spring balance is replaced by a laboratory balance, 
d'hus. in practice, two bodies arc said to have the same mass 
when they have the .■^ame weight. 

'I'he al)o\'e consideiations deal with ply\'sical bodies. In the 
mathematical mod('l in which these bodies are represented by 
particles, we are to regard each particle as having attached to it 
a positive number m, its mass, which does not change during the 
histor>' of the particle. 

In dealing with a system of particles, we define the mass of 
tlie system to be the sum of the masse.s of the particles which 
compose it. 

Rigid bodies. 

We have now admitted as a mathematical model the particle 
with rna.ss. The next thing to consider is the rigid body. 

It is a matter of common c.xperience that bodies may be soft 
like rublx'r or hard like steel. Even the hardest body, however, 
changes its size and shape by measurable amounts under the 
action of sufficiently great forces. But just as we idealized the 
small body of our experience into the particle with position 
but no size, so we idealize the hard body of our experience into 
the rigid body, which never undergoe.s any change of size or .shape. 
I'he rigid body is now admitted as a mathematical model. 

We pause for a moment to examine critically something written 
just above. We spoke of a body changing its size and shape. 
^V hat does this really mean? Suppo.se, for example, we have a 
bar of steel with two marks on it. Along.side the bar we lay a 
graduated measuring scale and note the readings on the scale 
opposite the two marks on the bar. Then we pull the ends of 
the bar and note the readings again. The difference between 
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them is greater Ilian it was Ix'fore; lKaic(‘ we say tliat the l)ar 
has inereased in length. 

Ho\ve\'cr, an argumentative person might assert that this was 
an incorreet statement; he might hold that the length of the bar 
was the same as before but that the measuring .scale had .shrunk. 
We cannot .say that he is wrong in taking this jioint of view until 
we clarify our ideas as to the meaning of the word “length.” 

The idea of length is one that involves the eompari.son of 
two bodies, ^^'e decide once for all on a unit of kuigth by making 
two marks on a piece of metal and stating conditions with regaid 
to temperature and pressure under which measurements are 
to be made with this pi(‘ee of metal. We were perhaps a little 
ha.sty in admitting a rigid body as a mathematical model, because 
there is no sense in talking about a single rigid body; we must 
have some means of measuring it and testing that it is rigid. 
So when we admit the rigid body, we shall at tlie same time admit 
a measuring scale. When we say that a body is rigid, we mean 
that measurements of distance.s betw(>en marks on it always 
have the same values, the measurements being made with the 
measuring scale. 


Events. 

The word event is familiar in ordinary speech. It u.sually 
denotes something a little out of the ordinary, something that 
occurs in a fairly limited region of space and is of fairly short 
duration. Thus a football game or the arrival of a train might be 
described as an event. The word has now accpiired an idealized 
scientific meaning, the idealization involved being rather similar 
to that by which we created the concept of particle. Instead of 
occupying a fairly limited region in space, an event (in our mathe- 
matical model) occurs at a mathematical point; and instead of 
being of fairly short duration, it occurs instantaneously. We do 
not carry over into our mathematical model the slightly dramatic 
meaning attached to the word in ordinary life. Anything that 
happens may be called an event. Even the continued existence 
of a particle forms a series of events. 

Frames of reference. 

In desciibing an event in ordinary life, it is usual to specify 
the place and time. Thus it is recorded of the sinking of a 
ship that it occurred at a certain latitude and longitude, and 
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at :i rntnin Orconwii-h invtin tiino. I.utitndc and longitude 
drfiiH' i)osition on tlio earth's surface; we are here using the earth 
as a frame of nfi renvc. This is the most familiar frame of refer- 
(MHv. Imt otliers may he used. Astronomers prefer a frame of 
reference in which the sun is fixed and whieli does not share in 
th(‘ eartli’s motion of rotation. Also, the interior of a train, 
street<'ar, elevator, or airplane may be used. 1 he essential 
thing about a frame of reference is that it should he fairly rigid. 

In our mathematical model, we employ a rigid body as frame 
of reference. As we may introduce any number of rigid bodies 
moving relative to one another, we have thus at our di.sposal 
any number of frames «)f reference. Selecting one of these 
;ind taking na-tangular axes of coordinates in it, we assign to 
any evetjt a .set of three numbers x. y. z. the coordinates in the 
frame of reference of the point where tlie event occurs. 

Time. 

An (Went has not only position ; it also has a time of occurrence. 
'This we have now to consider. 

'I'he po.^sihility of repeating an experiment forms the basis 

of experimental science. It is assumed that, if an experiment is 

repeated under the same conditions, the same result.s will be 

obtained. C'onsider, htr example, a tank of water drained 

through a hole in the bottom, and then refilled and drained again. 

Strictly speaking, it is impo.x.dble to reproduce conditions 

exactly, and we have to use judgment to decide whether the new 

conditions are sufficientlv near the old. But in an ideal sense 

% 

we may think of an experiment repeated over and over again 

under exactly the same conditions. 

% 

To define time, we think of some experiment which can be 
repeat(*d over and over again, a new experiment starting just 
when the preceding one ends. Denoting time by /, we assign 
the value < = 0 to the beginning of the first experiment, i = 1 
to the beginning of the second experiment, f = 2 to the beginning 
of the third experiment, and .so on. The repeated experiment 
thus forms a clock for the measurement of time; we shall call the 
unit of time given by .some such ideal experiment a Newtonian 
unit. This is the procedure actually adopted in practice. In 
a watch, the experiment is an oscillation of the balance wheel; in 
a pendulum clock, it is an oscillation of the pendulum. In 
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ancient times the experiment \va.s the emptying of a vessel of 
water or a sandglass. 

We also use the earth’s rotation with respect to the fixed 
stars as an “experiment” to measure lime, the unit liere being 
the sidereal day. Altliougli more j)erfect than clocks we can 
manufacture, tlic earth is not (piite a perfect clock because tiie 
experiments are not reproduced under preci.^ely tlie same condi- 
tions. The friction of the tides slows down the eartli in com- 
parison with the rotation of a hypothetical rigid body. But, 
except for the measurement of extremely long intervals of time, 
the earth provides a satisfactory clock, and in pra{‘tice wo check 
our time as measured by watclies and clocks I)y comparison with 
the rotation of the earth, the unit of time (sidereal day) being the 
interval between successive transits of a star* across any selet ted 

meridian. 

Units. 

We have now introduced the concepts of mass, length, and 
time. In each case we can choose an arbitrary unit. This 
means that the unit c)f mass is tlie mass of some arbitrarily 
chosen bodv, the unit of length is the length of some arbitrarily 
chosen body, and the unit of time is the duration of some arbitrary 

repeatable experiment. 

The general results in theoretical mechanics are true no matter 
what units are chosen. It may however be well to remind the 
reader of the two systems of units most commonly employed, 
namely, the e.g.s. and the f.p.s. .systems. 



e.g.s. 

f.p.s. 

of lottirfn 

centimeter (cm.) 
gram (gm.) 

.second (sec.) 

foot (ft.) 
pound (lb.) 
second (sec.) 


f Xriit fiiTlP 

1 



The gram and the centimeter are defined in terms of pieces of 
metal preserved in Paris, and the foot and the pound in terms of 
pieces of metal preserved in London. The British units are 
arbitrary, but those of France are connected with natural 

* Strictly, not a star but tl.e first of Aries; cf. H. N. Russell. R_S Dugan, 
and J. Q. Stewart, Astronomy (Ginn and Company, Boston, 1926), Vol. 1. 

p. 25. 
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inensurcs; tfu* cojitimotcr is nearly one thousand-millionth of 
the (iiuulrant from the eciuator to the pole through Paris, and 
tlie gram is nearly the ma.'^s of a cubic centimeter of water at the 
tem|)erature of greatest density. The second in each system is 
tlie same, namely. 1 8(j. 104.09 of a sidereal day. 

further dis<-ii.ssioii of units i.s given in the Appendix. 

Rest and motion. 

We shall defer to Sec. 1..3 the discus.sion of velocity and 
acceleration, but the ideas of nst and motion demand attention 
here. We speak <jf a car coming to rest at a street intei^section, 
mc'aning, of c-ourse. that for some period of time the car occupies 
the .<ame position on the earth’s surface. It does not continue 
to occupy the same position in the .solar system. In fact, rest 
and motion are words which have meanings only when some 
ilefinite frame of inference is consid(*red. (4ften, this frame of 
reference is clearly undei-stooil (as in the case of the car at the 
stn-et intei-section) ; and we should, if challenged, be ready to 
say what frame of reference we have in mind when we speak of 
rest or motion. In our mathematical model, a particle is at 
rest or in motion relative to a stated frame of reference when it 
does, or does not. continue to coincide with the same point of 
that frame of reference. 

Continuity and discontinuity. 

We have introduced into our mathematical world particles, 
rigid bodies, measuring rods, and a time system. We have 
now to say a word about continuity and discontinuity in the 
structure of bodie.s. 

W hen we examine a piece of steel or other solid material, our 
impre.ssion is that it i.s continuous. It seems that we cannot 
insert a sharp edge, like a fine razor blade, into it without destroy- 
ing its structure. Nevertheless the atomic theory of matter 
(now so well founded on observation as not to be open to question) 
tells U.S that this appearance of continuity is deceptive. A piece 
of steel consists chiefly of empty space. Even the most modern 
physicist, however, does not dare to give a complete mental 
picture of a piece of steel. It appears to be made up of protons 

neutrons, and electrons, but just how these are arranged is not 
completel}- known. 
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As has hocn pointod out already, we are not to expect a 
mathematical model to have all the complexity of nature. 'I'hc 
model which we shall use resembles in some ways th(‘ modern 
physicist’s concept of a solid body, but it is greatly simplitied. 
It was invented long before the tlevelopment of moilern atomic 
physics, and was originally supposed to 1)C a more comidete 
representation of nature than we now know it to bo. Xeverthe- 
less, it enables us to predict to a high degree of accuracy an 
immense number of phenomena; it is in fact the basis of a gicat 
deal of Newtonian mechanics. 

This mathematical model of a .solid body is discontinuous - 
a collection of a vast number of particles. In a rigid body the 
distances between the particles remain invariable, but in an elastic 
body these distances may change. Since this model involves 
a very large number of things, statistical methods may be used; 
instead of following individual particles, we may direct our 
attention to their average behavior. In fact, we mentally replace 
the discontinuous body, consisting of a great number of par- 
ticles. bv a continuous distribution of matter. 'Ibis simplifies 
the determination of mass centers and moments of inertia, 
becau.se the methods of integral calculus can then be used. 

To avoid lengthy and peihaps uninteresting arguments, we 
shall leave certain gaps in the logical development of our subject. 
We shall not give arguments of a statistical nature in order to 
pa.ss from a result established for a discontinuous .sy.stem to the 
corresponding re.sult for a continuous one. It is \isually easier 
to establish general theorems for discontinuous systems and to 
solve special problems for continuous systems. 


Force. 

Let us now introduce into our mathematical model the concept 
of force, idealizing as usual from our somewhat vague physical 
concepts. Our primitive concept of force arises out of our sensa- 
tion of muscular exertion. We push and pull objects, sometimes 
with small exertion, sometimes with great effort. But the same 
effects as those produced by muscular effort may be produced in 
other ways. In this machine age, direct muscular effort is used 
to a great extent only to control much greater foj*ces due to the 
pressure of steam, the weight of water, the explosive pressure of 
gasoline, or forces of electromagnetic type. One also admits the 
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i \i>ton (‘0 of Imso forces licvond human control, siicli as the gravi- 
t.ttiorial attraction excited by the .sun on the earth. 

On the basis of our experience with simple mu.scular forces, 
we tliink of the idealized force of our mathematical model as 

something which has 

(i) a point of application, 

(ii) a direction, 

(iii) a magnitud<‘. 

For the development of general results in theoretical mechanic.s, 
it would be sufficient to represent the magnitude of a force by a 
letter, standing for .some unspecified numerical value. But when 
we wi.sh to make ]>redi< tions regarding a physical system subject 
to forces, we reciuire a definite procedure by means of which we 
may assign numerical values to their magnitudes. We must, 
in fact, define a unit of force. 

'Phere has Inam .some controversy about this question. Though 
all are agreed as to the form of theory which we slioidd ultimately 
obtain, there has been disagreement regarding the proper order 
of introduction of the various parts of the theory. Thus we 


might assume a statement .1 as an axiom and deduce a statement 
H from it. or alternately we might a.ssumc B and deduce A. 
The order of presentation cho.sen in this book seems to the 
authors the most natural; but it is hoped that the reader will 
explore for himself the pos.sibility of a different approach.* 

Wo define the unit of force in term.s of a stretched spring; 
it is that force which produces some standard extension in some 
standard spring. Later we shall link up the unit of force with 
the units of mass, length, and time; but for the present the unit 
is to be regarded as arbitrary. 

To measure a force, we examine the extension which it produces 
in a battery of standard springs side by side, all identical with 
one another. If the staiulard extension is produced in n springs, 
then the force is of magnitude n. If the magnitude of the force 
in (luestion is not an integer, we reproduce it m times so as to get 


•Sec treatments in E. T. Whittaker, .‘Vnalytical Dynamics (Cambridge 
University Press, 1927), p. 29; H. Lamb, Statics (Cambridge l^niversity 
I'ress, 1928), p. 12, and Dynamics (Cambridge University Press, 1929), p. 17; 
J. b. .Vines and I*. D. Muriiaghan, Theoretical Mechanics (Ginn and Com- 
pany, Boston, 1929), p. 104. For a critical and historical account of the 
development of mechanics, see E. Mach, The Science of Mechanics (Open 
Court Publishing Company. Chicago, 1919). 
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the standard exten.sion in .some number n of standard spring.'^; 
then the magnitude of tlie force i.'^ n m. 

Having tlius given a means of measuring force*, we ma\’ con- 
struct a simplified apparatus. Taking any sj)ring, fixed at 
one end, we mark its extension.s under the action of ineasur(*d 
forces. In this way. we ailihralv tlie spring; the cali!)rated spring 
may be used directly for the measurement of a foi-ce. 

W’e have preferr(‘d to u.se the tension in a spi’ing rather than 
the weiglit of a body as the foundation of our definition of force. 
It is customary for many practical purpo.ses to speak of a force 
of so manv pounds weight (11). wt.); by a force of 10 lb. wt.. 
we mean a force etjual to tiie weight of a mas.s of 10 11). Although 
this practice is cornenient and adequate for many purpos(*s, 
it is open to objection on the following ground: If the weight 
of a bodv i.s mea.sured by means of a calibrated spring at two 
different latitudes, the re.sults are not the .same (.see Sec. 5.3). 
A definition of force based on the extension of a spring gives a 
consistent theory without contradictions, whereas a definition 


based on weight would involve us in explanations as to why a 
spring, showing the same definit-e extension in Toronto and in 
Panama, should exert different forces in the two places. 

In describing particles, rigid bodies, and forces we have intro- 
duced the ba.sic ingredients of mechanics. As we j)roceed, other 
ingredients will api)ear, but it is remarkable how much of the 
subject turns on the simple concepts just mentioned. 


1.3. INTRODUCTION TO VECTORS. 

VELOCITY AND ACCELERATION 

Definition of a vector. 

In order to reprf)duce a game of chess, we must be able to 
describe the mov’cs. There is, of cour.se, an accepted way of 
doing this, but we shall describe another. Let letters A, B, 
C, • • • (supplemented w’ith other symbols to make up 64) 
be assigned to the squares of the board, one letter to each square. 

Then .symbols such as AB, CF, UB will rcpre.sent definite moves, 

the symbol AB, for example, meaning that a piece is moved from 
the square .4 to the square B. 

More generally, if we carry a particle from a position A to a 
position B in space, the operation which we perform may be 
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rvpro^^ciitcd .symbolically by AB. The directed .segment drawn 
from .1 to B. or the carrying operation — or indeed any physical 
cpiantity which can be represented by the directed segment -is 

called a vector,* and the symbol AB is used for any of them. 


A v(M-tor .1/^ has the following characteristics: 

(1) an origin or point of application (A); 

(2) a direction (defined analytically by the three direction 

<-osines of .1/^ with respc-ct to rectangular axes); 

(3) a magnitude^ (tlx' length AB). 

A number of fundamental physical (juantitie.s have these char- 
acteristics — for examph*. a force or the velocity of a particle; 
each of thi'se ([uantities may be represented by a directed seg- 
ment and is theia-fore a vector. 'Phey are to be distingui.shed 
from (quantities such as mass or kinetic energy, which do not 
involve the idea of dirc'ction and are described each b^' a single 
number. (Quantities of this latter type are called scalars. 

It is convenient to employ the word “vector” in a slightly 
wider .sen.se than that given above and to define the following: 

(1) free vector; 

(2) sliding vector; 

(3) hound vector. 

\frcv vector is any one of a .sy.stem of directed segments having 
a common direction and magnitude but dilTercnt origin.s. A 
phy.sical (quantity e(iually well repre.sented by any one of .such 
directed .segments is also called a free vector. Such, for example, 
is the displacement, without rotation, of a rigid body, which 
is e(iunlly well represented by any one of the directed segments 
gi\’ing the disqilacements of its \'arious points. 

.\ sliding vector is any one of a system of directed segments 
obtained by .sliding a directed segment along its line. A physical 
(quantity e(qually well represented by any one of such directed 
segments is also called a .sliding vector. Such, for example, 
is a force acting on a rigid body, which (by the principle of the 
transmissihility of force proved on page 04) may equally well 
be applied at any point on its line of action. 

A bound vector is a unique directed segment, or a physical 
(quantity so represented. Such, for example, is a force acting on 


• The word 


“vector” is derived from the Latin veho, I carr>'. 
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an elastic body; wo cjinnot in genoial alt(‘r this force, by any 
displacement of the directed segment representing it, without 
changing its effect. 

By the word “vector,” without an adjective, we shall generally 
understand “free vector”; but where we have to speak of bound 
or sliding vectors, it will be unnece.ssary to use the (jualify- 
ing adjective when it may be undei-stood from the context, 
'riiroughout the rest of this sec'tiijn, the vectors are to be regarded 
as free. 

Notation. 

A vector is indicated in print by a boldface letter (P): 
in manuscript work the symbol may be underlined {P) or an 

arrow may be written on top (/-*). Its magnitude is denoted by 
the same letter in ordinary tyi)e, or by an unmarked symbol 
in manuscript work (P). A vector of unit magnitude is called 
a unit vector. To refer to a bound or sliding vector, we may 
write'“P acting at the point A” or “P acting on the line L,” 
if there is any doubt as to the origin or line. 

Two vectors arc equal to one another when they may be 
icpresented by ecjual j)arallel directetl segments with the same 
sense. We use the usual sign of e(iuality and write 

P = Q. 

The sign of e(iuality carrie.s the usual algebraic property: vectoi“s 
equal to the same \'ector are equal to one another. 

Multiplication of a vector by a scalar. 

Let P be a vector and m a scalar. We define the product of 
7n and P (written mP or Pm) as follows: If m is positive, then 
mP has the same direction as P and a magnitude mP; if m is 
negative, then mP has a direction opposite to that of P and a 
magnitude —mP. 

We write ( — 1)P = — P; thus ~P is the vector P reversed. 
Addition of vectors. 

The sum of two vectors P and Q is written P + Q; it is defined 
as the vector represented by the diagonal AD of a parallelogram 
of which two adjacent sides AB, AC represent P and Q, respec- 
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tively (I'i):. 1) "bvio.isly, an altcrnativ.- nay rf construotinK 
p + Q is tin- followinc (l-iR. 2| : Dn^' a segment AB to rcpre.sMit 
P, ami from its extremity tlraw BD to represent Q; then AD 

'^'^This''L a ma*ihematieal definition of P + Q- It docs not 
„,e intplieation that P + Q m the phy.s.ca resultant of 
P and Q, although in almost all eases we shall fiitd that P + Q 
is aetuallv the physical resultant. Finite rotations are the out- 
standing exceptions; a finite rotation is a vector, Init t^e rest Itant 
of two finite rotations is not the sum of the vectors (ef. See. lO.o). 



jiurallelogram. Xors by trimijslo. 


When two vectors P and Q have the same direction or opposite 
directions, the parallelogram eonstructed to give their sum 
eollap.ses into a straight line. But that does not prevent us 
from applying the above definition, regarded as a limiting process. 
It is easily seen that, if P and Q have the same direction, then 
P -h Q has also that direction and a magnitude P + 0; if they 
have opposite directions and P is the greater, then P H- Q has 
the direction of P and a magnitude P — Q. Comparing this 
with the definition of the product of a vector by a scalar, we 
find in particular that 

P + P = 2P, 


and we verify generally that the multiplication of a vector by a 
scalar is (listributive both with respect to the scalar and t-o the 
vector; this means that we have 


(1.301) 

(1.302) 


(m 4- rt)P = mP -h nP, 
m(P -h Q) = mP + mQ. 
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It is an imnietliatc consefjuonco of tlio (lefinition tliat tins 
addition of x ortors is conimutalivc, that is, 

P + Q = Q + P. 

The subtrartion of vectors is immediately effected by writing 

P - Q = P + (-Q) 

and applying the rule for addition. The difference between P 
and Q is easily constructed as follows; 

Draw AB, AC to represent P, Q, re- 
spectively (Fig. 3); then CB repre- 
sents P — Q. 

Applying the rule for subtraction •^ ‘-•''uhtraction of vectors, 

to the case P — P, we obtain a vector of zero magnitude, which we 
denote by 0, .so that 

P - P = 0. 

We call 0 the zero rector; all \’ectors of zero magnitude are regarded 
as equal to one another. 

Any unfamiliar si'mbol containing vectors must be approached 
with caution. It may mean nothing at all (for example, we ne\’er 
attempt to define the sum of a scalar and 
a vector, in -h P); on the other hand, it 
may be given a meaning. On the basis 
of previous definitions, P -f- Q -j- R has 
no meaning, because we have defined the 
sum of two vectors, not three. But 

(P + Q) + R 

has a meaning, if we regard the paren- 
theses as carrying the instruction to add 
P and Q, and then add R to that sum; 

P + (Q + R) 

has a meaning, also. It is then easy to see that 

(P + Q) + R = P -b (Q -t- R), 

by means of the construction shown in Fig. 4, where AB, BC, CD 
represent P, Q, R, respectively, and AD either of the above sums. 


A 



D 


Fio. 4. — The associative 
property of vector addition. 
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Thus a uni(HK‘ in<-aniii}; <-ai» lx* atta<-iuMl to P + Q + R. ^\ e .say 
that aclditinii is (issortalirr. 


Ex< ri'isi . If 


P + 2Q = R, 
p _ :iQ = 2R. 


show thiit P has thr saiiio dinM-ticm as R. aiul Q tin* opposite direction. 
Components of a vector. 

Lot L !)(• a straitfl't li>x’ ^ vector repre.-^entod in Fig. 5 
1)\- .Ui. If we draw through .1 and B planes perpendicular to L, 
Iliese planes cut off on L a directed .segment CD, the orthogonal 
projection of Mi; CD is a common perpendicular to the pair of 
planes. If we fake a different directed segment A'B' to repre.sent 
P. w<“ get a pi'oj(‘ction CD' on A. Now if we give AB and th(' 



pair of planes a.ssociated with it a displacement (without rotation) 
which carries .1 to .1', then B will go to B’ and tlie pair of plane.s 

associated with AB will coincide with the pair of planes asso- 
ciated with A'B'. CD will become a common perpendicular 

to the latter pair of |)lanes, and so CD and CD' are equal in 
magnitude and direction. Thus the vector obtained by project- 
ing on A a directed segment repre.senting P is independent of the 
particular segment chosen. Writing Q for the vector repre- 
sented by CD or CD' . we say that Q is the vector component of P 
on A. 

Of the two scn.ses on the line L, let us pick out one and call 
it the positive sense, the other being negative; the line L is then 
said to be directed. Let i be a vector of unit magnitude, lying 
on A and pointing in the po.sitive sense. Then it is possible to 
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express the projeetion Q in the form 

Q = ei. 

where c is a scalar, positive if Q has the same sense as i ami 
negative if Q has the opposite sense to i. The scalar c is called 
the scalar component of P on the directed line L. 

Since Q is represented by any common perpendicular (in the 
proper sense) to the projecting planes, it is easy to see that the 
scalar component of P on L is P cos (?, where 6 is the angle 
betwec'n P and the positi\'e sense of A. 

In speaking of a component (without (jualifieation), it will be 
clear from tlie context whether the vector or .scalar component 
is to be understood. 


Unit coordinate vectors. 

In a fi'ame of reference iS, let Oxyz be rectangular Cartesian 
axes. Let i, j, k be unit vectors lying on Ox, O/y, Oz, re.spectively, 
eacli in the positive sense. The set i, j, k is called a unii ortho- 
gonal triad. Let P be any vector, and Pi, P^, P 3 its components 
on Ox, Oy, Oz, respecti\'ely. These 
components, obtained by projec- 
tion, arc independent of the i)ar- 
ticular directed .segment chosen to 
leprescnt P; we may therefon* take 
tlie representative segment with its 
origin at 0 (Fig. G). From the rule 
of vector addition, it is clear that 

(1.303) P = Pii + P,j + /" 3 k. 

This reduction of a vector to the 
sum of tliree vector component.s 
along a unit orthogonal triad is of 
great service in meclianics, for it 
represent.s the link between the \-ector method.s and the moie 
usual method.s of analy.sis. \'ector notation is only a sliorthand 
for the expre.s.sion of fairly general statements. In the end, we 
must work in ordinary numbers, and the above formula is the 
bridge by which wc pa.ss from vectors to ordinary numbers. 

We note that the magnitude of a \’ector P is expressed in terms 
of its scalar components 
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(1.304) P=VPi+/^i + n 

'Fhc compononts are given in terms of P and I, m, n, the direction 
cosines of P, by 
(1.300) Px = //^ 

'I'lie following facts are important but may be left to the reader 
to verify, using Fig. 2 in the case of the second: 

(i) 'I'he components of ;aP are 7nP i, mP 2 , ntP 3 . 

(ii) 'I’he components of P + Q are Pi + Qi, ^2 + ^ 2 * P .i + Qa- 
If Pi. Pi, Pi the components of a vector P on the coordinate 

axes and L is a directed line with direction cosines I, m, n, then 
the angle 6 between P and L is given by 


Pi P-> 

COS 0 = I -p 711 n 



Hence the scalar component of P on L is 
(1.30fi) P cos e = IP X A- 777 P 2 4- np3. 

Eirrrim-. 1'lic rompoiuMits of a vector ot» .axes Oxy in a plane arc X, Y. 
Wh.it are tlie romponents A". Y' on axes OPy’, obtained by rotating Oxy 
tlinmgh an angle 


Position vector. 

bet .1 l)e a particle, moving relative to a frame of reference «S in 

whicli Oiyz are rectangular Cartesian axes. The vector OA is 
called the position vecto7- of A relative to O. If we denote it by r 
and the eoordinates of .4 by x, ij, z, we have 

(1.307) T = xi A- yj + zk, 

where i, j, k is the unit orthogonal triad along the axes. 

As the particle moves, the vector r changes. In fact, r may be 
regarded as a vector fu7iction of the time t] we may express this 
by writing 

r = r(0. 


Differentiation of a vector. 

The above considerations lead naturally to a more general 
concept, namely, a vector P which is a function of a scalar u, a 
relation expressed by writing 


P = P(m). 
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We need no longer tliink of P as a position vector or of « as tin* 
time. 


We are familiar witli tlie iilea of differentiating a scalar function 
of a .scalar: can we enlarge the familiar method to obtain a process 


for differentiating a vector function 
of a scalar? 

We may follow the familiar plan 
almost word for word. We consider 
two values of the parameter, u and 
u + Aw, and the corresponding in- 
crement in P, 

AP = P(a + Am) - P(m). 



We multiply by 1 /Am, to form the quotient AP/Am (Fig. 7) and 
let Am tend to zero. Thus we get a limiting vector 


(1.308) 



which we call the deriraiivc of P with respect to u. 

To find the components of the derivative we introduce unit 
coordinate vectoi-s, so that 

(1.309) P = P,i + P-J + Pak; 

Pi, Ps, Ps are scalar functions of m. Increasing m to u Am, we 
have 


P -h AP = (P, + AP,)i -h (P. + AP2)j H- (P 3 + AP3)k. 
Subtraction gi\’es 

AP = AP,i + AP^j + APak. 

Dividing by Am, we get 

^ i 4- k 

Aw Am Am ^ Aw ’ 


and so, letting Am tend to zero, 


(1.310) 



the derivatives on the right being of course derivatives of scalars 
— the usual derivatives of the differential calculus. Thus the 
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ronipoiioiits of r/P du ai‘(‘ 

di\ dr, dr, 

1 ’ f ~ • 

dll dll dn 

[n woril.x. tlio romi)ononts of the derivative are equal to the 
derivatives of tlie components. 

The followiiiK results are easy to prove, either directly from 
tlie definition of the derivative or from (1.310): 


(l.:il 1) 








where P, Q are vector functions of u, and p is a scalar function 
of > 1 . 

It will he ob.served that (1.310) can he obtained directly from 
(1.300) by difi'erentiation, using the rules (1.311); in thLs process 
tlie vectoi-s i, j, k are treated as constants. 

To avoid po.ssible confusion, let us ask the question: What do 
wo mean by saying that a vector Q is constant? This is meaning- 
less without a statement (e.vpiicit or unilerstood) regarding the 
frame of reference employed. In a frame of reference S, a vector 
Q is constant if it may be represented pci*manently by a directed 
segment joining two points fixed in S. But viewed from another 
fraim* of left'ience this same vector Q may not bo constant. 
Thus, in (1.309). i, j. k are constants in S because they are unit 
vectoi-s along the axes; they may not be constants in another 
frame of reference mo\-ing relative to S. 

Exercise. If the inapnitiule <»f P(«) is constant, show that ilP/du Ls 
})erpeiidiciilar to P. 

Velocity and acceleration. 

Let 5 be a frame of reference and 0 a point fixed in S. Let A 
be a moving particle, its po.sition vector relative to O being r. 
We define the velocity of A relative to S to be the vector' 


(1.312) 


q = 


Using dots to indicate differentiation with respect to time, we have 
(1.313) q = f = ii + + ik. 
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where x, y, z are the coordinate-^ of .1 relative to rectangular axes 
Oxyz coincident with the unit orthogonal triad i. j, k. Thus the 
components of \’elocity arc (.r, //, i). The magnitude 7 of the 
velocity is called speed.* 

We define the acceleration of .1 relative to S to be the vector 


(1.314) 

or 



(1.315) f = q = xi + yj + zk. 

The components of acceleration are (x, ij, z). 
If the velocity is resoh’ed into components, 


q = ai -b ej + «'k, 

then 

(1.316) f = ai + f'j + (i'k. 

We could, of course, continue this process, defining a .super- 
acceleration di/dt. However, acceleration is the important 
vector in Newtonian mechanics, and so wc stop our definitions 
here. 

As a simple illustration of the.se ideas, consider a car traveling 
along a straight road. It follows from (1.312) and the definition 
of the deri\’ative of a vector that the velocity q lies along the road 
and points in the direction in which the car is going. Similarly, 
it follows from (1.314) that the acceleration f lies along the road, 
but now there is an important difference. The vector of accelera- 
tion does not necessarily point in the direction of motion; this 
is the case only if the speed is increasing. If the speed is decrea.s- 
ing under application of the brakes, the vector f points backward. 
It is not hard to show that when the car rounds a curve the 
velocity continues to p{>int along the road, but the acceleration 
points off the road toward the inside of the curve. 

The formulas (1.313) and (1.315) are particularly u.seful for 
direct calculation when the motion is described by giving x, y, z 
as function-s of t. Suppose, for example, that 


* Thus velocity is a vector and speed is a scalar. However, when no 
confusion is likely to arise, the word ‘‘velocity” is often used in tlie scalar 
sense to denote the magnitude of the velocity vector; for example, the 
expression “velocity of light” is used instead of the correct expression 
"speed of light.” 
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X = o cos (Jit, y = a sin iot, z = 0, 

\vh(‘ro o aiul w are constant.s. Then 

r = « co.s ci>< • i + a sin mt • j, 
q = — noj sin w/ • i + otij cos cot • j, 
f = —nco- cos w/ • i — cioi- sin <jit ■ j. 

It is easy to see that this is motion in a circle, the velocity pointing 
along the tangent and the acceleration in along the radius. 


Gradient vector. 

Wlien to each point of space, or to each point of a plane, a 
scalar is assigned. \vc say that we are dealing with a scalar field. 
Thus the distribution of pressure (or temperature) in the atmos- 
phere at a certain time gives a scalar field. Or consider a map on 
which heights are marked; the height gives a scalar field over 
the map. 

AVhen to each point of space or to each point of a plane a 
vector is assigned, we liave a vector field. The wind velocity in the 
atmosphere gives a vector field. 

\\‘e shall now show that a scalar field defines an associated 
vector field in a very simple way. For generality, we shall make 
the argument three-dimensional, but the reader will find it 
g interesting to consider by way of illus- 

tration the map marked with heights. 

Let Oiyz be rectangular Cartesian 
a.xes and F(j, y, z) a scalar field. 
(For the map, we suppress z\ V{x, y) 
is the height of the land at the point 
X, y.) The surfaces V = constant 
arc called level surfaces. (On the map 
the level surfaces become the contour 
lines.) Let .4 be any point and «S 
the level surface passing through .4 
(Fig. 8). Let us draw the normal to S on the side on which V 
increases, and proceed an arbitrary distance n along this normal. 
Then F is a function of «, and 



tiu. 8. — The (trndiciit vector. 




dV 

dn 


> 0 


at .4. since V is increasing. 
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We now introduce a vector AJi, called the gnuhrnl of ]' at .1, 
or briefly grad T. (It is sometimes denoted by VI’.) The 
defining properties of grad T’ are as follows: 

(i) Its direction is along the normal to -S at .1, in tlie sense of 
I' increasing. 

(ii) Its magnitude is dV <hi, calculated at .1. 

In the case of the map, grad V is perpendicular to the contour 
line and points in the uphill sense; its magnitude is the rate of 
increase of height. 

We now proceed to find the components of grad V on tlie axes 
of coordinates. Let a, (i, y be the direction cosines of the normal 
to S in the sense of V increasing. Then any infinitesimal dis- 
placement lying in *S, i.e., making 


- — dx dy + dz = 0, 

dx dy dz ' 

also makes a dx A- 0 dy y dz — 0. Hence, 

n ^y ^ ^y ^ ^y 

(1.310 ay = 

where 4> is .some factor of proportionality. As we proceed along 
the normal to S at .1, we have, .since T is a function of x, y, z, 
which in turn are functions of n, 


dV 

(in 


^'(jx 
dx (in 
dV 


d V (ly 
dy dn 


dV (h 
dz dn 


dx 


. ar . , dv 
“ + ay ^ ^ 


Substitution from (1.317) gives 

(1-318) = (f){a‘ -h -f- 7") = <f>. 


When we substitute this value of </> in (1.317), wo get 


(1.319) = 


dx 


dn 


dV ^dV 

= P 




dn 


dz 


= y 


dV 
dn ’ 


and so bj-^ (1.305) the components of grad V on the axes are 


dy’ dz 


dV 

dx’ 
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If i. j, k is tho unit orthofiuual triad along tlie axes, thoii 


(l.;V20) 


, .. dr. , 

<;rad 1 = 1 J + az *"■ 


By (1.300) tiu' coinpoiu'nt oi grad V on a directed line L is 


(1.321) 


rll’ dr. di 


where X, a. i' itre the direction etisines of L. Since 


^ = 'r 

<Ls 


<hi 

(h 


where ds is an eU'inent of L, this comiionent i.s 

dX^dx dV (jy dV (iz ^ 

dx ds ~du ds dz ds ds 

The compom nl of grad T in any direction is the rate of change of V 
in that direction. 

We ha\ e .s(>en how to obtain a vector field (grad \ ) from a 
scalar field (1'). It is not in general possible to express an 
«W)/Y/(ir/y vector fieUl as the gradient of a scalar field, but we find 
in inatiiematical physics many vector fields that can be so 
expressed. In Sec. 2.4 we shall discuss fields of force; in most 
cases of physical interest a field of force is the gradient of a scalar 
field of potential- energy (with a change of sign). Since the 
de.scription of a vector field retpiires three functions and a scalar 
field onlv one function, a considerable simplification results fiom 
the use of the scalar field. 

Exercise. If in a plane V = x* + y\ find the component of grad V at 
the point (I, 0) in a direction making an angle of 45" with the x-axis. 

1.4. FUNDAMENTAL LAWS OF NEWTONIAN MECHANICS 

Let us suppose that we are conducting experiments in which 
small bodies of measured ma.s.ses are acted on by measured forces. 
We choose some frame of reference and observe the motions of the 
bodies relative to it. We shall use the following notation: 

P = force, 
m = mass, 
f = acceleration. 

The units of force, mass, length, and time are chosen arbitrarily. 
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We ask this question: A.s a physical fact, is there any simple 
relation connecting P, in, and f for the motion of a l)ody? Tlie 
answer to this question is, in general: There is no simple relation. 

We have thought of the experiments as conducted in any frame 
of reference — it might be the cabin of an airplane looping the 
loop, or it might be an ordinary laboratory. We ask a second 
(piestion: Is it po.ssible to choose a frame of reference so that 
there is a simple relation connecting P, m, and f? The answer 
i.s: Yes. 

One frame of reference yielding a sim|)le relation among 
P, m, and f is tlu* astronomical frame of reference, in which tlu? 
sun* is fixed and which is without rotation relative to the fixed 
stars as a whoh*. The simple relation i.s 

P = kmf, 

where k is a univer.sal positive con.stant, the value of which 
depends only on the units employed, f 

Wc shall now state the fumlamental laws on which Newtonian 
mechanics is ba.sed. These are the laws according to which our 
mathematical model of nature works. The laws as stated liero 
are equivahmt to those originally stated by Newton, but they 
are expressed in a dilTerent form.t 

Law of Motion. Relative to a basic frame of reference a particle 
of mass m, subject to a force P, moves in accordance with the equation 

(1.401) P = kmi, 

where f is the acceleration of the particle and k a universal positive 
constant, the value of which depends only on the choice of units of 
force., mass, length, and time. 

Any frame of reference relative to which (1.401) holds is 
called Newtonian. 

* More accuratoly, the mass center of the solar system (sec Sec. 3.1); 
actually this point is not far from the center of the sun. 

t Tliis relation is in excellent agreement with astronomical obsen'ations, 
hut there arc exceptions; tlic orbit of the planet Men-ury reveals a miimte 
discrepancy, .\lthough few modern astronomers accept this relation as 
absolute physical truth, its validity is so high that it is taken a.s the basis of 
celestial inechnnics. To take a deeper point of view, we must recast our 
whole mode of thought and follow the general theory of relativity. 

t For the original form of Newton’s laws, see Sir Isaac Newton’s Mathe- 
matical Principles, translation revised by F. Cajori (Cambridge University 
Press, 1934), pp. 13, 644. 
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HP = 0. thenf = 0 by {1.401). Sinoof = r/q/rf^a-sin (1.314), 
it follow.'; that q i.s a constant vector. In words, a particle under 
the itifhicnre of no force travei'i with constant velocity; i.e., it travel-s 
in a straiKlO line witli constant .'^peed. This important special 
cast' was stated separately by Newton as his first law of motion, 
his .second law tlealiriK witli the case where P is not zero. Thu.s, 
liis fii’st two laws are includt'tl in onr law of motion as stated 

abtnc'. 


Lcavinjr the units of mass, length, and time unchanged, we can 
ol)viously make k = 1 by suitable choice of the unit of force; the 
unit .so cliosen is called the dynamical unit. When it is used, 
(1.401) reads 


(1.402) P = 

('learlv the dvnamical unit of force produces unit acceleration 
^ % 

in unit mass, since if P = 1 and m = 1, then / = 1. In the 
e.g.s. and f.p.s. .'jystems, the dynamical units of force are called 
the dyne and the poundal, re.spectively. A force of one dyne 
produces an acceleration of one centimeter per second per 
second* in a mass of one gram, and a force of one poundal 
produces an acceleration of one foot per second per second in a 
mass of one pound. 

In dynamical problems, we shall always assume that the 
dvnamical unit of force is u.sed, so that the law of motion is 

(1.402) . In statical problems, on the other hand, we shall leave 
the unit of force arbitrary, since there is no additional simplicity 
to be gained by restricting it. 

L.\w OF Action .\nd Re.\ction. When two particles exert 
forces on one another, these forces arc equal in magnitude and 
opposite in sense and act along the line joining the particles. 

This is often summed up by saying: Action and reaction are 
equal and oppo.site. 

L.\w OF THE P.\R.\LLELOGR.VM OF FoRCES. When two forccs P 
ami Q act on a particle, they are together equivalent to a single force 
P + Q, the vector sum being defined by the parallelogram construe- 
lion as in Sec. 1 .3. 

It is usual to call P T- Q the resultant of P and Q; P and Q are 
called the vector components of P + Q.f 

• Usually contracted to 1 cm. /sec.* or 1 cm. sec.-* 

t In Sec. 1.3 we used the expression vector romponent only in the case where 
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In .'totting up a system of laws or axioms, it is generally eon- 
sidered desirable to make them independent, in the sense that 
no one of them can be deduced from the (ithers. Many attempbs 
have been made to deduce the ijarallelogram of forces, Init all 
these deductions reriuire the statement of other laws, which are 
individually simpler than the parallelogram law but rather long 
to state; so, for brevity, we accept the parallelogram law tlirectly. 

The three laws stated above form the logical basis of mechanics. 
Their full meaning can be understood only by applying tlnun, and 
we shall not delay the development of the subject by further 
general discussion. We should, however, point out tlu'ir 
significance for the prediction of the results of ordinary laljoratory 

experiments. • r i n- 

Let us suppose that we are discussing the motion of a bdliard 

ball which rolls down an inclined plane in a laboratory. Our 
problem is to predict the behavior of the ball by matiiematical 
reasoning. On the one hand, we have the actual physical 
apparatus, on the other our mathematical model, in which the 
ball, the plane, and the forces acting are replaced by then- 
mathematical idealizations. There is a precise correspondence 
between the physical things and the ingredients of our mathe- 
matical model. 

But here there enters an important question: What physical 
frame of reference corresponds to the basic Newtonian frame 
mentioned in the law of motion— the frame relative to which 
(1.402) holds? We have already indicated the answer: The 
phy.sical frame in question is the astronomical frame of reference. 

But we do not want to know the behavior of the billiard ball 
relative to the astronomical frame of reference; we want to know 
its behavior relative to the walls and Hoor of the laboratory, i.e., 
relative to the earth’s surface. Is it legitimate to regard^ the 
earth’s surface as a i)hysicai frame corresponding to the New- 
tonian frame of (1.402)? Strictly speaking, it is not. Very 
refined experiments would enable us to detect differences between 
the physical behavior of the billiard ball and the theoietical 


the components were perpendicular to one another. It is convenient to 

use it also in the present more general sense. 

•For an interesting "proof” of the parallelogram of forces, see W. R. 
Hamilton, Mathematical Papers (Cambridge University Press, 1940), 

Vol. II, p. 284. 
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lin'dictions based on tiiat conespoiulenee. These diffcrence.s 
tiue to the rotation of the eartii.* But they are very minute 
iji tlie \ :ist majority of ('xperimenls made in a lal)oi’atory and in 
:ill pr(»l)lems eoimeetetl witli enKiin'ering structures; excellent 
predictions may l)e made from our three laws by taking the 
fai th’s surface to be the physical frame of reference corresponding 
to tlie Newtonian frame. 


1.6. SUMMARY OF THE FOUNDATIONS OF MECHANICS 
'Pile purposes of this first chapter liave been (i) to dig down 
to the fumlamental physical ideas and (ii) to lay the foundations 
(tf a logical structure. Before proceeding to the next chapter, we 
now extract and emphasize those concepts and laws which will be 
r(‘(|uired lat(‘r. 

I. The ingredients of mechanics. 

(a) fKiiticIc has position and mass (m). 

(h) A rigid hodi/ is a system of particles, the distances between 
which remain unchanged. It may also be regarded as a con- 
tinuous dislrilnition of matter. 

(c) .V frame of reference is a rigid body in which axes of coordi- 
nates are taken. 

(d) \ force has point of application, direction, and magnitude, 
(c) The unit.'i of ma.ss, length, and time are arbitrary. So also 

is the unit of force, but it is convenient in dynamics to connect 
the unit of force with the units of ma.ss, length, and time. 

II. Vectors. 

(«) .\tldition of vectors is carried out by means of a parallelo- 
gram. 

(h) The usual simple algebraic rules apply to vectors, but we 
do not yet define the multiplication of vectors by one another. 

(c) A vector function of a scalar may be differentiated; the 
derivative is another vector function. 

(d) If 

P = -b Pd + 

then Pi. P-2, P3 are the scalar components of the vector on the unit 
orthogonal triad (i. j,k). 

* In Sec. 13.0 wc shall discuss some of the dynamical consequences of 
the earth’s rotation. 
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(c) The components of grad V are 

^ d_r dV 

dx ’ dy dz 

if) The component of grad V in any direction is <IV/Js. 

III. Velocity and acceleration of a particle. 

(a) Position \*ector: r = ori + i/j + ^k, 

( 5 ) Velocity vector: q = r = Xi + yj + sk, 

(c) Acceleration vector: f = q = Xi -f- J/j + ^k. 


IV. Basic laws of mechanics. 

(n) Law of motion: P = mf. 

( 5 ) Law of action and reaction: Action 

and opposite. 

(c) Law of tlie part^llelogram of forces; 
of P and Q. 


(P = force), 
and reaction are e{iual 

P + Q is the resultant 


EXERCISES I 

1. If two forces of msignitnclos F jumI Q :»<•! at ati iiwlination 0 to otic 
another, prove that the inat'nitu<Ie of tlie resultant R is given l)y 

j{2 = />2 + + 2rQ COS e. 

2. particle is acted on by forces of tnagnittKlcs F and Q, their lines of 
action making an angle 6 with one another. They are to be lialanced by 
two eqvial force.s, acting at right angles to one another. Fiiul tiie eoinmotJ 
magnitude <»f these forces. 

3. .Show that if the magnitudes of a number of eoplanar vectors are 
multiplied bv a coinnnm factor, the tlirections of the vectors being 
unchanged, the magnittide of the sum is multiplied by the same factor and 
its direction is um-hanged. Show al.«o that if all the vectors are rotated 
tlnough a common angle in their plane, without change of magnitmie, their 
sum is rotated through the same angle without change of magnitude. 

4. Forces of magnitudes 3, 4. and o Ih. wt. act at a point in <lirections 
parallel to the sides of an equilateral triangle taken in order. Find their 

resultant. 

6. Two force.s acting in opposite directions on a particle have a resultant 
of 34 lb. wt.; if they acted at right angles to one another, their resultant, 
would have a magnitude of 50 lb. wt. Find the magnitudes of the forces. 

6. .\n airplane dives at 400 miles per hour, losing height at the rate of 
220 ft. per sec. What is the horizontal component of its velocity in miles 

per hovir? 

7. Coplanar forces of magnitudes P, 2P, 4P act on a particle. How 
should they be directed to make the resultant (i) a ma.ximuin, (ii) a min- 
imum? 
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8. If any number of coplunar vectors all of the same niapnitucle are 
.Irnwn from a point, arraiiyed symmetrically so that the angles between 
:i«ljae<‘nt \ c'ctors are all ecjiial, prove that their sum is zero. 

9. If r = J-- -i- >r + + j-y + j’. at what points in space is the vector 

grail r parallel to the z-axis? 

10. A scalar fieUl i-s given over a plane by 

.. + y' 

' 

What are the level curves? Show that, at the point with polar coordi- 
nates (r. 0), grad V is inclined to the j-axis at an angle 20 and its magnitude 

IS J 6 . 

11. train, starting at time I = 0, has moved in time I a distance 

X * 0/(1 - c-“). 

wlu’re 0 and h are positive constants. Kii»d its velocit>' and ac-celeration; 
what do these become after a lf>ng time has elap.seil? 

12. .\ particle tra\els along a .straight line with constant a<'celeration /. 
l’ro\e 

= ut + ]fl', I’ “ u + /f, e* = a* -I- 2/s, 

wliere s is the distai»<'e covered from the instant / = 0, w the initial velocity, 
and c tlie final velocity. 

13. iiniforml>' accelerated automobile passes two telephone fwles with 
velocities 10 m.i).h. ami 20 tn.p.h., respectively, (’alculate its velocity 
when it is Indfwa)’ between the poles. 

14. What curve is rlescribed by a particle moving in accordance with the 
(‘cpiation 

T — n cos ct • i -h 6 sin vt ■ j, 

where a, h, r .are constants and i, j fixed »mit vectors perpentlicular to one 
another? Show that the acceleration is directeil toward the origin. 

16. .\n elevator weighing one ton starts upward with constant accelera- 
tion and attains a velocity of l.i ft. sec.“‘ in a distance of 10 ft. Find in 
tons weight the tension in the supporting cable during the accelerated 
motion. 

16. .\ car weighing 2 t(ms comes to rest with uniform rleccleration from a 
speed of 30 tn.p.h. in 100 ft. Find the force exerted by the car on the road, 
showing its <lirection in a <liagram. 

17. A particle of mass in moves on the a.xis Ox according to the eejuation 

X = a sin pt, 

where a and p are constants. Express the force acting on it as a function 
of X. 

18. A t»ig tows a barge A, which in Him tows another barge B. They 
start to move with an acceleration /. Find the tensions in the towing 
(•allies, in terms of/and m, m' (the ma.sses of the barges). 
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19. Indicate the fallacy in the following argument; A locomotive pull> 
a train But to every action there is an equal and opposite reaction. 
Therefore the train pulls the locomotive backward with a force equal to the 

mdl of the locomotive, and so there can be no motion. 

20. If the fundamental law of mechanics for a particle moving on a 

straight line were 

d ( j 

d< V-y/l - (xVc*) 



instead of (1.402), m and c being constants, find the distance 
rest in time t under the action of a constant force P. (This is 
equation of motion; see Chap. XVI.) 


traveled from 
the relativistic 



CHAPTER II 


METHODS OF PLANE STATICS 


2.1. INTRODUCTORY NOTE 

Ii» order to deal .'<ysteinatieally with tlie suljjcct of inecliaiiics, 

we have to break it up into parts. The first division is into 

tttdlics and (li/namicti: statics deals with the ecjuilibriurn of .s^-steins 

at rest, and dynamics with the motion of .systems. As wc have 

already seen, rest and motion are terms which have nu*anings 

only when a frame of reference has been specified. Thus the 

(picstion at once ari.ses: \\'hen we .say that statics deals with 

systems at rest, what pliysical frame of reference have we in 

mind? The mathematical theory of statics is based on the 

fundamental laws of Sec. 1.1. Thu.s we should be confident of a 

close agreement between theory and ob.servation if we were to 

develop statics relative to the astronomical frame. But that 

would not be physically interesting, becau.se there are actually 

% 

no .systems at rest in that frame; the earth’s surfaca* is the 
|)hysically interesting frame of reference for statics. Although 
(1.401) is not satisfied with great precision relative to the eartii’s 
surface, it is possible by a modification of the forces (i.e., by 
inclusion of centrifugal force) to obtain extremely .satisfactory 
resu!t.s in statics relative to the earth’s surface. Thus in the 
mathematical theoiy of st.atics the frame of reference will be such 
tliat the fvindamental laws hold, and in the physical interpreta- 
tion of the results the frame of reference will be the earth’s 
suiface. 

But there is another division of the subject of mechanics, 
namely, a division into plane mechanics and mechanics in space. 
T, his divi.sion is artificial from a physical point of view but i.s 
convenient in learning the subject, because the mathematics 
of the plane theory is simpler than the mathematics of the space 
theory. This Is due to the fact that certain quantities (moments 
of forces, angular velocity, and angular momentum) appear as 
scalars in the plane theory but as vectors in the space theory 
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Accordingly, to avoid undue mathematical complications in the 
development, we shall deal first with plane mechanics, hut where 
the space theory presents no difficulty W(‘ sliall develop it 
simultaneously. 

To be preci.se, the subject of plane mechanics deals with 

(i) The statics and dynamics of a system of particles lying in a 
fixed plane. 

(ii) The statics and dynamics of rigid bodies which can move 
only parallel to a fixed plane, the displacement or \ (>locity of 
every particle being parallel to the fixed j)lune. 

As an example of (i), we may mention the problem of the 
motion of the earth relative to the sun, both being treated as 
particles, and as an example of (ii) the motion of a cylinder 
rolling down an inclined plane. 

The plane in \\ hich the system lies, or to which the motion is 
parallel, will be called tho fiindnniental plane. 

We shall find in both statics and dynamics that the funda- 
mental laws lead to certain general principles or methods. \\ hen 
any specific problem presents itself, we do not attack it directly 
from first principles as a rule; we can avoid waste of energy by 
applying to the problem one of the general methods. 1 he 
present chapter is devoted to general methods in ])lane statics, 
with inclusion of the space theory where it presents no difficulty. 

2.2. EQUILIBRIUM OF A PARTICLE 

According to (1.401) a particle will have an acceleration unless 
the force acting on it vanishes. Thus if P is the force acting 
on a particle, the necessary and sufficient condition for equilib- 
rium is 

(2.201) P = 0. 

If several forces P, Q, R • • • act on a particle, the necessary 
and sufficient condition for equilibrium is the vanishing of the 
resultant force, i.e., 

(2.202) P-I-Q + R+ =0. 

This vector condition may also be expressed in scalar form by 
means of components. Let a particle be acted on by forces 
whose components on an orthogonal triad are indicated as 
follows: 
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Q{Qu Q 2 . (h), 

R(/j’i. If:, lf^), 


'TIkmi tlu“ corulitions for (‘(luilibriuin are 




(2.203) 


, + Q. + /«?! + 
P-: + Q: + Ifi + 
I\ 4- O 3 + Ifi + 


= 0 , 
= 0 , 
= 0 . 


All lii<‘ abovo roinarks hold wliethor the forces acting on the 
pjirticle lie in a plane or not. Tlie particular feature of the plane 
case is that o!iIy two components are to he considered instead of 


three. 

No difficulty will he found in using (2.202) to prove the follow- 
ing tlie()reins which are often useful: 

(i) 1’nK Thi.kngi.k of Fokces. If a particle is in equilibrium 
under tlie action of three forces, these forces may be represented 
in magnitude and direction by the three sides of a triangle, taken 

in order (Fig. 9). 


Triantfle o{ forces 

Fio. 9. — The triangle of forces. 




(ii) The Polygon of Forces. If a particle is in equilibrium 
under the action of several forces, these forces may be repre- 
sented hv the sides of a closed polygon, taken in order. 

• > 

(iii) L.\my’s Theorem. If a particle is in equilibrium under 
the action of three forces P, Q, R, then 


(2.204) 


P Q R 

sin a sin p sm 7 


where a is the angle between Q and R, 0 the angle between R and 
P, and 7 the angle between P and Q. 


Exercise. A particle is in equilibrium vmder three forces. Two of the 
forces act at right angles to one another, one being double the other. The 
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Sec. 2.31 

third force ha. a magn.tude 10 lb. wt. Find the magnitudes of the other 
two. 

2.3. EQUILIBRIUM OF A SYSTEM OF PARTICLES 
Systems of particles. 

Let us notv consider a system of particles. We must in all 
cases come to a clear understanding as to what is mcltided m tht 
system under consideration. Let us suppose that we are dealing 
with a book which rests on a table, the table standing on the 
floor The book and the table are regarded (in our mathematica 
model) as composed of a very great number of particles. In 
"ling about this arrangement of matter, we are not compelled 
; b r,f the “system" under consideration as composed 

of tlm book and the table. If we like, we may think of the table 
alone as a system, or the book alone as a system, or the hundredth 

of t'liG IjooW Sis & system- 

It is important to realize that the system under consideration 
is lolthfng we pick out from the given arrangement in a 
arhitrarv manner. It is necessary tx> understand this in oiclei 
that the distinction between external and internal forces may be 

appreciated. 

External and internal forces. 

The book presses down on the table and the table presses 
UD on the book with an equal and oppo.site force (law of action 
reacln). If the system is book + ^ab^e these forces ain 
both exerted by particles of the system. But if the system 
Lnsisirof the hook only, this is no longer the case; the force 
exerted by the table on the book is due, not to particles of 
system, but to particles lying outside the system. 

‘ We make the following general definition. • , „i 

A force acting on a particle of a given system is an inle, nal 

force^ when it it exerted by another particle of that system , 

nthprwdse it is an external force. 

In accordance with the law of action and reaction, internal 

forces occur in equal and opposite pairs, each pair representing 

the mutual interactions of a pair of particles of the system. 

Figure 10 shows three particles .4, B, C, the broken line in 
eating the boundary of the system. The forces are classified 

as follows; 



42 


PLAXE MECllASICS 


(Sec. 2.3 


Kxtcrujil: P nt .4, Q at B. R at C. 

IiitiM'iial : U at B, — U at C, V at C, V at .4, 

W at .1, -W at B. 

Fijiuro 11 shows these particle.s situated precisely as in Fig. 10 
and subject to the same forces. The only difference between the 
two diagrams lies in the position of the broken line, indicating 
the boundary of tlie system under consideration. In Fig. 11 the 
system contains only the particles .1 and B. Now P at .-1, 
— V at A . Q at B, U at B are external; and W at d, — W at B are 
internal. If we reduce the .system under consideration to one 
particle only, there arc no longer any internal forces. 



Fig. 10. — Kxlornal arul iiitortuil Fjg. 11. — The same particles and 

forces. The ‘^system*’ is enclosed forces as in Fig, 10, but a different 
l>y the broken line. •‘system.** 


The only essential difference between the treatment of this 
question of interna! and external force.s in a plane and its treat- 
ment in space is that in the former case we may delimit the 
system by a closed curve, whereas in the latter ease we retiuire a 
closed surface. 

Necessary conditions for equilibrium (forces). 

We shall now obtain necessary conditions for the equilibrium 
of any system of particles. The meaning of the word “necessaiy ” 
should be emphasized: these conditions must be satisfied if the 
system is in equilibrium, but the satisfaction of the conditions does 
not imply that there is equilibrium. 

Consider any particle of the system, assumed in equilibrium. 
Tliat particle is itself in equilibrium, and hence the vector sum of 
all forces acting on it is zero. Similarly for all particles. Hence, 
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The ivcior sum oj ail forces acting on all iiarUcks is zero. 

But the forces are some e.sternal, some internal. \\ e may state 
The rector sum of all external forces ami all inlerual forces is zcio. 

From the equality of action and reaction, 

The vector mini of all internal forces is zero. 

Comparing this with the preceding statement, we have 

(2 301) The vector sum of all external forces is zero. 

Here we have the first of tlic necessary conditions for the cquihb- 

rium of a system of particles. 

Exercise. Consider a Klas.s of water standinR on a tal.le, 
system (i) the water only, (ill the water and the i-lass " ' “y 
external forces in each ease, a.nl what does (2.301) tell ns about them? 

The moment of a vector about a line. r i ■ tn ^ 

Consider a line L and a bound vector P, pcrpendicula. to L 

,.n? not intersecting it. Lot u be the length of the common 





Fig. 12. — A line L and a 
vector P perpendicular to it. 

The moments in tlje two rases 

pe:;;::!:;;:^! L and um ime ..f action of P. The , no, neat of 
P about L is defined to be 
(2 302) 

indicates rotations in opposite senses about/,. Having decided 
to use the + sign for vectors indicating rotations in one sense, 
we use the - sign for vectors indicating rotations m the opposit 
Tense The significance of the signs will be better understood 
Xn Sec. 9.3 las been read, but for the present the following 

description of the convention will serve. 

Let us suppose the line L drawn perpendicular to the plane of th 

pater intersecting it at the point T (Figs. 13a and 6) ; the momen 

fs +aP when P indicates a counterclockwise rotation around T 

the plane, and -aP when a clockwise rotation is indicated. 
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Coiu^klor now a lino L and a bound vector P which is not per- 
prndicular to L. Tlie moment of P about L is defined to be the 
moment about L of the projection of P on a plane perpendicular 
to L, the latter moment liaving already been defined above. 

The following facts are now obvious: 

(i) The moment of P about L is unaltered if P is made to slide 
along its line of action without change of magnitude or sen.se. 
(It is seen at once that this only slides the projection along its 
line of action, without change of magnitude or .sense.) 

(ii) The sum of the moments about any line L of two vectors 
_p situated on the same line is zero. (Their moments are 

e(iual in magnitude but opposite in .sign.) 

(iii) The moment about L of a vector P is unaltered if P is 
moved without change of magnitude or direction in a direction 
parallel to L. (This does not cliange its projection on a plane 
perpendicular to L.) 

When we deal with the moments of coplanar vectors about a line 


piM pendicular to their plane, we often refer to these moments as 

moments about a i)oint, namely, the 
point where the line cuts the plane. 

The theorem of Varignon. 

Consider a line L and a bound 
vector R at a point B (Fig. 14). 
I^et A be the foot of the perpendic- 
ular dropped from B on L. Let Q 
be the projection of R on the plane 
through B perpendicular to L. Let 
N be the line through B perpendic- 
ular to AB and to L, and let P be 
the projection of Q on N. It is clear 
that P is also the projection of R on 
N. We wish to prove that the 
moment of R about L is equal to the moment of P about L. 

Figure 15 shows the plane containing P, Q, and AB. Let AC 
be drawn perpendicular to the line of action of Q, and let the 
angle CAB be denoted by 6. Then the moment M of R about L 
equals the moment of Q about L (by definition), so that* 



Fio. 14. — By definition, Q 
and R have the cMitne inoinent 
al>out L; it is to bo proved that P 
also has the same niouient. 


• For simplicity, we have taken the case where M is positive; the other 
case is dealt with similarly. 
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^ Q , \C = Q ■ AB co.s d = AB • Q cos d = AB ■ P , 

which is the momcnfc of P about L. Hence, the moment of a vector 
at B about a line L is equal to the moment about L of the projection 
of the vector on the line through B perpendicular to the plane con- 
taining B and L. 

Since the projection on any line of the sum of any number oi 
vectors is ctiual to the sum of their projections on that line, the 

theorem of Varignon follows immediately: 

The sum of the moments about a line L of vectors P, Q, » 

with common origin B, is equal to the moment about L of the single 

vector P + Q + R + • ■ • 

y 





X 


-X 


0 

Fui. 10. — Annlytip»l jnetliod of 
fin<ling the moment of a vector. 


In .statics the only vectors whose momeius 

consider are forces. But it should be noted that 
definitions and theorems hold for any vectors. \\ c shall have 
oeca-sioii to use them in C'liap. V in discussing angular momentum. 

The following analytical re.sult is important; “bv.ous from 
Fig. 16, which -^hows Urn projection on th^^ 
vector with components (X . K 2) acts at tnc poin^ K J, h 
momeni about the perpendicular to the plane Oxy at 0 is 

(2 303) tfX. 

The moment about the perpendicular to the plane Oxy at the 
point (a, 6) is 

(2.304) n = ix - a)l - (!/ - 

These formulas take care of the sign of .1/ automatically. 

...... 

rmtheo;:;!.. as a function of a, and obtain the values of a tor which this 
Iment (i) is a maximum, (ii) Is a ininimuni. (in) vanishe... 
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Necessary conditions for equilibrium (moments). 

l.<‘t us now return to tlio consiflfiation of a .system of particles 
in (‘(luilibrium. Let L hv any line. Con.sidor any particle. 
.-Since it is in eiinilibriuin. the resultant of all the forces acting on 
it is zero; hence. l)y \ arignon‘s tlieorem the sum of tlie moments 
about /. of all forces acting on the partiele is zero. Similarly 

for all particles. Hetua*. 

Th( sutn of (he inomrnt^ ohont L of all rxUnwl forces atul all 
internal forces is zero. 

Hut tlie snni of the moments of a ]»air of etpial and opposite 

int(“rnal forces is zero. Hence. 

The sain of the inotnettls nhioit L of all internal forces is zero. 
Comparing tliis with tlie preceding statement, we have 

(2.305) 'I'hc sum of the moments ahout L of all external forces is 


9 If »*/» 


From (2.301) and (2.305) we may now .state necessary condi- 


tions for the (‘<|uilibrium of any system of particles. 

If a si/.'ifcm of particles is in effuilihrium, Ihcn 

(i) The rector sum of all EXTEUSAL forces is zero. 

(ii) The sum of the monunts of all EXTERNAL forces ahout 
ani/ line is zero. 

Tiiis result is the key to tlie solution of statical problem.s, and 
it should he remembered. 

The particular ferm ef the above statement applicable to 


piano statics is as follf)ws: 

If a si/stem of particles is in cfpulihrium, then 


(2.300) 



lehere F is the veclor sum of the projections of all EXTERN AL 
forces on the fu/ulamcntal plane, and N the sum of the moments 
of all EXTERX.M. forces ahout any line perpendicular to the 
fundamental plane. 

It is coin (‘ni(>nt to ha\ o an (‘xplieit form of (2.306). Let axes 
be eho.sen so tliat the fundamental plane is z = 0. We shall take 
moments about the 2 -axis. Suppose now that the system is 
acted on by external forces with components (Xi, I'l, Zi), 
(AT, }’•>, Z>), • • • (.Y... y„, Z„) at points (j*,, //,, 2,), (xs, ?/«, Z2), 
■ • • (x„, y„. 2 „). By projection on the fundamental plane, it 
follows that F and N are unaltered if we repla(*e this system by 
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forces in the funclamcnt:il jilane with components (A'l, 1 i), 
(A^o, )'••), • • • (A’,., }'„) at points (ri, yO, (j-j. i/s). ■ • ' //«)■ 

Hence, by (2.303) wc .see tliat if (A^ )') are tlie components of F. 

tlien 

(2.307) X = 2 " S ^ ^ ^ X 

x=l •=» «=» 

and so necessary conditions for equilibrium are 

(2.308) T X, = 0, X = "• X “ “■ 

i^\ i = l ‘=1 

It might be thought that, by taking moments about other 
lines perpendicular to the fundamental plane, new conditions 
might be obtained; but this is not .so. For, by (2.304), if moment.s 
are taken about a perpendicular to the plane at (a, 6), then the 

total moment is 

^ n 

T [(x. - «)i'.- - (//.■ - ?0AM = X 

an 

— <3 X ^ X 

1 » I » - 1 

and this vanishes automatically if (2.308) are satisfied. Thus 
conditions of the type (2.300) or (2.308) are actually three in 

number, and no more. , 

The following important results are ea.sy to establish from the 

principles laid down above: 

(i) If a system is in equilibrium under the action of only two 
external forces, then these forces have a common line of action, 

equal magnitudes, and opposite senses. 

(ii) If a system is in equilibrium under the action of only three 

external forces, these forcc.s lie in a plane and their lines of action 
are either concurrent or parallel. 


Equipollent systems of forces. 

Two systems of forces are said to be equipollent* when the 
following conditions are satisfied: 

* The word equivalent is often used. But there is a danger of confusion 
in using a common word in a technical sense. We might think that the 
effects of two such force systems were the same; this is not always the case. 
If we pull a string with equal and opposite forces at its ends, we produce a 
very different effect from that caused by pushing it with these forcc.s 
reversed in direction; yet the two force systems are equipollent. 
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(i) Tlu* vrctor sinn of all tlir forces of one system is equal to the 

v('ctor sum of all the forces of the other system. 

(ii) 'I'he sum of the moments of all the forces of one .system 
about an arhitrary hue is eciual to the sum of the moments of 
all the forces of the other system about that line. 

I-’or the (iiscussion of plane mechanies, we re<iuire only a 
restricted tvpe of etpiiitollence. which we shall eall plane equi- 
pollence. Two systems iif forces are said to he plane-equipollent 
for the fundamental plane if 

(i) The vector sum of the projections on the fundamental 
plane of all the forces of one system is ecpuil to the vector sum 
of the j)rojections on that plane of all the forco.s of the other 

.x^ystem. 

(ii) d'he .sum of the moments of all the forces of one system 
alKuit an arhitrary line perpendicular to the fundamental plane 
is e(iual to the sum of the moments of all the forces of the other 
system about the same line. 

It is evident that if F. F' are the vector sums of the projections 
of the forces of the two systems, and N, N' the moments about 
some line, then the conditions for plane equipollence are 

(2.309) F = F'. A' = N'. 


If F = 0. A' = 0, we say that the system is plane-equipollent to 
zero. Thus, if a system of particles is in equilibrium, the forces 
acting on it are plane-equipollent to zero. 

The idea of equipollence is extremely useful in statics. The 
solutions of problems in plane statics turn on the conditions 
(2.300), and difficulties may arise in the calculation of F and N. 
'These difficulties are reduced by splitting up the calculation into 
parts, each of which is simple; this reduction depends on the fact 
(obvious from the definition of equipollence) that, /or the calcula- 
tion oj the I'cetor sum of the. projections of the forces of a system on the 
fumlamental plane and the sum of their moments about a line, 
perpendicular to that plane, any system of forces may be replaced 
by a system plane-equipollent to it. 

In what follows below, we shall speak only of forces in the 
fundamental plane. This makes for simplicity of expression 
without any real loss of generality, because in problems of plane 
mechanics we are actually interested in projections on the funda- 
mental plane and moments about lines perpendicular to it; 
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for the calculation of these, we may replace a gi\ en force syst(‘m 
by a plane-equipollent sy.stem in the fundamental plane. 

Exercise. Find a system of two forces ecjnipollent to a system of tlin-e 
forces represented by the sides of an eqtiilateral triangle taken in order. 

Couples. 

A couple is defined as a pair of forces acting on parallel lines, 
etiual in magnitude and opposite in sense. In fact, a couple 
consists of a pair of forces P. — P. A line drawn perpendicular 
to the two lines of action and terminated by them is called the 
arm of the couple. 



17a. 176. 

Flo. 17. — (a) Couple with positive moment. (6) Couple with neitHtivo moment. 

Thus the vector sum of the forces constituting a couple is zero. 
Consider now the sum of the moments of the forces forming a 
couple about anj’ line L, perpendicular to the plane of the couple 
and cutting it at A (Figs. 17a and 176). If AB, AC arc the 
perpendiculars dropped from A on the lines of action, the sum 
of the moments is 

.1/ = P • AC - P ■ AB = P BC = Pa (Fig. 17a), 

M = P- AB - P ■ AC P BC= -Pa (Fig. 176), 

whore a is the arm of the couple. The rule for sign is casilj^ scon 
to be as follows: 

(2.310) .1/ = ±Pa, 

where the + or — sign is to be taken according as the forces 
indicate a positive (counterclockwise) rotation or a negative 
(clockwise) rotation in the plane of the couple about an}' point 
taken between their lines of action. 

We observe that the sum of the moments of the forces forming 
a couple about a line perpendicular to its plane is the .same for all 
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such lino.-. Hcrioc, we may .^peak in an absolute sen.se of tlie 
moment of a couple. Since the vector sum of forces in a couple is 
zero, it follows tliat tu'O couples in the fundamental plane are 
phne-eiiuipollenl if they have the same moment. 

It is evident that two couples of moments M, in the funda- 
nuMital plane are together plane-equipollent to a single couple of 
moment .1/ -h M' in that i)lane. 


Reduction of a general plane force system. 

Consider a system of forces in tlie fundamental plane. Let 
F he their vector sum and A' the sum of their moments about 
some point 0 in the plane.* Consider on the other hand a single 
force F at 0 and a couple of moment .V in the fundamental plane. 
Obviously, this simple .system is plane-etpupollent to the given 

system. Hence, we may stato 
the following general result: 

A system of forces in the furula- 
p mental plane is plane-equipollent 
to a single force applied at an arbi- 
trary point in the plane, together 
with a couple. 

It is customary also to express 
this by saying that a system of 
forces in the fundamental plane maj' be reduced to a force and a 
couphv 

Hxpre.s.sed analytically, a system of forces {X\, I'l), (Xo, ^ 2 ), 
• ■ * (A\, at points (xi, ?/i), (x-.. y-i), ■ ■ ■ (x„, y,,) may be 
reduced to a single force at the origin with components X, Y, 
together with a couple N, where 



Fio. 18. — Ro<lurtion of a force* and a 
couple to a single force. 


n 


n 


(2.311) X = X Xi, >■ = 2 X {x.r. - ViXd- 


i= I 


We shall now show that a still greater reduction is possible. 

Let 0 bo an arbitrary point. The force system, as we already 
know, may be reduced to a force F at O, together with a couple 

of moment N. In Fig. 18, the force F at O is sho^\Ti as OB. We 
now consider the following two case.s: 

* That is, the moments about a line perpendicular to the fundamental 
plane, cutting it at O (see p. 44). 
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C.\SE (i) : F 7^ 0. Lot ii.s .«in)p().';c A* j)osilive for simplicity, 
the case where N is negative being similarly dealt witli. We 
draw OA perpendicular to OB as in Fig. 18 and measure off OA 
equal to N / F . Then the coujile is etjuipollent to the pair of forces 

oh (or -F at O) ; AD (or F at A). 

Tliu.s the given system is reduc(Ml to the three forces 


FatO. -FatO, F at .1. 


These are equipollent to a single force F at A. 

C.\SE (ii): F = 0. Here the sy.stem is reduced to a couple. 
Hence we may state the following general re.sult; 

Any force syMem in the fundamental plane may be reduced either 
to a single force or to a couple. 

It may be noted that reduction to a single force will occur much 
more frequently than reduction to a couple, becau.se reduction 
to a couple occurs only when a special condition is satisfied, 
viz., F = 0. or, in other words, when the vector sum of tlic 
forces in tlie system is zero. 

Let us now carr^' out this reduction to a single force or to a 
couple analytically, the given plane force system licing specified 
as consisting of forces with components (Xi, Y^), {X 2 , Fa), ■ • • 

(.Y„, r„) at points with coordinates (x,. y,), (x,., ya), • • • (x„, y„). 

r.et us suppose that this system may be reduced to a force 
with components (X, Y) at (x, y). The conditions of plane 
equipollence are 


n 


n 


(2.312) r=2r,, 

• - I I I 


n 


xY ~ yX= {xiYi - ijiXi). 


The first two equations determine the components of the .single 
force. The last equation giv'es one relation between the coordi- 
nates of the point of application; this relation, being linear, 
defines a straight line. It is seen at once that this line points 
in the direction of the force with components {X, K); it is, in 
fact, the line of action of that force. The last equation of 
(2.312) leaves the point of application indeterminate to a certain 
e.xtent— it may take any position on a certain line. One particu- 
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lar point on tl.i. line i. given by tbc symmetrical formula.s 


n 




i !/oV 


(2. HI 3) 


X = 


\ 

n 


y = 


1 


n 


SV. 




X *• 1 


i- I 


0 . 


If it slumUi happen that 

V n V y = 0 y' (xiV* — yiA*i) ^ 
(2.314) 2^A. = 

i, is evident that we cannot find A', F. x, y to satisfy (2^12b 
Then the system cannot be reduced to a single force To find 
the couple to which it can be reduced, we compare it with the 
,.,„p|c consisting of forces (0, -V), (0, F) at the points (0, 0), 
(0, r), respectively. The conditions of euuipollcnee are 

n 

0 + 0 = 0, - F + F = 0, = X i^^y^ - 


Those e(\uati()iis 
couple is 

(2.315) 


ire satisfied provided that the moment of the 



To sum up: In general a plane system of forces is pla7i€-equi- 
pollent to a single force whose components and line of action are 

given hy (2.312). If 

(2.3 16) X ^ ^ 

i- 1 

the system is plane-equipollent to a couple with moment given by 
(2.315). If (2.316) are satisfied and also 


(2.317) 



then the given system is plane-equipollent to zero. 


Exercise. Forces of magnitudes 2 and 3 act parallel to the z-axis at points 
(1, 3) and (2, 4), respectively. Reduce them (i) to a force at the origin and 
a couple, (ii) to a single force. 
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2.4. WORK AND POTENTIAL ENERGY 
Definition of work. 

Con.'iider a particle .-1 on which a force P acts. Let the particle 
be given an infinitesimal di.splacement of magnitude 5s, repre- 
sented by AB (Fig. 19). The ivork done by P in this displace- 
ment is defined to l^e the product of 5s and the component of 
P in the direction of the di.splacement; in fact, the work 5fr is 

(2.401) 5ir = P cos 6 ■ 5s, 

where 6 is the angle between P and the displacement.* It will 

be positive or negative according as 

9 is acute or obtuse. 

Work is measured in dvno cm. in 

% 

the c.g.s. svstem (1 dvne cm. = 1 erg) 

, . ^ I 1 * .4 1 r Fig. 19. — Tlie force P doe^ 

fllKl III ft. poundtils 111 tilC SyS- work when the particle on which 

tern. The ft. lb. wt. is al.SO commonly reoeivcs tlie displaccmont 

used. Rato of working is called 

power. A power of 550 ft. lb. wt. per sec. is called one horse- 
power (1 hp.). 

Since the sum of components in any direction is equal to the 
component of the sum in that direction, it follows that the total 
work done by any number of forces P, Q, R, • • • , acting on a 
particle, is equal to the work done by their resultant P -1- Q + R 

It is evident that 5]r is also equal to the product of P and the 
component of the displacement in the direction of P. Hence 
the work done by P in a succession of small displacements is 
equal to the work done by P in the re.'iultant displacement. 

Let Xy Yy Z be the components of P in the directions of the 
axes of coordinates, and let the coordinates of A, B be (x, y, z), 
(i 5i, 2 / + Sy, z -h 5z), respectively. Then, since the direction 
cosines of P are X/P, Y/P, Z/P and those of the displacement 

AB are 5x/5s, &y/8s, Sz/Ss, we have 

• The use of the symbol 5 instead of the more usual d {for differential) is 
traditional, and not of much importance as far as statics is concerned. But 
in dynamics it is necessary to distinguish between a purely hypothetical 
(or virtual) displacement 5x and the displacement dx actually occurring in 
time dt (i.e., dx — i dt). 
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(2.402) 


A' os , y by , Z ^ 

cos 0 - p + p p 5.5 


and so tiie work done by P in the displacement. AB is 
(2, U)3) 5j- + V + Z 5^. 

\Vc note that no work is done when the displacement is 
porpciKli^'ular to the force. 

Forces which do no work* 

Consider a particle in contact with the sui-face of a fixed rigid 
t,ody and suppose that a force acU on the particle tending to 
drive’ it into the body. If no other force acted, the particle 
would have to penetrate the body, in accordance with (1.401). 
Since, however, wo regard such penetration as impossible, 
we must assume the existence of another force, the reaction of 
the surface, which prevents the penetration from taking place. 
The particle in (piestion may be an Isolated particle, or it may 

be one of the particles of a rigid body. 

In a mechanical jiroblem the reactions between particles and 
surfaces, or between paii-s of surfaces, are not in general to be 
regartied as known forces. They are called intei play solely to 
prevent violation of the condition of non-penetration. 

The W 4 )rds “smooth” and “rough” are familiar in ordinary 
life; we speak of polished steel, glaSvS, ice, etc., as smooth, and 
sandpaper, cloth, etc., as rough. We make such a classification 
primarily on the basis of our sense of touch. A more scientific 
classification is obtained by examining the directions of the reac- 
tions Ijetwcen bodies. It is found that with smooth bodies the 
reactions always lie very close to the common normal of the 
surfaces in contact. As an idealization of such bodies, we admit 
into our mathematical model the concept of a smooth surface 
with the following property: 

The reaction at a smooth surface is normal to the surface, and 
is of such a magnitude as just to prevent penetration or overlapping 
in space from taking place. 

The reaction at a rough surface has more complicated proper- 
ties which will be discussed in Sec. 3.2. 

Since the reaction at a smooth surface is normal to the surface, 
the following result is evident from (2.401): 
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No work is done by the reaction at a smooth fixed surface in an 
infinitesimal displacement which preserves the contact. 

In any contact thcro are actually two ccjual aiul opj)o.<it(' 
forces involved, one acting on each Ijody. In what ha.s heen 
said above, one body was supposed fixed, so that the force acting 
on it did no work. Suppose now’ that both bodies, having 
smooth contact, are displaced infinitesimally. The displace- 
ments of the particles of the two bodies in contact with one 
another may now have components along the common normal, 
and so work is done by each of the two forces of reaction. But 
it is not difficult to .see that the 
sum of these two works is zero. 

Let us now consider a rolling 
contact, confining our attention 
here, for .simplicity, to the rolling 
of a rigid circle on a fixed line in 
the fundamental plane (Fig. 20). 

Wc say that the circle C rolls 
on the line L if it pa.sse.s con- 
tinuously through a secpience of positions such that (i) L is 
always tangential to C; (ii) if any two points A, B of C make 
contact with points .1', B' of L, then arc AB = A'B'. (Consider 
a motor tiro and the pattern it leaves on the road.) 

If C advances a distance Ax while it turns through an angle 
Ad, it is clear that 



Via. 20. — A rircli* roMiug on a line. 


(2.404) 


Ax = a A6. 


where a is the radius of C. Durirjg this advance the point of C 
initially in contact with L receives the following displacements: 


Horizontal: Ax ~ a .sin 
Vertical: a — a cos A6. 


If the displacement Ax is infinitesimal, then these displace- 
ments are infinitesimals of the ordens (Aj)^, {Axy, respectively. 
This is easily seen on using the well-known series for sine and 
cosine. 

Suppose now tliat there is a reaction R exerted by L on C. 
We shall not assume that R is perpendicular to L. The w’ork 
W done by R in a succession of infinitesimal rolling operations 
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will be a function of x, the final tli.^placeinent. 



It may be written 


Ibit since tin* tlisplaccment of the point of contact is an infinite.'^i- 
inal of hiKher order than the increment in r, we have dW/dx = 0 
and In'nco W = 0. Thus, no work is done by the reaction at a 
rolling contact. It is true tliat our i)roof deals only with the case 
of a circle rolling on a line; the general ca.se of a moving curve 
rolling on a fixed curve may be* tliscusseti by a slightly more 
complicati'd argun^(*nt l(*ading to the sann* result. 'J he condition 
of rolling is the ecjualitN' of arcs on the two ciua’cs between points 
of contact; the essential point in the j)roof is the tact that the 
displacement of the point of the moving curve instantaneously 


in contact is an infinitesimal of higher oTxler than the infinitesimal 
angle through which the moving curve turns. 

When rolling takes place between two moving .surfaces, the 
sum of the works done by the ecjual and opposite reactions is zero. 


This follows from the fact that 
the tlisplacements of the two 
particles in contact (one belong- 
ing to each body) are equal, to 
the first order of small quantities. 

The fact that no work is done 
at a rolling contact is of enormous 
importance in modern transport, 
which moves on wheels in con- 
trast to the dragged vehicles of 
primitive rivilization.s. It explains why boats are launched or 
hauled out of the water with much greater ease when placed on 
rollei's, and why machinery operates more easily on ball or roller 
bearing.s than on plain bearings. 

Let us now consider the work done by a pair of equal and 
opposite reactions, exerted on one another by two partielcvS of 
a rigid body, when the body receives an infinitesimal displace- 
ment. Let A, B be the positions of the two particles before 
displacement, and .1', B' their positions after displacement 
(Fig. 21). The lines AB, A'B' make an infinitesimal angle with 
one another, and 


B' 



(2.405) 


AB = A'B', 
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since the body is rigid. If do, arc the projections of A\ B' 
respectively on tlie line AB, we have obvioiisly 

(2.406) d.4o “t“ do/^u = AB -j- BHa. 

Since the inclination of A'B' to AB is infinitesimal, doBo = A'B' 
to the first order of infinitesimals; hence, doBo = dB by (2.405) 
and so (2.406) gives 

(2.407) ddo = BBo. 

If the forces on d, B are respectively P, — P, the amounts of 
work done by them are 

Pddo, -PBBo. 

and the sum of these is zero. Hence, no work is done by a pair of 
equal and opposite reactions, exerted on one another by two particles 
of a rigid body. 

To sum up, we lia\’e .seen that no work is done by 

(i) tlio reaction on a movable body in smootli contact with a 
fixed bod}'^; 

(ii) the pair of reactions at a smooth contact; 

(iii) the reaction on a body rolling on a fixed body ; 

(iv) the pair of reactions at a rolling contact; 

(v) the pair of reactions between two particles of a rigid body. 
In the cases considered above, the particles forming the system.s 

are not wholly free. The systems are, in fact, subject to con- 
straints, and the reactions are brought into play to prevent the 
violation of these constraints. Since these reactions of constraint 
do no work in permissible displacements, we speak of the.se 
constraints as workless. 

The principle of virtual work. 

Let us start by considering the simple .system shown in Fig. 22. 
dB is a rigid bar; a small hole is drilled in it at C, and a smooth 
pin passes through the hole, attaching the bar to some fixed 
support (not shown). Thus the bar can turn about C in the 
plane of the paper. Forces P and Q are applied at d and B, 
respectively, in directions perpendicular to AB. 

There are two \vays of regarding this system: 

(i) It is just a rigid body, which can turn round C and which 
is subjected to the forces P and Q. 
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Hi) Tt is a rolloction of a va.'^t iiumbor of particles, snhj(>ct<Ml 
not only to tlu' forces P aiif! Q, but also to a vast number of 
icactions l)ct\vc(‘n tlie particles and a reaction at C. all adjusted 
so that the distances between the particles remain constant and 
the particles near C do not mo\’e awa>’ from the pin. 

Por i)re.<ent pur})oses we regard (ii) as the more u.seful view. 
In developing the principle of virtual work, we have to deal 
witli (h'splacetncnts, forvva, and work. 

The only displacement consLstent with the constraints is a 
rotation around C. But if we take the point of view (ii) above, 

we may think of other displace- 
ments in which the constraints 
are violated — for e.xample, only 
one particle of the bar might be 
moved from its position. Such 
a displacement is merely a 
mathematical device. In either 
ca.se (whether the constraints 
are satisfied or not) the displace- 
ment is called “virtual.” this word implying that the displace- 
ment i.s a hypothetical one and not a displacement actually 
experienced. We note then that virtual displacements are of 
two types: 

(а) virtual displacements .satisfying the constraints, 

(б) virtual displacements violating the constraints. 

As for forces, we have P and Q and the reactions of constraint. 
Vkti need a word to distinguish P and Q from the latter; we 
cannot use the word “external” because the reaction exerted by 
the pin at C is external. So we .shall call P and Q applied forces, 
with this general definition for any system with workless con- 
straints: horc.es other than reactions of constraint arc called applied 
forces. Thus the forces acting on the system are of two types: 

(а) apjdied forces, 

(б) reacti(jns of constraint. 


Q 

Fia. 22. — A riKid bar pinned at C. 


As for the work done in a virtual displacement (called virtual 
work), we are to observe that no work is done bv the reactions 
of constraint provided that the constraints are of the workless 
type and are satisfied by the virtual displacement. 

We shall now proceed to state and prove the principle of 
virtual work. The argument will be quite general, covering 
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the case of any system in wliich tlie constraints arc of tlie worklc.ss 
type. 

Phinciple of Virtual Work. *4 system with workicss con- 
straints is in eyiiilihrium under applied forces if, and only if, zero 
virtual work is done by the applied forces in an arbitrary injinitesi- 
mal displacement satisfying the constraints. 

It will be noticed that this statement contains botli a suffi- 
cient (if) condition for equilibrium and a necessary (only if) 
condition. There are two theorems here, requiring so])arate 
proof.s. 

Let us first prove the necessity of the condition; that i.s, we 
are given that the system is in equilibrium, and we have to prove 
that zero virtual work is d(jne )>y the ai)i)li(‘d forces in any 
infinitesimal displacement .satisfying the constraints. Consider 
any particle of the system; it i.s in eiiuilibrium, and so the result- 
ant of all forces acting on it is zero. Thus, zero virtual work is 
done by the forces acting on that i)article in any displacement of 
it. Thi.s holds for all particles; aiul so, in any displacement of 
the .s^’stem, zero virtual work is done In- all forces acting. But 
the reactions of constraint do no work in any displacement which 
satisfies the coiLstraints. Hence the applied forces do no work in 
such a displacement, and so the necessity of the condition is 
proved. 

Let us now prove it-s sufficiency; that is, we are gi\'en that 
zero \'irtual work is done In- the applied forces in any infinitesi- 
mal displacement satisfying the constraints, and we have to 
prove that the system is in equilibrium. Suppose it is not in 
cquilibnum; then it starts to move. It is clear from (1.401) 
that each particle starts to move in the direction of the resultant 
force acting on it. Referring to (2.401), we see that a positive 
amount of work is done in the initial displacement, since ^ = 0 
and cos ^ = 1. This is true for every particle; and so, in the 
initial displacement of the system, positive (not zero) virtual 
work is done by all the forces. But such an initial displacement 
must of course satisfy the con-straints, and so the reactions of 
constraint do no work. Thus, on the basis of our assumption 


that the system is not in equilibrium, we .see that it must 
undergo a displacemiuit which satisfies the constraints and in 
which the applied forces do positive work. But this contradicts 
the given information, according to which zero work is done. 
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Since our assumption leads to a contradiction, it must bo false, 
and so tlic system does n^main in ecjuilibriurn. Tlie sufficiency 
of the condition is proved. 

U(“tiirnin^ to tlu* system sljown in Fig. 22. let us gi\e the bar 
a rotation about (’ in a cour»ter('lock\vise sense through an 
infinitesimal angle bO. The work done by P is Pa bO and the 
work done by Q is —Qh 60. and so the total work Ls 

Sir = {Pa - Qh) bd. 

If the system is in e(iuilibrium. then 6fF = 0 and hence 


P b 
Q ~ a 

On the other hand, if P/Q = h/a, then 511’ = 0 for thi.s displace- 
ment. But this is the most general displacement .satisfying the 
constraints; hence the bar must be in etpulibrium if the condition 
P/Q = b/a is satisfied. 

Although tlie chief merit of the principle of virtual work lies 

in the fact that it does not involve the reactions of con.straint, 

ne\’erthele.ss it can be used to find the.sc reactions should they be 

recpiired. Suppose, for examj)le, we wish to know the reaction 

at C in the system considered. If this reaction Is R, it is obvious 

that the e{|uilibrium will not be disturbed if we remove the pin 

at C and api)Iy at C a forc<* R. Since tliere is now no constraint 

at C, other virtual displacements are permissible. We may 

slide the bar along its length. In this displacement, P and Q do 

no w<jrk; hence R dties no work, and consequently R acts at 

right angles to AB. If we now push the bar through a small 

distance bx, i)erpemlicular to AB in tiie upward direction, the 

woik done by P and Q is —{P -|- Q) 5.r. Hence the work done 

by R is (P + Q) 5x; therefore, R has a magnitude P + Q and 

acts in the direction opposit-o to the common direction of P 
and Q. 

AVe have developed the jn-inciple of ^'irtual work for the sim- 
plest and most interesting systems, namely, those for which the 
constraints are workless. But it i.s easily extended to cover more 
general cases by means of the device employed above, namely, 

the replacement of a constraint by an unknown “applied” 
force. 


Exercise. A lever, in the form of the letter L, is pivoted at the angle. 
It IS in equilibrium under forces applied at the ends of the arms, and per- 
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pcndiciilar to them. I’se the method of virtual \vt»rk to find the force at 
the end of one arm and the reaction at the pivot. t)ie otlier force and tlie 
lengtlis of the arms being given. 

Infinitesimal displacements of a rigid body parallel to a fixed 

plane. 

Let us consider a rigid body which is perinittetl to move only 
parallel to a fixed fundamental plane. The section of the body 
by this plane is itself a two-dimensional rigid body; we call it 
the representative lamina. A description of the motion of this 
lamina specifies the motion of the body, and vice versa. We 
may therefore disctiss infinitesimal displacements of the lamina 



placement of u lamina in 
its plane. 



Fig. 24 . — In an infinitusirnu) 
displacement the quantities a. 
b, and 6 receive infinitesimal 
increments, wliilo r and re- 
main constant. 


in the fundamental plane instead of displacements of the rigid 
body parallel to that plane; they come to the same thing. 

In Fig. 23, L \s the lamina before and L' the lamina after an 
arbitrary displacement. Let A, B be any two points of the 
lamina before displacement and A\ B‘ their positions after dis- 
placement. ObWously the displacement from L to V may be 
achieved in two steps: 

(i) a translation, in which each point of L receives a displace- 
ment equal and parallel to AA'; 

(ii) a rotation about A' through an angle equal to the angle 

between AB and A'B\ 

The point A^ used in describing the displacement, is called a 
base point. 
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Lot us tiow oonsidof an infinifcsimal displacemenf. For fixed 
axo Oju ill tho fundamontal piano (Fig. 24), let {a, b) bo the 
ooordinafos of .1. and 0 tlie inelination of AB to Ox. Then 
tlie incromont.s Se. bb doseribo tho translational displacement, 
and tlie increment 66 describes the rotation. Let P be any 
particle of tho lamina; let us put r = AP, ^ = BAP. Since 
the lamina is rigitl, r and <t> remain con.stant as the lamina moves. 
Now if (x, ij) are the coordinates of P, we have 

(2.408) X = « 4- r co.s «?+</.), y = b r sin (6 + <^.). 

Hence tlie displacement of P in the infinitesimal displacement 
5a, 6b, 66 of tho lamina is 

5x = 6a - r sin (6 + 0 ) 86, 5y = 6b A- r cos (6 + 0 ) 66. 

Substituting for r sin {6 + <f>), r co.s (6 + 0 ) from (2.408), we 
obtain 

(2.409) 8x = 6a ~ (y - b) 66, 8y = 5b + (x - a) 66. 

1 his gives the infinitesimal displacement of any point in the 
lamina (or in the rigid body of which the lamina is a section) in 
terms of tho translation {6a, 6b) of the base point {a, b), and the 
rotation 66. By giving arbitrary infinitesimal values to 5a 
56. 66, we get the most general infinitesimal displacement of a 
lamina in a plane or of a rigid body parallel to a plane. 

ExerH.^e. Find the di.splucenu'nt of tho purlidc at the highest point of a 
rolling wheel, when the wheel advances a small distance 6s. 

Sufficient conditions for the equihbrium of a rigid body movable 
parallel to a fixed plane. 

W e now ronsidnr the e<niilibrium of a rigid body which can 
move only parallel to a fixed fundamental jjlane. There are 
no em.stramt.s hmitu>g the motion of tho body parallel to the 
pi. n hut there are emnstraints preventing other motions. 

th 'rLtr ‘•'■f"'- I'> “Edition to 

reaction.^ of the.se eon.straints, there act applied forces not 

neces-sanlv parallel to the fundamental pla"e. Let ('?, ,.) 

plane' 6 - O) of' fh’ o" fundamentai 

and lct(A, ) ,) 1 ,), ■ • ■ (A-„, }'„) be the components of 

these forces m the directions of the axes Oxy “f 

rit'"' "■ " 
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(2.410) 5W = X AM5a - Oji - l>) 56] 

n 

+ "£ + (Ji - a) 69] 

t » I 

= (s-vO 5fl + (i; 1',) 8b 

'i=i ' ^1=1 ' 

1= I 

= 6a 4” 5^j 4“ iV 66, 

where X, Y are the components of the vector sum of the applieil 
forces and N is their moment about the point (a, b). 

Thus, if 

(2.411) X = 0, r = 0, X = 0, 

we have 6Tr = 0 for the most general infinitesimal displacement 
consistent with the constraints. Tlius, by the principle of 
virtual work, the body is in equilibrium if (2.411) are satisfied. 
These are therefore sufficient conditions for the eciuilibrium of 
the body. Let us restate thi.s important result, as follows: 

If a rigid body is constrained to move ■parallel to a fixed funda- 
menlal plane, then the body is in equilibrium under the action 
of any syste?n of external forces plane-cquipolle.nl to zero; i.e., there 
is equilibrium provided that the vector sum of the projections of 
these forces on the fundamental plane vanishes, and the moment of 
these forces about some one line perpendicular to the fundamental 
plane vanishes also. 

We note that (2.411) are the same as (2.300) or (2.308), 
written in a slightly different form. In Sec. 2.3 these conditions 
were shown to be necessary for the etiuilibrium of any system; 
now we find them to be sufficient for the equilibrium of a ligid 
body movable parallel to the plane 2 = 0. 

Let S and S' be two plane-ec|uipollent force-.systems acting 
on a rigid body; then X, Y, N have the .same values for S and S'. 
It follows from (2.410) that, if 5Tr is the virtual work done by 
S and dW' that done by S' in the same displacement of the body 
parallel to the fundamental plane, then 

Sir = 8W'. 

It is evident that two plane-equipollent force systems are 
equivalent in all statical problems concerning the equilibrium 
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ol :i rifzid Ix'dy inovalile parallel to the fundamental plane, in 
lilt' s(‘iise that one system may he reijlaced hy a plane-etiuipollent, 
system without disturl)in«; ocpiilihrium. In partieular. two forces 
eipiivalent if they are etpial in masnitude, with the .same 
-(‘iise and with a eomimm line of action. Thus, we may slide 
a force aloii^r its line of aetimi without ehauKins its effeet. This 
is known as tin* principle of of force for a rigid 

ImkIv. and it enahh^s us to n'gard a force acting on a rigid body 
as a slidiiig vi-etor. 

In tlie same way, two couples in the .same plane are crpnvalent 
if th<‘y liave the satne moment A’. Since A' = ) = 0 for a 
couple, it follows from (2.4U)) tliat the u'ork done hy a couple of 
nuunenl S in an infinilenimal rotation hB /.s A 50. 

d'ljen' is no unicpie way in which the principles of meehanic.s 
must he developeil. Two rival methods exist, the method of 
forces as used in Sec. 2.3 and the method of virtual work as used 
h(Me. In develoj)ing the tlieory up to this stage, we have u.sed 
one metluxl to establish .some points and the other method to 
establish other points. The reader may prefer to work out .some 
otlu'r logical development f)f the subject, and indeed is mo.st 
lik(‘ly to appreciate the critical points in the chain of reasoning 
by so lining. 

Enreixe. A card lies on a table. .Mong the edges, there arc api>lif(l 
forces rcpn'.senteil in inagnittule and ilireetion hy tlie edges, t.aken in order. 
The card is gi\(‘ti any small displa4-einent. SIiow that the work done is 
r<*presented hy twici- the area of the card, multiplied by the angle of rotation. 


Potential energy. 

('onsider any system of particles. Wo shall refer to a set of 
positions of all tlie particles a.s a configuration of the system. 
Let .U be .some configuration .selected a.s a standard configuration, 
and let .1 b(‘ an.\’ othia- configtuation. Let u.s take the system 
from .1 to .lo, and denote by II' the work done by all forces 
acting on the system during this process. 

If the system consists of a single particle in the plane Oxy, 
we might take tlie origin O as standard configuration .4o- Then 
if A'. T arc the components of force acting on it, the work done 
in bringing it from the position .1 is 

(2.412) »■ = f ° (X dx + Y dy), 

the integral being taken along the curve by which the particle is 
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brought to the origin. For oxainplf. h the l«*rcc dcix'iuls on tlio 
position of the particle according to the c»iuatnms A = 2.r. 
y = Gy and if the coordinate.-^ of .1 are a, b, then 

(2.413«) Tt^ = dx + Gy dy) = + 3//- ^ 

= —a' — 3/j-. 


This value is independent of the particular patli along whicli 

the particle is brougld to 0. 

To take another example, if A' = Gy, ) = 2x, we have 


ll' = (Gy dx 2x dy). 

Ja.b 


(2.4136) 

Tlie value of this integral is not independent of the patli of 
integration, as is easily .seen by taking tlie two paths along the 
sides of tlie rectangle .r = 0. y = 0. x = n, y = 6. 1 bus it is 

only in some cases that IF is iiulependent of the path. 

Pas.sing from the case of a .single particle to a general system, 

wc make the following definition; 

When the forces acting on a system are such that the work 

done by them, in the pa.s.sagc of the system from a configuia- 
tion A to the standard configuration do. i-s independent of 
the way in which this passage is carried out, then the .system 
is said to be con.-ien>atu'c. The work done by the forces in the 
pa.s.sage from d to do is called the potential energy of the system 
at the configuration d. 

Since the standard configuration may be chosen arbitrarily, 
the potential t'nergv of a consiu-vative system is indeterminate 
to within an additive constant, the value of which depends on 

the standard configuration cho.sen. 

Potential energy will be denoted by V. Thus, in the ea.si- 
of {2.413a), the sy.stem (a single particle) is conservative and 

the potential energy V at the i)osition x, y is 


(2.414) V = - Zy-. 

Generally speaking, most of the systems considered in me- 
chanics are conservative. The outstanding exceptions are 
systems in which frictional resistances are involved. Cases 

like that of (2.4136) occur rarely. 

Let there be a conservative system, do being the standard 
configuration. We shall use the following notation; 
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\'(.{) — potential onerfjy at eonfi^nration A, 
ir(.l. /O = work (loiK* hy forces in pa.ssage from .1 to B. 

Hv the (h'finitioti of W we have 

(2.-115) V{A) = }\'(A, Ao). 

Now give the system an infinitesimal clisplaeement from A to B; 
let he the ineri'iiient in potential energy aiul 511' the work done. 
We have 

51' = V(B) - r(.i) 

= ]V(B, do) - ir(.l. do). 


Hut since work done is indeiiendent of path and additive, 
have 

WiB. do) = \y(B. d) + ir(d. do), 



W(B, d) = -ir(d. B) = -511'. 

Hence we ha\ (‘ 

(2.110) dV = -5ir. 


we 


In woi<ls, (hr incmncnl in polrntird energy equals the work done, 
with its sign changed. 

Consider a particle which can move in a plane subject to 
the action of a force which depends only on the position of the 
particle. If A', Y are the components of force and x, y the 
coordinates of the particle, then A', >’ are functions of x, y. 
'I'his is called a field of force. It is said to be a conserralicc field 
if the particle under its influence is a conservative system. In 
that cas<\ d(‘noting tlie potential energy by V, we have by 
(2.403) and (2.410) the otjuation 


(2.417) A' 6x A- y hy = -51', 

where 5.r, 6y are the components of an arbitrary infinitesimal 
displacement given to the particle. It follows that 


(2.418) A = - — . 1' 

dx dy 

The preceding result may be extended without any difficulty 
to a conser\ative field in space; we luave then 


(2.419) 



dx^ 


dV 

dy’ 


dz 



2.41 


METHODS OF FLAXE STATICS 


G7 


In tiie language of See. 1.3: In a conservative field, the force is the 

nradient of potential energy, with sign reversed. 

A nniform field of force is one in which X, Y, Z are con.stants. 

Such a field is conservative, with potential energy 


(2.420) 


V = -(Xj + Yy + Zz). 



Fiij. 25. -Two lu‘!»vy pur 


Returning to a general conservative .system, let us note a 
useful con-sequence of (2.4Ui) in connection with the i)rmciple of 
virtual work. If a conservative system 
is in equilibrium, the change in potential 
energy in any infinitesimal displacement 
is zero. Tliis is also expressed l)y say- 
ing that the potential energy has a 
stationary value. 

Example, .^.s an illtistrativc oxamplc of llio 
principle of virtual work, consider the sys- 
tein shown in Fig. 25. Two heavy particles of 
weights ii’, »•' are connected by a light inex- 

ten.sihle .string and hang over a fixed smooth 

circular cyliixler of radius a, the axi.s of which tides balanced <in a smooth 
is horizontal. Wc wish to find the po.sitiou of <-ylinder. 

Here wc have a .system of two particle.s. The forces acting on them arc 

(i) gravity, 

(ii) forces due to the tension m the string, 

(iii) reactions exerted by the cylinder. 

If we give a virtual displacement satisfying the constraints, only 

work. The system is conservative, and the potential energy is, by (2.42U), 

with sviitable choice of the standard configuration, 

V’ - tea cos d + w'a cos 0', 

where 0, 0' are the inclinations to the vertical of the radii drawn to the 
particles. In an infinitesimal displacement, 

51 ' = —wa sin 0 60 — w'a sin 0' 60'. 

But 0 + 0' is constant, since the -string is incxtensible. Thus 60' = -69, 
and 

sr s a 60{w' sin 0' — w sin 0). 

Hence, when the system is in equilibrium, the following condition must be 
satisfied: 


sin 0 


w' 


ftin 0 ' tP 


# 
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2.6. STATICALLY INDETERMINATE PROBLEMS 

Cori-'iflor a rijiid hocly uliicli can move parallel to a fixed 
fumlanuajt-al piano. In e<piilil-)rium under external forces in that 
|)lane. Let A' ami 1' 1)0 the total (•oinpolumt.'s of the external 
forces on axes of coortlinates in the fundamental plane and N 
their total moment about the orijiin. Then, as in (2.411). 
we hav(‘ tlie .scalar <‘(iuations of eipiilibriuin 

(2.001) A' = 0, )' = 0. A' = 0. 

It is important to note that the.<e etpiations are three in number. 
This means that, in any problem concerning (he plane .'^tatic.s 
of a rigid l)ody. we can find three unknowns and no more. If 
there are more than tliree unknowns, the problem is statically 




,Q 

. 

A P B Xg 

Fni. - A in<l<*ti*rminate i>roblcin. 


intIrfrrttii/Kitt . which means tliat it cannot be solved by means of 
the conditions (tf e(juilibrium alom*. We shall illustrate with a 
simple (‘\ampl(‘. 

.V rigid bar .1 H (Fig. 20) is fixed at its ends; at its middle point 
there is applied a force with components P, Q along and per- 
|)endieular to the bar. Find the reactions on the bar at A 
and li. 

Let tlie components of the reactions be A’l, I'l at .4 and 
A’j. y > at H, and let .1^ = 2a. Taking components along and 
perpendicular to tlie bar and moment.s about .4, by (2.501) 
we have 


( A' = A'. + P + A’.. = 0, 

(2.502) /I = 1 I 4- Q + 1 'j = 0, 

N = aQ 2a )*« = 0. 

Hence, 

(2.503) = ~\Q, r. = -IQ, X. 4- A% = -P. 

We have only three equation.^ iov four unknown.s; the problem 
is statically indeterminate, and nothing more can be found out 
about the reaction.s from the conditions of equilibrium alone. 
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If such a problem were to occur in physical reality, the four 
unknown quantities would have values which might be measured. 
Apparently our mathematical methods have failed us; tliey have 
not provided us with the answer to a question of physical inter- 
est. The fault actually lies in the selection of a mathematical 
model. Rigid bodies do not exist in nature, and this problem 
is one where the use of a rigid body as a mathematical model is 
not justified. We should take an elastic bar as a model instead 
(cf. Sec. 3.3). 

A simple modification in the constraints may render an 
indeterminate problem determinate. Consider the same prob- 
lem, altered by the condition that the end B, instead of being 



Fig. 27. — A statically dotenninate problem. 

fixed, slides on a smooth plane inclined at an angle of 45® to 
AB (Fig. 27). Again, we have (2.503), but also an additional 
equation 

(2.504) A'o + Ko = 0, 

arising from the condition that the reaction at B is perpendicular 
to the plane. Now the problem is statically determinate, and 
we have 


(2.505) 



^ -P - hQ, 

= hQ, = 




Had we taken one of the axes parallel to the plane of constraint 
at B, we should have obtained a slightly simjjler treatment, 
because only three unknowns would have appeared. 


2.6. SUMMARY OF METHODS OF PLANE STATICS 
I. Conditions of equilibrium. 

(a) For single particle (necessary and sufficient) : 

(2.601) Vector sum of all forces vanishes, 


70 


ri.AXt: MtriiAXic.s 


2.0 


or 


2.()02) Total compononU in 


two perpeiKlicular direction.s 

vani.«h. 


(/,) For a..N- syst.-.n (nori-ssary) or for rigid body (necessary 
tnul .■^iifficiont): 

(2.(103) F = 0, .Y = 0; or -V =0, 1’ = 0, W = 0. 

(r) For any system rvitl. workless .■onstraints (necessary and 

^2 6ir = 0 (work done by applied forces). 

II. Moment of a vector in a plane about a point in that plane. 

.2(105) (+ for counterclockwise); 


( 2 . 000 ) 


.1/ = J-1' - !/ A' 


(about origin). 


III. Plane equipollence. 

(fl) Conditions fur plane cciuipollcnce: 

(2.007) F = F', A' = A'- 

(5) General system of forces can be reduced to a single force 

at an assigned point, together with a couple. 

(r) General systc'in of forces can be reduced to a single force 

or to a single couple (latter case exceptional). 

IV. Work and potential energy. 

(a) Definition of work; 

(2.008) Sir = P cos 0 * 6s = A' ^ 

(10 Reat-tions do no work at smooth contact.s. rolling contacts, 
and in.sidc rigid body. 

(c) For the infinitesimal displacement of a rigid body, 

(2.609) 6ir = A' &a + V 56 + N 69. 

(d) Potential energy : 


(2.610) 

(2.611) 


A' = - 


5V — 6ir, 
dV 


I' = - 


dV 


dr ■ dy 

(Force is gradient of potential energy with sign revei*scd.) 
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EXERCISES II 


'I'hp inetliod of virtual \\«)rk may in* us(mI in any of those problems; it will 
be found particularly useful in the <‘asi‘ of tho.so market! with an a.sterisk. 

1. A particle i.s in etiuilibrium under the action of six forces. 'I'liree of 
lhe.se forces are roversetl, anti the particle remains in eciuilibritim. Prove 
that it will still remain in etniilibrium if these three forces are removed 
altogether. 

2. latlder of weight IT rests at an angle a tt) the horizontal, with 
its ends re.stiiig on a siiu>oth floor and against a smooth vi'rticnl wall. 'Fho 
lower end is joinetl by a rope to the jvmction t)f the wall anti the floor. 
Piiid, in terms of IT anti a, the tension of the rope and the reactions at the 
wall anti the grovintl. (.\sstime that the weight of the lathler acts at its 
initldle point.) 

3. The corner .4 of n .square plate A/iCD is heltl fixe<l hy means of a 
smooth hinge which permits the plate to turn freely in its own plane. Four 
forces, each of magnitude P, act along the four sides in order. Find tin* 
single additional force which, ap])lic<l at the center of the i)la1e i)arallel to 
the .side AH, will keep the plate in c<iuilibrium. What is the correspon<ling 
reaction at the hinge? 

4. .\ door of weight IF, height 2(i, and width 2b is hinged at the top and 
bottom. If the reaction at the upper hinge has no veitical component, 
find the components of reaction at both hinges, (.\ss\ime that the weight 
of the door acts at its center.) 

6. A particle of weight IF is .suspeiide<l from a fixc-d 
point by a light string. A horizontal force H Is applied to it, 
and the particle takes up a po.sition of etpiilibrium with the 
string inclined to the vertical. If the .string breaks when the 
tension In it reaches a value 'J\, find the smallest value of II 
necessary to break the string. 

6. A heavy beam AH, 8 ft. long, rests horizontally on two 
supports, one at A and the other 3 ft. from B. If the greate.st 
weight that can be hung from B without upsetting the beam i.s 
20 lb., find the weight of the beam. (.Vs.sume that the weight 
of the beam a<’ts at its middle point.) 

7. Show that if a light cable passes rouiul a pulley 
mounted on smooth bearings, the tensions in the portions on 
either side of the pulley are equal. Hence find the tension T 
in the cable for the pulley system shown, supporting a weight 
IF, the pulleys and cable being supposed light and the distance 
between the upper and lower pulleys so great that the cables 
may be regarded as vertical. 

8. force of magnitude P, acting up and along a smooth 
inclined plane, can support a weight IF; when acting horizon- 
tally, it can support a weight w. Find a relation among P, U , 
and ui, not involving the inclination of the plane. 

9. Four lamps each weighing 4 lb. are suspended across a road between 
posts 40 ft. apart by light cords attached at points B, C, />, P of a <-ord 
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1 liCDEF, wl,....- .-.uls .1 ,mm\ r :.n- Hw.i at lla- sanu- l.-vel to the post.. i he 
...nls suppnrtu.R tho lan.ps .hvi.le the horizontal .iistanee between the iM,st.s 
i,,,. parts. rami/>arel2ft.l.elow..lK I-.m! the tension m/ />. 

*10 \ li«ht rinul rod of lenutl* 2/». terminated by heavy particles of 

vNciuhts .r, ir. is placed iii.shle a smooth hemispherical bowl of radius a 
which is hxe.1 with its nm horizontal. If the particle of weight te re.sts 
just below the rim of the bowl, prove that 

= l|-(2/*= - a*). 

11 \ system of forces acting on a rigid body consists of n forces acting 

■di.ng the « sides of a closed polygon taken in order. If the rnagititudes of 
tin- forces are proportional to the lengths of the sides along which they act, 
sliow that the system reduces to a couple who.se moment is proportional to 
tl,e area enelose.l by the polygon, a proper eonvenlioii as regards the sign 
of tills area being made, fbve a simple example of sm-li a system of forces 

wliicli would keep a rigid body in equilibrium. 

12. l-)xplain why in a motion picture the spokes of a rotating wheel some- 

tiriH‘s :ipi)4*iir to lx* iiujviiiK tin* wronf? way. 

13. A P of roii.'^tant iiia^?iiitu<I<‘ nixi fixcxl clinTtioii is applied to one 

<-n«l of an arm of length «. which can turn about the other end in a plane 
containing the direction of P. Find the total work done by the force as it 
pulls the arm into its own direction from a position perpendicular to it. 

14. Show that a field of force with comjMments (X, F) is conservative if, 

:ind only if, 

dX ^ 
du 


16. Find the potential energy of a particle attraeted toward a fixed 
point by a foree of magnitude A^/r", r being the distance from the fixed 
point and k, n any constants. 

*16. .\ light lever, in the form of a letter I.. with arms a and b, is pivoted 
at the angU- so that it can turn freely in a vertical pl.ane. Weights 11 , w 
arc suspended from the ends. Show that there are just two positions of 
('(luilibrium. 

*17. To a number of fixed points Ax, Aj, ■ ■ ■ , An, situated at equal 
intervals <i on a straight line inclined at an angle 6 to the horizontal, there 
are attacheil rod.s all of the same length a and weight if. The other eiuls 
of tho.se roils, /ii, Hi, • • • , Hn, arc connected by rods of the same length a 
and weight le. 'I'he system hangs in a vertical plane, forming a set of 
squares, .1 1 and Hi being i-oimccted by a light rigid rod. Find the reaction 
in this rod, assuming that all the joints are smooth and that the weight of 
each rod acts as its middle point. 

*18. .\ framework ABCD consists of four equal, light rods smoothly 
jointed together to form a square; it is suspended from a peg at A, and a 
weight ir is attached to C, the framework being kept in shape by a light rod 
connecting H and T). Determine the thrust in this rod. 
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19. number of coplanar forces act oi» a rigid body. .Mi tlie forces are 
turned in tlicir plane through tlie same angle 0 about tliclr poiiit.s of applica- 
tion. without change of inugnitucle. Show that their resultant turns 
thro»igh the angle 0 ubo»it a fixed point in the body. (This point is called 
the nsiitilic center.) 

20. Fovir forces of magnitudes 1, 3, 4, 6 act in ord<*r along the .sides of a 
square A HC D of side a, the force of magnit udc 1 acting along A li. Choosing 
as axes in the plane the lines AB and Al), fitid the equation of the line of 
action of the resultant force. Fiml also the po.sition of the astatic center 
(see lOxercise 19), if one force only is considere<l n.s acting through each 
corner of the square and the force of magnitude 1 acts at A. 



CHAPTER III 

applications in plane statics 


In this cliapti-r we shall be coneernetl chiefly with systems lying 
in a i>laiie However, mass centers and centers of gravity are 
here ,liscu>sea for systems in space; the presence of a third 
coordinate causes no real complication. 

3.1. MASS CENTERS AND CENTERS OF GRAVITY 


Definition of mass center. 

Consider a svstem of « particles of ma.sses mi, m-j, ■ • ■ rrin, 
situat..cl at points I\. P,. ■ ■ ■ P... If the position vectors of 
tlie.se points relative to .some assigned point are ri. r-., • ■ 
we ilt'fine the linear moment of the system with respect to that 

iioiiit to he the vector 


mtr,. 

t « I 

'I’he mass center of the .system is defined to be that point with 
respect to which the linear moment vanishes. To show that 
this definition is significant, we have to prove two things; (i) a 
rna.'is center exists; (ii) there is only one mass center. 

To establish the exist-enee of a mas.s center, we take any 
point O; let the position vectors of Pi, P 2 . • ■ Pn relative to 0 

he r,, rj, • • • r„. Let C be the point such that 


( 3 . 101 ) 


Then the position vector of the point Pi relative to C is 




-oc, 
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nnd so the lineiir nionu'iit of tho systoin with ivsjMM-t lo C is 




But this vanishes by (3.101), and therefore C is a mass center. 

To establish the uni(|iieness of the mass center, we assume 
that tliere are two mass centers C, C', relative to which the posi- 
tion vectors of the particles are ri, r^, • • * r„ and r(, ri, • • • r'., 
respectively. Then, 


(3.102) 

But 



r, = r' + CC'; 


combined with (3.102), this leads to CC = 0, .so that C and C' 
coincide. 

Equation (3.101) gives the position vector of the ma.ss center 
relative to an arbitrary origin O; this position vector is the quotient 
of the linear moment by the total mass. It follows that the linear 
moment of a system is the same as that of a particle, having a 
mass ecjual to the total mass of the system, situated at its ma.'is 
center. 

If the system consists of only two particles, with masses 
nil, m 2 , the definition .shows that the mass center lies on the line 
joining them and divides it in the ratio nii'.mi. 

' For the calculation of mass centers, it is convenient to have 
(3.101) in scalar form; referred to any axes, the coordinates of 
the mass center are 


(3.103) X = 







The numerators are, of course, the components of the linear 
moment with respect to the origin. 

It is important to note that when we mov'e a system of particles 
rigidly (i.e., without changing mutual distances), the mass 
center is carried along as if rigidly attached to the .system. 
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follows from (3.103). For lot Osuz l)o any set of axes ami 
O'x'ij'z a new .set of axes, sneli tliat the new position of the 
.system ri'lative to O'x'y'z' i.s tlie .same as the old position relative 

to Oxyz-, this nnains that = J,-. y\ = y<, 

coorilinates of the new ma.ss center relative to Oxyz will be 
the .same tliree iiumbei-s as the coordinates of the old mass 
c-iiter relative to Oxxjz, and henee the new ma.s.s center occupies 
the same position relative to the system as the old one did. 

I.et us now consider a eontimious distriimtion of matter instead 
of a system of particles. ViewiiiR the continuous di.stnbution a.s 
the limit of the discontinuous .sy.stem, we are led to associate a 
definite mass with any volume in the continuous distribution. 
Denst'ly is defined as mass \wr unit volume; by this we mean that 
tlie deii.sitv p is 


(3.101) 


Ini 

p = lim — . > 
Ac 


where Sm is tlie ma.ss in the volume Ac 
means “limit as Ac contracts to a point.” 
N'ohinu' fit' the mass is 


and the si^n “lim” 
In an infinitesimal 


(3.U)5) 

In hoffiogcncotis l)odies (with which we shall be chiefly eoneerned), 
p is a constant. If p varies from point to point in a body, the 
body i.s said to bo hcterogcncouis. 

'Phe definition jdveii above for the linear moment of a dis- 
eontiiuious .system suggests that the linear moment of a con- 
tinuous system should be defined as 

JJJrp dx dy dz, 

wliere r i.s the position vector of a general point of the system and 
p tlie density at that point. This vector has components 


// jxp dx dy dz, ///yp dj dy dz, ffjzp dx dy dz. 


The previous definition of mass center leads us to the statement 
that the miuss center is that point for which, taken as origin, we 
have 


(3.106) f f jxp dx dy dz — 0, j j jyp dx dy dz = 0, 

j f jzp dx dy dz = 0. 
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'I'd find tlio mass center we may use (3.103), cliaiijieti into 
continuous form. Tlius, for any axes, tiie mass center has 
coordinates 


(3.107) X 


JJ J xp (lx ill/ (I z 
J / 1 p (ix (it/ (h 


JJ Jp (/.r ({y dz ' 

. ^ J J j >p dx dy dz 
jfipdxdijdz 


Consideration of a system of particles lyinj? in or very close 
to [a plane or surface leads to the idealized concept of a con- 
tinuous distribution of matter on a plane or surface; we intro- 
duce a (puintity <r called surface density, such that the mass of an 
infinitesimal area dS of the surface is a dS. Tlie mass center of a 
surface distribution has coordinates 


(3.108) 


JJxa (IS 
JJ <r dS ' 


f f y<r dS _ I fz(T dS 

ii<x7is" ^ ~ 117773; ■ 


Similarly, we consider a continuous distiibution of matter 
along a line or curve; we introduce a (quantity X called the line 
density, such that the ma.ss of an element ds is \ds. The mass 
center of a curvilinear distribution has coordinates 


(3.100) 


(.rX ds 
J X ds 


f/yX ds . _ jz\ ds 
I X ds ^ J X ds 


In (3.107), (3.108), and (3.109) the denominator in each ca.se 
represents the total mass of the system. 

In the case of uniform distributions of mass (i.e., distributions 
of constant volume density, surface density, or linc/Jensity, as the 
ease may be), the density factor comes outside the signs of inti^ 
gration and so disappears by cancellation from (3.107), (3.108), 
and (3.109). 


Methods of symmetry and decomposition. 

In cases of symmetry, it is po.ssible to locate the mass center 
(or, at an 3 " rate, limit its position) without anj' calculation. 

A sj’stem is said to have central symmetry with respect to a 
jjoint O if the system is left unchanged by reflection in the 
point 0. (By reflection we mean that a particle or element of 
mass 7n at A is replaced by a particle or element of mass m at 

H, where OB = —0.4.) For such a sj'stem, it is immediatel,y 
seen that the mass center coincides with the center of sym- 
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motrv, because the linear moment about that point consists of 

contributions which cancel in pairs. 

A system lias a plane of symmetry if the system is left unchanged 

bv leHi'ction in a plane. It is easily seen that in .such cases the 
% 

mass center lies in the plane of symmetry. 

A .'system has an axis of syynmetnj if the .system is left unchanged 
by a rotation of- arbitrary magnitude about the axis. It is 
not difficult to show that the mass center lies on the axis of 

symmetry. 

'riuis, for example, it is evident that 

(i) The mass center of a solid sphere lie.s at its geometrical 
center, when the sphere is homogeneous or when the density 

depends only on the distance from 
the center. 

(ii) I'he mass center of a solid 
homogeneous hemisphere lies on the 
radius which is perpendicular to its 
plane face. 

(iii) The mass center of a plate 
in the form of an equilateral tri- 
angle (of uniform density and thick- 
ness) lies at the centroid. 

Sometimes we meet distributions 
of matter which may be decomposed 
into simple part.s, the mas.s centers 

Fui. 2S. — .\ letter t is cut out , , . , , r i o u 

of motui The of \\nicn cfiH oc founo. ouch Q. sys^ 

of the mass center is rcciiiire«l. ig shown ill Fig. 28, the HneS 

of decomposition btnng dotted. We shall now establish the fol- 
lowing principle of decomposilion: If a system is decomposed into 
parts with masses Mi, M-i, ’ ' * and mass centei-s at the 
points Pi, p2. • • Pn, then the mass center of the complete 

system is at the mass center of the system of n particles of masses 
Mx, M->, • ' • Afn, situated at the points Pi. P2, * • • Pn- 

We shall prove this principle for a system of particles, the 
proof for a continuous system being similar. Further, for 
simplicity we shall suppose that the system is decomposed into 
three parts, since the proof for n parts is similar. The proof 
rests on the fact that linear moments are additive; this is obvious 
from the definition of linear moment. Thus the linear moment 
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of the roinj)lot(“ systt^in i?' the sum of the liiu^ai’ moments of tlie 
three parts. But l)y (3.10!) the linear moment of ea<'h jjait is 
the .same a.s the linear moment of a particle situated at its mass 
center, havinfz; a mass (‘cjual ti) the mass of the part in (pu'stion. 
Hence the linear moment of the complete system is etpial to 
the sum of tlie linear moments of the three particles, and both 
vanisli when tliey are calculated relative to the mass center of 
the complete system. This point is therefore the mass center of 
the three particles. 

In tlie case of the plate shown in Fiji- 28, tlie reader .should 
venfv b^' this methoil that the ma.ss center lies at x = -f-. 

The principle of decomposition may also he expressed as 
follows: For the calculation of ma.ss cent(‘rs. any part of a system 
may he replacetl hy a representati\e pai’ticle. situati'd at tlu* 
mass center of the* part and having a mass e(|ual to the mass of 


the part. 

In applying the method of decomposition, it is often (*on\'enient 
to decompose the .system into infinitesimal portioas. Generally 
the use of such a decomposition will re{iuire a proce.ss of integra- 
tion, but sometimes this can he a\'oided. Thus, if a triangidar 
plate is decomposed into thin strips, the repre.sentative particles 
lie on the median of the triangle which bisects these strips. 
Hence the mass center lies on each of the medians; the ma.ss 
center of a triangle is ther(*fore at the centroid. 

By an extension of the same method, it is easily seen that tlui 
mass center of a solid tetrahedron lies at the point of inter- 
section of the lines joining the vertices to the centroids of the 
opposite faces. 


If we wish to find the mass center of a body with a hole in it, 
we can regard the body as a superposition of the complete body 
with no hole and a fictitious body of negative density (equal in 
absolute value to the density of the body) occui)ying the position 
of the hole. Thus, if a circular hole of radius 1 in. is punched 
from a circular disk of radius 4 in., the edge of the hole pa.ssing 
through the center of the disk, the mass center is that of a pair 
of particles with mas.ses in the ratio 16: — 1 situated at the centers 
of the circles. Hence the mass center lies at a distance of in. 
from the center of the larger circle. 
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Theorems of Pappus. 

Our knowl(HiK<‘ <>f certain surface arca.s and volumes enables us 
to cajculato some mass ccntei-s ciuirkly by moans of the theorems 
of Pappus, which state 

I. I,('t tlicre l»e a uniform distribution of mass along a plane 
curve which (h)es not cross a straight line L in the same plane. 
Let )) l)e the di>tance of tin* mass center from A, / the length 
of C, and *S the surface area gemu-ated by rotating C about A, 
to form a surface of revolution. Tlien 

(:L11()) = S. 

II. Let there be a uniform distribution of ma.ss on a region R 

of a plane. Let A be a line in the plane, not crossing R. Let p 
be the ilistance of the mass cent(‘r from A, .1 the area of R, and 
r the volume generated by rotating R about A, to form a s<did 
of revolution. Tlum ^ 

(3.111) 27r/>.-l = V. 

To prove the.se theorems, we take axes Oxy, Ox lying along 
A in each case. Then, in the case of I, by (3.109) we have 

V = iy 

the integral being taken along C. But 

fls, 

and hence (3.110) follows. In the ease of II, by (3.108) we have 

V = i'/dxdy/d. 

the integral being taken over R. But 

V = f'Ziry (lx dy, 

and hence (3.111) follows. Thus the theorems of Pappus are 
otablished. 

As an example of the use of the first theorem, consider a wire 
bent into the form of a semicir<'le of radius a. \\ c take for A the 
diameter joining the ends. 'LIkui 

(3.112) / = na, S = p = A = 

TT 

As an example of the use of the seconil theorem, consider a flat 
semicircular plate. We take for A the terminating diameter. 
Then 

V _ 4a 

^ 27r.4 3ir‘ 


(3.113) A = 


I' = hrnK 
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Mass centers found by integration. 

Thougit much labor may he .saved by using the methods oi’ 
symmetry and decomposition or the theorems of J’appus. it is 
evident from {3.107), (3.108). and (3.100) tiiat when the.se 
methods fail we can fall l)ack on dirc'ct integration. Usually a 
judicious mixture of the .several methods will yield tlie result 
mo.st rapidly. As illustrations, we shall calculate the ma.ss 
center.s of a wire bent to form a quadrant of a circle, a .solid 
hemisphere, and a thin hemispherical shell. 

In terms of polar coordinates r. o in its plane, the eciuation of a 
(luadrant of a circle may be written r = a, with 6 running from 
0 to The length of an element is r (/$; and with x = r cos 6, 

y = r .sin 0, the Cartesian coordinates of the mass center are 
by (3.109). 


(3.114) 


X = a cos B • a dB ! a d& = ~> 
y = Jq « tiin B ■ a dB ^ a dB = — • 


The mass center lies on the radius bisecting the arc at a distance 

2 \/2 ■ a/ir from the center. The reader may compare (3.114) 
with (3.112) and consider how (3.114) might have been deduced 


from (3.112) without calculation. 

We may decompo.se a .solid hemisphere into thin circular jjlates 
parallel to the plane face. The distance of the ma.ss center from 
the plane face is thus 


where r is the radius of the circular section at a distance z from 
the plane face. But r- = ^ jg radius of the 

spherical surface. Hence, 

(3.115) z == la. 

AVe may decompose a thin hemispherical shell into thin 
circular bands !)y means of planes drawn parallel to the open face. 
If e is the angle between any radius and the radius perpendicular 
to the open face, the area of the band between B and ^ + dfl is 
27ra2sin B dB, where a is the radius of the shell. Hence the 
height of the mass center above the open face is 
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( 3 . 116 ) 


z 


J*' cf cos 0 ■ 2Trt' sin 6 (/0 
2Tra- sin d f/0 



Histoiicaliy. this result is famous; it was obtained by Archi- 
iihmIos lluougli comparison of the shell with a cylinder of the 
same radius, and length ecpial to the radiu.s, containing the 
hemisphere and touching it along the edge of its open face. 
It is eas\’ to show tliat two adjacent plane.s parallel to the open 
face intercept the .same areas on the hemisphere and the cylinder. 
'i'h(‘se two areas eontriljute the same linear moment, and so the 
mass centers of the hemisphere and the cylinder coincide; from 
this fact the result follows. 


Gravitation. 

A body falls to the ground unle.ss it is held up by suitable 
forces. This is due to gravitational attraction between the body 
and the earth. Kver\’ body attracts every other body, and w’C 
accept as one of our hypotheses the following law’: 

Newton’s L.vw of Gu.vvit.vtion. // fieo particles of masses 
mu "i-: ore at a distance r apart, each attracts the other with a 
(jravitallonal force of magnitude 

Gm ims 


where G is a universal constant, called the constant of gravitation. 
The forces act along the line joining the particles, in accordance 
with the law of actioji ami reaction slated fn iSce. 1.4. 

If we think of the particle of mass nii as fixed and that of mass 
m-i as free to take up various positions, we recognize that the 
ma.ss Wi produces a field of force. It is usual to take mz = 1 for 
simplicity in discussing this field; then the magnitude of the force 
of attraction is Gnii/r-. 

If w’e take coordinates with origin 0 at m\, the direction cosines 
of the line drawn from 0 to any point .4 with coordinates x, y, z 
are x/r, y/r, z/r. Hence the components of force on unit mass 
at A are 


(3.117) 





Gm\z 


the minus sign occurring since the force is directed from A 
toward O. Now' 
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r- = X* + //• + 2 - 2 , 


(3.118) 

where 

(3.119) 


X = - 


dV 


dx 


dr 

dr 

‘ dx-^’ 

dx 

bo written 


Y — ^ 

dV 

1 ^ 


V — 

Gmi 


X 

r 


dx \r / r^’ 


Z = - 


dV 


dz 


mo^ 




i.'S#?AF 



Fig. 29. — A spherical slioll di- 
vided into thin rings for the cnl- 
culation of the potential at A. 


This is the potential energy (cf. 2.419) of a particle of unit n^s 
ill the gravitational field of a particle of mas.s mi, or, brieflj^, thti 
potential of the field. Thus the 
force of attraction is the gradient of 
the poieiUial, with sign I’ci'crsed. 

When a number of attracting 
particles are pre.sent, the resultant 
force of attraction is the vector 
sum of the individual forces of at- 
traction. This resultant force is 
ecjual to the negative of the gradi- 
ent of the total potential, i.e., the 
sum of the potentials due to the several particles. In calculat- 
ing the force of attraction due to a system of particles (or a 
continuous distribution of matter), it is often convenient to find 
the potential first. 

Let us consider a thin spherical shell of matter of radius a 
(Fig. 29). We wi.sh to find the potential at an external point A, 
at a distance r from the center O. 

Let us draw cones with O for vertex, OA for axis, and semi- 
vertical angles 6, 6 dd. These cut off from the shell a ring of 
area 2Tra® sin 0 dO. The elements of this ring are all at the same 
distance (i2) from A, and so the potential due to the ring is 

— 27r<7<7a® sin d dd/R^ 

where a is the mass per unit area of the shell. Expressing R in 
terms of a, r, d and integrating over the shell, we find for the 
potential 

(3 120) y = — J*' sin d dd 


+ a- — 2ra cos d 

= - [V^H- ay - V(3* - ay]. 


81 


I'l.ASK MFA’H.XSK'S 

till* positive vMlurs of tin* squuro roots hoiiig undorstoocl 
r > o. t!u* last siiuiiii* root is r — <i. and so 


ISKf. 3.1 
Since 


(3.121) 


V ^ - 


AirdcO" 


GM 


when* M is the total mass of the* shell. 

'rim< we have the following result: The potential (and hence 

Ihcforcr of attraction) of a thin spherical shell at any external point 
is the same as if the whole mass of the shell were ronxenlratefl at its 

center. . , , 

If tlu* point .1 lies inside the shell in.stead oi out.side, we proceed 

:is hcfoie down to (3.120). But now « > r. and so the last 
square root is n — Hence 

r = -47rf?aa, 

u constant. Thus, inside a tliin spherical shell the potential is 

constant, and the force of attraction is zero. 

We cun now discuss the gravitational field of the earth, sup- 
posing it to he composed of tliin spherical shells, each of constant 
densit>-. I'^ach shell attracts as if its ma.ss were concentrated 
at the center of tlie earth. Hence we have the following result; 
’.U a point .1. outside the earth, the force of attraction is directed 
toward the center of the earth and is of magnitude 

OM 

(3.122) 7^ ' 

where M is the mass of the earth and r the distance of .4 from the 
center of the earth. 

In particular, if r is the radius of the earth. (3.122) gives the 
force of attraction at the earth’s surface. The constant G is very 
small (h.()7 X lO"’* e.g.s. unit), and .so gravitational forces are 
insignificant unless the ina.s.ses involved are great. For this reason 
we usually neglect the mutual attractions of bodies on the earth’s 
surface in comparison with the earth s attraction. 


Centers of gravity. 

We consider now a body near the earth’s surface, the body 
being small in comparison with the earth s radius. (\\ e ha'N e in 
mind a piece of laboratory apparatus or even a large engineering 
structure, but not anything which would be of appreciable size 
on a map of the world.) Throughout this body the direction and 
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maKnituclo of the carlirs attraction arc nearly constant. Tliis 
loads us to the construction of tlu* following model for the discus- 
sion of gravity near the earth's surface: The earth's surface (or (he 
grourid) is represented ftp a plane (the horizontal plane). The, 
earth's attraction on a particle of mass m is of magnitude mg, where g 
is a constant; it is directed verticallij downward (i.e., perpendicular 
to and toward the ground). The value of g is approximately 32 ft. 
sec."^ or 980 cm. sec.“- 

We shall now show that there i.s ju.st one point C, the center of 
gravity of a body, which sati.sfies the following conditions: 

(i) The potential energy of the. body is equal to that of a single 
particle xinth mass equal to the total mass of the body, situated at C. 

(ii) The whole system of forces due to gravity is plane-equipollent 
(with respect to any vertical plane) to a single vertical force through C. 

Let us take axes Oryz, Ox and Oz being horizontal and Oy 
vertical. Let us choo.se O as standard j)o.sition for each of the 
particles forming the body. Then a particle of mass nu at the 
point (Xi, Pi, Zi) has by (2.420) potential energy and so 

the whole potential energy is (for n particles) 


(3.123) 


n 

V = (J ffhyi. 


I « 1 

Let the coordinates of C be x, y, z; condition (i) is ecjuivalent to 


(3.124) V = Mgy, 

where M is the total rna.ss of the body. Hent’c, comparing the 
two expressions for 1”, we Imve 



The condition of plane eciuipollence with respect to the plane 
z = 0 demands that 

n 

Mgx = 2 

i* I 


these being moments about Oz. Hence 

n 


2 
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Similarly, 


2 



Thus tlio coritor of gravity C exists, with coordinates 


(3.125) a- = 





Wo note, on referring to (3.103), that the center of gravity is in 
fact the same point as the mass center. 

The force Mg, directed downward through the center of 

gravitv, is called the weight of the body. 

An accurate treatment of statics on the earth's .surface is com- 
plicated by the earth’s rotation about its axis and its motion 
round the sun. However, the effects due to these causes are 
\'ery small, and we rnaj’ neglect them without making serious 
physical errors. In fact, we get sati.'^factory results by treating 
the earth jus a Newtonian frame of reference. Likewise, another 
simplification introduced above (the as.sumption that the earth is 
flat, with a uniform gravitational field) does not cause serious 
])hysical erroi“s. So, if we do not wish to obtain results of 
extremely high physical accuracy, we may use the model described 
above; this is, in fact, the procedure throughout the rest of the 
chapter. 

The effects of the rotation of the earth are considered in Sec. 
5.3 and also in Sec. 13.5. It will be shown that, as far as statics 
is concerned, this introduces no real complication; it merely 
modifies the value of g. 


3.2. FRICTION 

We have already remarked that when a particle is pressed 
against a rigid body or when one rigid body is pressed against 
another, reactions are called into play to prevent penetration. 
When the contact is smooth, the reactions are perpendicular to 
the plane of contact, i.e., their lines of action coincide with the 
common normal to the two surfaces in contact. Contacts which 
are not smooth are called rough. 
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Let .1 and B (Fig. 30) be two bodie.s in contact. I.et R l)o tlui 
reaction exerted by B on .1. R can be resolved in a uniunc 
manner into the forces N and F, N 
lying along the normal at the point 
of contact and F lying in the plane of 
contact. N is called the normal re- 
action and F the force of friction. 

(At a smooth contact, F = 0.) 

On the basis of experiment, certain 
laws of fnctioji are acceptetl. These 
are mathematical idealizations from 
the experimental results, and a high 
degree of accuracy in predictions 
based on these laws is not to be expected. 

Law of Static Friction. When two surfaces are in contact and 
no slipping takes place, the ratio F/N cannot exceed a number n, the 
coefficient of static friction, which depends only on the nature 
of the surfaces. 

In statical problems the two bodie.s will be at rest, but the 
above statement is sufficiently general to cover the case where one 
body rolls on another. 

The acute angle X defined by 

(3.201) tan X = ju 


N R 



rough contact resolved into the 
norniul reaction (N) and the 
force of friction (F). 


is called the angle of friction. It is seen at once that the law of 
static friction 


(3.202) 

implies 


F < 

A? ^ " 


(3.203) 


d <\, 


where 6 is the inclination of the reaction R to the normal. Thus 
the direction of R must lie inside the cone of static friction, formed 
b}' drawing all lines inclined to the normal at an angle X. 

When one body slides on another, the behavior of the reaction 
is controlled by the law of kinetic friction. We shall state this 
law for the case where one body is at rest. 

L.vw OF Kinetic Friction. When one surface slides 07i 
another which is at rest, the force of friction F on the former acts 
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in Ihr direction opposed to the direction of motion of the particle 
at the point of contact, and 

F 


(8.204) 


N 


.f M f 


ichcre p is the coefTicient of kinetic friction, which depends only on 
the nature of the surfaces.* 

If both surfaces are inovinK. the law has the same form except 
that the direction of the force of friction is opposed to the direc- 
tion of relative motion. 

The angle of kinetic friction X' is defined by 


(3.205) 


tan X' = p'. 


As an experimental result, p' is less than p', p is always less than 

unity, t . 

Problems in static friction often present considerable difficulty 

because the fundamental relation (3.202) is an inec|uality and, in 

mathematics, inecpialities are usually more difficult to handle 

than eciuations. This difficulty may. however, be overcome by 

treating cases of limiting friction, for which 


(3.20(>) 


F 


When this relation holds, the system is on the point of slij)ping. 


Some problems oo friction. 

Example 1. A light ladder is supported on a rough floor ami leans against 
a smooth wall. How far up the ladder can a man climb icithoul slipping taking 

place? 

In Fis. 31, AH is the ladder and (' is the man (replaced by a particle). 
Only three forces act on the ladder: (i) the weight of the man (IF); (ii) the 
reaction at the wall, this reaction licinR horizontal on account of the smooth- 
ness of the wall; (Hi) the reaction of the ground. The lines of action of the 
first two meet at I). Hence the line of action of (Hi) must pass through D, 
and hence the angle DUE, where BE is vertical, must not exceed the angle 
of friction X. Thus the highest position that the man can reach may be 
found as follows: Draw a line through B, making an angle X with BE; let it 
c\jt the horizontal through A at D; through D, draw a vertical; the point C 

• This quantity will be denoted by ^ when there can be no confusion with 
the coefficient of static friction. 

t P'or further details regarding friction, see P. P. Ewald, Th. Poschl, and 
L. Prandtl, The Physics of Solids and Fluids (Blaekic & Son, Ltd., Glasgow, 
1930), p. 67. 
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wluTo thi.s liiH* <-uls tlu- liuldrr is llu* liicliost po.<;ition. 'I’his 

tnotliod is cjillod <lisrnf>lit’r or (jrnphirnl, Ixvaiisi* flu* ifsiill may bo oblaiiiod 
by drawioK to scalo. 



wall ( d o d (' r i |> t i v v 
inotliod). 



Fhj. .32. — The ladder 
problem for a ainooth 
w all (analytical 
method) . 


Lot us now di.scuss the same problem analytically. KiKiiri' 32 shows the 
forces acting; on the ladder. Let a bo the inolinatiun of the ladder to the 
vortical. The total vertical I'omimnont mtist vanish; thus 



The total horizontal component must vanish; thus 

A" - = 0. 


The total moment about B must vanish; thus 


Hence 


Thus, by (3.202), 


W • BC sin a - A^' /IB cos a = 0. 




.BC 

AB 


tun a, 


N » ir, 
F _ BC 
N AB 


tan a. 


BC 

AB 


tan or 



The highest point C attainable is given by 
(3.207) BC = ABm cot a. 


The analytical method appears more complicated than the descriptive, 
but it has the advantage of being more systematic. Moreover, since the 
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tliroc (’oruHtions nf CMpiilihriuiu nivo sill possible infornintioii, the solution of 
the problem is r<‘du«'eil to .ilpebni sis soon ns they sire written down. 

It might be thought that in drs.wing the arrow for the foree of friction to 

the left iti Fig. 32, we wore smtiei- 


H 



Fig. 33. — The ladder problem for a 
rougli wall {descriptive molhod). 


pating the result. 'I'his is not uc- 
tuallv the ea.se. When we draw 
an arrow in eonneetion with a eom- 
jxnient of a fori-e, we are .simply 
indicating the sense in which this 
eoTUiMment is considered positive. 
Had we drawn the arrow to the 
right in Fig. 32, we sliouhl have ob- 
tained cquation.s us above, but with 
the sign of F reverseil. 'I'he final 
physical result wouhl have been the 
same. 

However, since positive quanti- 
ties arc easier to think of than nega- 
tive quantities, it is advisable 
whenever possible to draw the 
arrows in the senses in which the- 
forces really act. Thus, in the ease 
of N, we draw the arrow upward. 
••Vs for friction, it is generally found 


that the force of friction acts in tin; direction opposed to the motion which 
would take place in its absein’c. That is why the arrow for F in Fig. 32 was 

drawn to the left. 

Example 2. The preceding problem 
modified by .supposing both wall and 
floor to be rough, with the same coejlicient 
of friction ft. 

Ckinsider the cones of friction at A 
and B. They will cut the plane of the 
pajier in four lines as .shown in Fig. 33, 
these four lines giving the quadrilat- 
eral FGHJ. Draw the vertical 
through C, the position of the man, 
and let this vertical cut the sides of the 
quailrilnteral at A', L. I>et M be any 
point on the segtnent KL. Now the 
weight IF may be resolved into forces 
along MA, MR, and hence IF can be 
balanced by forces along AM, BM. 
Since those lines lie inside the cones of friction, the law of friction is satisfied. 
We have here a case of statical indeterminacy (cf. Sec. 2.5); provided that 
the vertical through C cuts the quadrilateral FGHJ, the ladder will be in 
equilibrium, but we cannot tell precisely what the reactions of the wall and 
floor will be. 



P'to. 34. — The Itiddcr problem for a 
rough wall (analytical method). 
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Now let us ask: How far can the man go up the ladder before slipping 
takes place? Obviously, he can climb until the vertical through his position 
passes through the point J. When he passes that position, it will no longer 
be possible to find reactions satisfying the conditions of equilibrium and the 
law of friction. 

The question may also be treated analytically. Consider the man slowly 
climbing the ladder. If the ladder slips at all, jvist at the point of slipping 
the reactions at both contacts must correspond to limiting friction. Thu.s, 
at the point of slipping, the force .system is ns shown in Fig. 34, with F = nN, 
F' = ^iN'. Taking vertical and horizontal components and inonients about 
B, we have the three equations 

mA'' + A' - ir = 0, 

N' - tiN = 0 . 

ir BC sin a - ^N' • AB .sin a - N' AB cos a « 0. 


These three equations determine A^, N\ BC: we find 

ir ... txW BC 


(3.208) N = 


1 


N’ = 


1 + M 


AB “ TTT' 



Fio. 35. — A hea\'y block pushed by a horizontal force P. 


Example 3. A block rests on a rottgh horizontal floor and is pushed by a 
gradually increasing horizontal force. Will the block slide, or toill it topple 
over an edge! 

Let the thickness of the block be 2a, its weight IF, and the coefficient of 
.static friction p. Let the horizontal force P be applied at a height h above 
the floor. The first question is: Given IF and P as shown in Fig. 35, can 
there be a system of reactions exerted by the ground, satisfying simultane- 
ously the law of friction and the conditions of equilibrium for the block? 
Any such system of reactions will be plane-equipollent to forces X, F at A as 
shown, together with a couple N. If equilibrium exists, it is clear that the 
following conditions are demanded by the law of friction and the fact that 
the floor cannot pull the block downward: 


(3.209) 


X ^ pY, 


F S 0, 


A^ 5: 0, 



<)2 
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Taking horizontal and vertical cointwiients and moments about A, we 

A' = P, 1' = ^ 


and so (3.209) give 

(3.210) P ^ ^ir, ^ 


Starting with a small value of P , 
but as /' is infreasod. one or other will 


these inequalities are both satisfied; 
he violated, and then equilibrium will 


••ease. If 


(3.211) 



the first inc(iuality of (3.210) will be broken first. At the instant when 
P = ^ir, we have 

A' = txY, S > 0. 

This is a state of limiting friction; and so, if (3.211) holds, equilibrium of the 
block will be broken by sliding along the plane. On the other hand, if 


(3.212) ^ 

then the second inequality of (3.210) will be violated first. At the instant 
when P «= aW/h, we have 

A'<Mr, r > 0 , A = 0 . 

The friction is not limiting, ami so slipping cannot take place. But any 
further iticrcase iti P will oause violation of the last inequality of (3.209). 
lienee we conclude that, if (3.212) hohls. equilibrium will be broken by 
tlie block turning over the edge -1. 

The result is in agreement with common experience: the smaller we 
make h, the more likely is sliding to occur. 


3.3. THIN BEAMS 

Tension, shearing force, and bending moment. 

Let u.s consider a straight beam of uniform section (Fig. 36) 
and a plane P parallel to its length. P may be regarded as the 

S 



, 
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Fia. 36.'— Reactions across a section of a beam. 


plane of the paper. External forces, parallel to P, act on the 
beam. (These forces are not shown. They may consist of 
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the weight of tlie l)eam or loads placed on it.) I>et a cross section 
be drawn through a point O, perpendicular to tlie length of the 
beam. Let us take as our “system” the portion of the beam 
extending from the end .1 up to this section. The external forces 
acting on this system will consi.'^t of 

(i) the external forces already mentioned, acting on this por- 
tion of the beam, 

(ii) the reactions exerted across the section by the particles 
in the portion of the beam extending from the section to the end 

A ^ B 

Fig. 37. -A thin l>oain. 

B. The.se reactions are internal forces as far as tlie whole beam 
is concerned, but they are external forces for the .system at 
pre.sent under consideration. 

Let us take P as the fundamental plane. The reactions across 
the section arc plane-e(iuipollent to a force acting at O, togetlicM- 
with a couple M. The force may be lesoh cd into components 
T, S along the beam and per- 
pendicular to its length, ro- 
spectively. We define the 
following terms: 

T = tension, 

S — shearing force, 

j\I = bending moment. 

We shall confine our atten- 
tion to thin beojns. The thin 
beam is a mathematical ideal- 
ization, in which the cro.ss sec- 
tion is reduced to a point and the beam to a straight line. 

Figure 37 shows a thin beam AB; C is any point of it. To 
draw the reactions on AC acro.ss the section at C without con- 
fusion, we delete the line CB as in Fig. 38a. Figure SSh shows 
the reactions on CB; these have the same magnitudes as, but 
opposite senses to, tho.se shown in Fig. 38a, on account of the 
law of action and reaction. 

Let us take an origin on the beam, the x-axis along the beam 
and the y-axis perpendicular to it. Consider a small length of 
the beam extending from a: to x 4- dx (Fig. 39). Let T, S, M 
be the values of tension, shearing force, and bending moment at 


(«) 






Fio. 38.- 
AC by CD. 
CD bv AC. 


(a) Reactions exerted on 
(6) Reactions exerted on 
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.r. and T + dV, S + dS. M + dM the values at x + dx. To 
allow for KiJivitv or other external loadiiiR, we shall add a force 
witli components A' dx, Y dx (not shown in FIr. 39), acting at the 
middle p.>int of the portion x. x + dx. By taking components 
and moments about the point x and neglecting infinitesimals 

y 


S + dS 


0 


X 



Fiu. ao.— Rffiflions on the ends t>f a siniill element of n beam. 

of tlie second order, we have, as conditions of equilibrium for 
the small length of the beam, 

dT + A' dx = 0, dS + y dx = 0. dM + S dx = 0. 
Thus 


(3.301) 


dT 

dx 


= -X. 


dS 

dx 





dM 

dx 


= -S. 


A 




These art' the general dilTerential ctpiations for the equilibrium of 
a c a B thin beams. But in s ta t i cally 

determinate cases we can obtain 
all required information regard- 
ing internal reactions without us- 
ing the.se equations, or rather 
by using them in integrated 
form. 


W 

Ful, 40. — A light hcuin loaded at its 
middle point. 


Statically determinate problems. 

We shall illustrate the method by the .solution of a problem, 
A light beam AB of length 2a is hinged at A and supported on a 
smooth horizontal plane at B (Fig. 40). A load TF is placed at 
the middle point C. Find the bending moment and shearing 
force along the beam. 
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First, by application of the conditions of eciuilibrium (2.301)) 
to the whole beam, we find the reaction.'^ on the beam at .1 and B. 
Tliese arc each of magnitude ill’, directed upward. Let us take 
our origin at *-l and the j-axis along the beam. Consider the 
portion of the beam AD, wliere D lies in .IC; S 

let .-IZ) = (Fig. 41). From the eciuilibrium j' m 

of AD, wo have T j ' 

f 7’ = n iS = —Air r ^ — ►T 

(3.302) \ ^ ^ ^ ° 

( zii — — Xo — , (x <C a). Fio. 41. — External 

, I » • r 111 * forces on a portion of 

These give the shearing force and bending the beam shown in Fig. 

moment for any point in AC; there is no (ad < aC). 

tension. Since S is negative, the shearing force actually acts in 

the downward direction. 

Now take D in CB (Fig. 42). In.stead of (3.302), we have 


(3.302) 


A D 

Fio. 41. — External 
forces on a portion of 
the beam shown in Fig. 
40 (AD < AC), 


(3.303) 


/ = 0 , 

( M = aW - 


s == w - iir = iir 


XjS = (a — ix)]r, (x > a). 


The .shearing force is now po.sitive. We note that the last of 
(3.301) is satisfied by (3.302) and (3.303). 



W S 


Fio. -12. — Extoriiul forces on a Fio. 43. — Graphs of shearing force 
portion of the beam shown in (S) and bending moment (M) along 
Fig. 40 (AD > AC). the beiun shown in Fig. 40. 

The graphs of S and M along the beam are shown in Fig. 43. 


The Euler-Bemoulli theory of thin elastic beams. 

If a straight beam rests on three supports, the problem of 
finding the reactions due to the supports is statically indeter- 
minate (of. Sec. 2.5), and we cannot find the .shearing force and 
bending moment by elementary statical principles. But this 
indeterminacy disappeai^ when we take into consideration the 
elasticity of the beam. Although straight initially, an elastic 
beam will stretch and bend under the influence of forces. We 
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suppose the strotcliinK aiul Ix-iuliriK to be very small and accept 
the law of Hooke f(»r stretehinp and the law of Kulcr and Ber- 
noulli for l)on<linK-* 

Hooke's Law. Wlien a beam is slishtly stretched. 

(3.304) T = A-'c. 

where c is tl»e e.xteiision (increase in l(‘ngth per unit length) and 
A-' a constant for the tjeam, (Actually k' = EA, where E is 
Young’s modulus for the materia! and A the area of the cross 
section.) 

The Li i.EK-BKnsori.!.! Law. When a i)eam is slightly bent, 
the l)ending moment is connected with the curvature by the 
relat ion 


(3.305) 



wlu'ie p is the radius of curvature and k a eonstant for the beam. 
(Actually k = El, where E is Young’s modulus and I the 
‘•moment of inertia” of the cross .section about an axis through 
its mean (a-nter perpendicular to the plane of the couple M.) 

When the beam is approximately straight and the axes as in 
Fig. 30. 


1 

P 



approximately, 


and (3.305) may be written 


(3.30()) 



Let us refer to Fig. 39 and to the equations (3.301). We shall 
suppo.<e that the beam is subject to a force tv j)er unit length 
in the negative sense of the y-axis. due either to its own weight 
or to a load placed on it. Then A' = 0, >' = — w, and (3.301) 
read 


(3.307) 



We see that the tcn.sion T is constant. Elimination of M and S 
from (3.300) and (3.307) gives 

* The law of Euler and Bernoulli follows from that of Hooke; the proof 
belongs to the theory of elasticity. 
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A- 


f/‘// 
(}.V ‘ 


= — 


(3.3()S) 

This is the fundamental differential eciuatiun in the theory ot 
thin elastic beams. If it is solved, tlie bending moment and 

sh<*aring force are given by 


(3.309) 


M = k 

(fx- 


S = - 


d.V 

ilr 


Care must, however, be taken in integrating (3.308), l^ecause 
discontinuities in S, and therefore in tPy/ilx\ occur when we i)ass 
an isolated load or a support of the beam. This is evident on 
consideration of the efiuilibrium of a small portion of the beam 
containing the isolated load or tiie support. There are, how- 
ever no discontinuities in tlie bending moment. Hence no 
discontinuities in y. dy/r/.r, or occur, because such 

discontinuities would imply sudden changes in the heigiit of the 
beam, in its direction, or in the bending moment. 




a 


Q 


P 


X 


Fui. 44.— Heavy beam hitiRcd at O aiul supported at Q aiul P. 

Example. T uniform heavy beam OP of length 2a ami weight U' i. hinged 
at O andreM. on iuo smooth support., one at P and the other at ds mu/d e po.rd 
Q (Fig. 44). Find the reactions on the sii^jports, if O, I , Q are a a n saim 

.shall take the origin of coordinates at O, the j--axis honzoutal, and the 
V-axis directed vertically upwur<l. Integration of (3.308) along OQ gives 


(3.310) 


ky = —jfiWX* -h + Bx, 


m) 


where d. B are constants of integration; two other con.stants of 

have been put equal to zero on account of the vanishing of y "'“I ^ 

(There can bo no bending inoinent at a hinge or free end.) Similarl>, uo 

have along QP 

(3.311) ky = - 2a)^ + A'(x - 2o)* + B'(x - 2a), (QP) 

where A', B' are constants of integration. In these two equations, we have 
four unknown constants; they are to be found from the conditions that 
y = 0 at Q, while dy/dx and are continuous there. Thus, we have 

the four equations 
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.la' 4- Pa — 2 ill a* = 0, 

A’a> + P'n -f iiir<P = 0 , 

3.taJ A- P - l>ra^ = S/l'a* + P' + 

{t.la — Oi-n^ = — OA'a — 

\V«* finil 

,1 = — .r s= \^4iia, B ~ —P' = — 4's^l'a^ 

anil j^uhstifiitioti in (3.310) aiul (3.311) give.s the e<iimtion.s of the two por- 
(KXi.s of the hoaiu 


(3.312) 


\ A‘V = + 'i‘«uYix* — {OQ), 

) kxj = — 2*4»><2a — x)* + ^ua{2a — xy — :i*^wa^(2a — x), (QP). 


In OQ the l)pmling moment is 



— iu'Z* + iwax. 


Its mnxinmin value occurs at x = la. The portioti OQ is a system in cqui- 
lihriuin; lienee, taking moments about Q, we liave for the reaction Ro at O 

iio^ = Mq 4- jwa* = Jt/'o* = AH’o. 

When one reaction has licen found, the others follow from the usual statical 
methods. Hence 


(3.313) Ho = Air, Rq = isir, Pp = AH’- 

3.4. FLEXIBLE CABLES 

flexible cable tlilTers from a stiff rod in the ease with which it 
can be bent into a curve. The bending moment per unit curva- 
ture is much less for the cable. In mechanics, we idealize this 
property and understand by a flexible cable a material curve such 
that there can be no bending moment across any section. By 
con.sidering the equilibrium of a small portion of the cable, it is 
('asiiy seen that the shearing force must also vanish. Hence the 
only suiwiving component of the reaction across a section of a 
flexible cable is a tension T, which acts along the tangent to the 
curve in wliich the cable lies. 

^^’e use the word “cable" exclusively, but it is to be understood 
that the practical applications cover chains, ropes, strings, and 
threads. The theoretical predictions will agree well with the 
results of experiments conducted on cables in which the bending 
moments are small. 


General formulas for all flexible cables hanging freely 

Let us consider a flexible cable hanging under the influence 
of its own weight, and perhaps additional continuous vertical 
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loads attached to it. For the present, we shall not make any 
special assumj)tions regartling the nature of the cable or the load. 

We pa.s.s over the trivial case in whicli the cable hangs from 
one end in a vertical line. When suspended from two points, it 
hangs in a vertical plane. Let Oxy y 
be axes in this plane. Ox being hor- 
izontal and Oy directed vertically 
upward (Fig. 45). Let A be a 
point on the cable with coordi- 
nates (x, y), and B an adjacent 
point with coordinates (x 4- dx, 
y + (/y). Let ds be the infinitesi- 
mal length of AB, and let w ds be 
the total load on AB, including the 
weight of the cable. The portion 
AB is a svstem in eciuilibriuni 
under the action of tlie tensions at its ends and the load. Let 0 be 
the inclination of the tanRent at .1 to the horizontal. Then 
,lx/ds = cos 0, cly/ds = sin fl; and so, taking horizontal and ver- 

tical components, we have 

(’■ s). ' £).-"■ 

(''■ 2 ). - (’■ 2 ), - "■ 

By the first of these eciuation.s, the horizontal component of the 
iermon is constant. The second equation may be written 


O 


Fig. 45. — Forces actiiiR on an oit- 
ment of a hniigintj cable. 


(3.401) 


ds\ (Is/ 


w. 


If H is the constant horizontal component of tension, we have 


(3.402) 




substitution in (3.401) gives 


(3.403) 



This is a differential equation satisfied by the curve in which the 
cable hangs. When this equation has been solved, the tension 

may be found from (3.402). 
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The suspension bridge. 

I.ct us now suppose tluit a weightless cable supports a load 

uniformly distributed on a hori- 
zontal line; for the load on a hori- 
zontal length di, wo write Wo dx. 
This approximates to the condi- 
- tion of a cable of a suspension 
bridge (Fig. 40), the load consist- 

Fm;. ni.-susi, n i.ri<ico. Toadwav AB, of weight 

M’(] per unit length. 

W'ith the notation us(;d above, we have w ds = Wodx, and so 


\ 


K 


\ 




/I 



/I 


/ 


t hus (3. 11)3) reads 


or 


w 




dx 

ds’ 


d 

ds 



••'h dx 
II ds 


d^ 

dx- 


'Co 



If the origin is cho.^en at the lowest point of the cable, so that 
U = <^y/dx = 0 when x — 0, we obtain as the equation of the 
cable 


(3.104) 


U 


I 

7 


I! 


Ibis is a paraholn. The tension in the cable is given bv (3.402). 
Since 


(3.405) 
we have 

(3.40(5) 



The common catenary. 

^\ c shall now consider a uniform cable hanging freely under its 
own weiglit, w per unit length. The fundamental equation is 
(3.403), in wliich w is liow a constant. We write it in the form 

d-y w ds 
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or, by (3.405), 
(3.407) 


dhj IV 

= 77 V' + U) ■ 


Introducing a variable z defined by 


(3.408) 


. , (ly 

Sinn z = -T- 
dx 


we reduce (3.407) to 

dz _ w 

di ~ H' 


and so 


U'X 

IT 


“b d , 



<*utooary . 


wliere A is a constant of integration. 

Choosing tlie origin O at the lowest 
point of the cable (Fig. 47), we have y = dy/dx = 0 for j = 0. 
and hence 2 = 0 for x = 0. Thus A = 0, and (3.408) reads 


(3.409) 

Hence 


wx 


dy • i 

5 ; = // 


’j = ^ ^ - 0 


(3.410) ii - - y— // 

when account is taken of the conditions at 0. This curve is 
called the common catenary; the lowest point O is called its 

vertex. 

It is customary to define the parameter c of the catenary by 

// 

(3.411) c 
then (3.410) reads 

(3.412) y = c (<^osh^ - 1^ 

To find the tension from (3.402), we note that from (3.405) 
and (3.409) 


(3.413) 


+ sinh^ ^ = cosh 


dx 
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and 

(,S. M4) T = // ^ = // cosh ^ = H + wy. 

So far \vc have concentrated our attention on two things, 
the curve in wliich the cable hang.s and the ten.sion at any 
point in it. Tliese have been found in (3.412) and (3.414). 
But otlier problems suggest thern.selves, and we need other 
foiinulas to stdve them. Such prol>lems may invol\'e the length 
of the eabl(‘ and the inclination of its tangent to tlie horizontal- 
bet u." <lenote the haigth by .v (measured from the vertex to a 
general point) and tlie inclination by 0; there are then five 
\ariables invol\’ed in the theorv of tin* cable, 

-r. //. T, s, d. 

Any one of the.se variables is expressible in terms of any other, 
and It is an interesting exercise to prepare a table of five rows and 
columns showing ail the twenty expre.ssions. Wc shall note liere 
only the expressions giving &• in terms of x, y, and 6, as follows: 


s = c sinh s- = y- -f 2yc, 


s = r tan d. 


(3.415) 

(3.4 I (i) 

'I'he.se e(Hiations are easy to obtain from (3.413), combined with 
(3.412): to get (3.41(i), we use the fact tiiat dy/dx = tan d. The 

eejuation (3.410) is the intrinsic equa- 
tion of the eatenarv. 



Examples. Problems connected with 
freely hanging cables usually involve the .so- 
lution of a transcpiidentai eqiiation. .\s 
illu.st rations, two problems will be considered. 
The.>se problems may be stated briefly ns 
follows: 

(i) Given {he span ami length, to find the 
maximtim tension. 

(ii) Given the length ami sag, to fiml the span. 
A cable, of weight le per unit length and length 21, hangs from two points 

A and Ii, at the same height and at a distance 2a apart (Fig. 48). We wish 
to find the maximum tension in the cable. 

It is clear from (3.414) that the maximum tension occurs at A and B, and 
the value is 


hiKi. 48.— A hanging cable 


T 

* CXMl 


* // rosh 


a 

c 


ICC cosli 



c 


(3.417) 
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Hero, as in moNt 
tlic parameter r. 


pn»l)lpms on the oatoiiary, the solution ilepends on fiinlinn 
Applying the first of (3.415) at the point wo have 


(3.418) 


t = c .siiih -• 

V 


This is an equation to determine c in terms of a and /; it may ho written 

sinli (o/r) _ / 

(3.419) 


a.c 


a 


If tables of (sinh A’)/A' are available, the numerical value of «/c may be 
obtained at once.* The solution of the problem is given by (3.417) on 

inserting the value for c, found from (3.419). 

If the ratio l/a is nearly unity, i.c., if the cable is only a little longer than 

the span, the solution of (3.419) for o T is small, because 


sinh X 
Inn — — 
A '-*0 A 



In fact, the parameter r Ls large. 'Phen we can obtain an approximate solu- 
tion of (3.419) without recourse to numcricul tables. Retaining only the 
first two terms of the expansion for sinh a/c. we have 



Since c is large, 
to //, where 

(3.421) 


T in»x tlS 


given by (3.417) is large; it is approximately equal 


II = wc = Ver^j' 


The second problem arises when the distance between t\yo points A and ^ 
at the same height is measured by u mea.s\iring tape which sags vmder its 
own weight. With the notation of Fig. 48, we are given h, 1; we wish to 

find a. 

Applying the second of (3.415) at the point B, wo have 

- /i* 

(3.422) 


The answer to the problem is given by (3.418), transformed to read 

(3.423) a = c log ^ 2h~ I - h' 

(Equation (3.418) is a quadratic equation for (3.423) is obtained by tak- 
ing the logarithm of the positive root.) 

• J. W. Campbell, Numerical Tables of Hyperbolic and Other Functions 
(Houghton Mifflin Company, Boston, 1929), p. 30. These tables were 
prepared with the solution of catenary problems in mind. 
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If the ratio h / is small, wo liaxa* apprnxiinate'ly 


(3,124) 


, / + /. 

|'>S r-‘;. 



jiml luMiro 


(3.42.">) 



with an error of the order of 


Cables in contact with smooth curves. 

So far tlio cables considered have been unconstrained. Let us 
now consider the ca.se of a cable lying against a smooth .surface, or, 
as wc may say in two-dimensional language, against a smooth 
curve. Gravity will be neglected. 

Figure 40 shows a small portion AB of a cable lying in equilib- 
riurn in contact with a smooth ctirve. Let 0 be any a.s.signed 

point on the cable and s the length 
of the cable between 0 and .4. 
Let the length AB be (is, and let 
the inclination.s to some fixed di- 
rection of the tangents to the cable 
at .1 and B be 6 and 6 -1- dd. The 
element .4 B is in eejuilibrium under 
three forces, namely, the tension T 
at .4 , the tension T + (IT at B, and 
a normal reaction due to the curve. 

This la.st mav be written N ds and 

% 

may be suppo.sed to act along the 
normal at .4. Resolving forces along the tangent and normal at 
.4, we obtain from the conditions of c(|uilibrium 

(3.420) dT = 0. A’ ds = T dd. 

Hence, the tension is constant along a light cable in contact with a 
smooth curve. Also, .since ds/dO — p, the radius of curvature, 
we have 

(3.427) N =-■ 

P 

•An example of the .significance of this last formula occurs in 
tying up a parcel: the sharper the edge of the parcel, the smaller p 
and hence the greater the tendency of the string to bite into the 
parcel. 



Fig. 4U. — Forces on nn element 
fif cubli* i\\ roiitart with a 

smooth curve. 
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Cables in contact with rough curves. 

Let us now suppose that the curve shown in Fig. 49 is rougli 
and that the cable is just on the point of slippinp^in the direction 
AB. In addition to tlie forces already considered, there is now 
a force of friction F ds on the element, acting along the tangent 
at A and opposing motion. The conditions of equilibrium are 
now 


(3.428) dT = F ds, N ds = T dO. 

But F — fiN, where n is the coefficient of friction. Hence 


(3.429) 



aiul so 
(3.430) 



Integration gives 

(3.431) T = 7’oc^®, 

where To is a constant of integration. 

The rapid increase of the exponential with increasing 0 is of 
great practical importance. As a numerical example, consider a 
rope wrapped twice around a post, for which the coefficient of 
friction is 5 . Then 

7 ’ = To ^ To e-’, 

where 7’o, T are the tensions in the rope where it meets and 
leaves the post, .slipping being about to occur in the direction 
of T. We have 

^ = 0.0019. 

If T = 2000 Ib., To = 3.8 lb. Thus, a load of one ton can be 
sustained by application of a force of less than 4 lb.) and, of 
course, a much greater load might be sustained if the rope were 
wrapped more often round the post. This principle is used in 
holding ships by ropes passed round mooring posts and in hoists 
in which a rope is passed round a revolving drum, the end being 
held in the hand. 
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3.6. FRAMES 


Just-rigid frames. 

riguro 50 sliows a simple frame or tru.^s, as u.'^ed in bridges. 
It consists of ste(‘l girders riveted together at the joints. For 
mathematical dii^cus.sion we simplify the system as follows: 
(i) the girders are treated as light rigid bai*s, (ii) the joints are 

C D 



Viit. 50. — A frame with loaris applied at E and F 


supposed to be smoothly working hinges, each bar being capable 
of rotation about the joints on it without any re.sisting couple. 
We shall di.scu.<s only frames with joints lying in a plane, and 
we shall not consider displacements out of that plane. 

In Fig. 50, we suppose the joint .-1 fixed and the joint B con- 
strained to slide on a horizontal lino. Inspection .shows that the 
whole frame is fixed by the.se conditions. In fact, the frame is a 
rigid body and is fixed when one of its points is fixed and another 
of its points constrained to move on a line. If one bar, for 
example CD, were removed, the frame would cease to be a rigid 
bod.\’. Hence it is caWod just-rigi({. The following is the general 
definition: A frame is just-rigid when the removal of anxj one of its 
bars destroys its rigidity. 

If an additional bar is inserted in a ju.st-rigid frame, it becomes 
over-rigid. We shall deal only with just-rigid frames. 

^\ e shall now show that a just-rigid frame with n joints has 
2n — 3 bars. Taking any axes in the plane of the frame, we 
denote the coordinates of the joints by (ji, ijt), y.), - - ■ 
(j’fi. 1 /n); there are 2n coordinates altogether. If the first two 
jointvS are connected by a bar of length I, their coordinates must 
satisfy 


(Xi - X2r- + (y. - yzY = P. 

thus if there are m bars, the 2n coordinates are subjected to m 
relations of this type. If we fix one joint and constrain another 
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joint to move on a line, we imi) 0 .se 3 more conditions. If the 
frame is jvist-rigid, these m + 3 conditions suffice to fix tlie whole 
frame, that is, to determine the 2n coordinates of the joints. 
Hence m + 3 = 2n, which gives the stated 
result. If 

m < 2« — 3, 

the frame is not rigid. 

The smallest number of joints possible in a with three joints 

just-rigid frame is n = 3. Then tlie number 

of bars is 2« - 3 = 3. In this case, we have a triangular frame 

(Fig. 51). 

Now take n = 4; then the number of bars is 2« — 3 = 5. 
Examples are shown in Fig. 52. (When two bars cro.ss in a 




diagram, without indication of a joint, they are supposed capable 

of free motion past one another.) 

If n = 5, the number of bars is 2« — 3 = 7. Examples 

are shown in Fig. 53. 

joints and seven bars. 

A simple way to build up a just-rigid frame is to start with a 
triangle and add two bars at a time. Since, in each operation, 
we add one joint and two bars, after p operations we have 3 -|- p 
j oinks and 3 H- 2p bars; the identity 

3 + 2p = 2(3 -h p) - 3 

shows that the condition for a just-rigid frame is satisfied. 
However, all just-rigid frames cannot be constructed in this way. 
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Stresses in bars. 

Suppose that a just-riffid frame is fixed by external constraints 
so that it cannot move. {The normal plan is to fix one joint and 
constrain another joint to move on a line, as in Fig. 50.) Now, 
let external foree.s, or loads, be applied to some or all of the joints. 
ICach bar is in ecpiilibrium uruler two forces, the reactions at its 
ends. These two forces must be e<pial in magnitude and act in 
o|)posite senses along the bar. If the forces act away from one 
another (.so that the bar tends to be torn in two), the bar is .said to 
be in U nsion; if the forces act toward one another (so that the bar 
tends to buckle), the bar is said to be in The word stress 


Tension Tlirust 

Fiu. 54.— Keneti<ms exerted by a bar on the joints at ita ends. 

is used to cover both cases. A plus sign is associated with 
ten.sion and a mlnu.s sign with tlirust. J hus, if we .say that the 
strc.ss in a bar is +3 tons, we mean that there is a tension of 3 tons 
in it; if tlie strc.ss is -5 tons, we mean that there is a thi-u.st of 
5 tons. In Fig. 54 the arrows indicate forces exerted on the joints 
by the bars. 'I'he forces exerted on the bars by the joints act 

in the reverse directions. 

For a frame in equilibrium, two problems arise: 

(i) to determine the external reactions at the supported joints; 

(ii) to determine the stresses in the bars. 

The first problem is elementary. It is a que.stion of the e(iui- 
librium of a system, as discus.sed in Secs. 2.3 and 2.4 and sum- 
marized in Sec. 2.6. It is with the second problem that we are 
concerned. 


Method of joints. 

The following argument is general, but the reader may con- 
sider the frame shown in Fig. 50 as an example, the loads being 
indicated by arrows at the joints E and F. The loads are given, 
and the stresses are to be found. Each joint may be considered 
as a particle in equilibrium, under the action of a load (if any) 
and the reactions of the bai's meeting there. (Since the joint is 
the system considered, this method is called the method of joints.) 
As the forces lie in a plane, there are two equations of equilibrium 
for each joint, and thus 2n equations in all, if the number of joints 
is a. These equations involve 3 unknown components of external 
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reactions at the supports and a number of unknown stresses 
equal to the number of bars, i.e., 2« — 3. Thus the total 
number of unknowns is 2n, and we have 2« linear equations to 
find them. Thus, in a jusl-rigid frame the problem of JiruHng the 
external reactions at the supports and the stresses in the bars is a 
determinate problem, involving the solution of a number of simul- 
taneous linear equations equal to twice the number of joints. 

If the frame were over-iigid, the number of unknowns would 
exceed the number of equations, and the problem would be 
indeterminate. We should liave to consider the elastic properties 
of the bars. 



The problem of the just-rigid frame having been thus reduced 
to the solution of simultaneous linear equations, it might be 
thought that nothing remained to be said. However, the 
system of equations obtained in the manner described above 
may be very involved, and much labor may be avoided by 
modifying the method. This is particularly true if we only 
require the strc.sses in certain bars. But the reader should 
realize that these are only laborsaving devices. If he cannot 
discover the particular device suited to a certain problem, he 
can alwavs fall V)ack on the direct laborious method. 

Before turning to the special devices, let us see how the method 
of joints may be applied without undue complication to the 
frame shown in Fig. 55n. This frame has 14 joints, and hence a 
direct attack involves 28 simultaneous equations. 

The load at M is IF. We find at once (by taking components 
and moments) that the reactions at H and N are both vertical and 
of magnitudes Ru = Sbc * * ■ be the 

stresses in the bars. From the equilibrium of the joint N, we 
have 

-w, 


Sas = — Rs ~ 


5.U.V = 0. 



ri.AXK MECI/AX/CS 


(Skc. 3.5 



PjKssing to G, \vc liave 

S<:\r sin a = —Sax = . 

cos a = — cot a, 

wh(Me a is the inclination of the oblitjue bai's to the horizontal. 
Proceeding in this way, step by step, we can find all the stresses. 
Incidentally, we shall get a check on our work when wc reach the 
last joint. It will be noted that, to start the method, we must 
begin with a joint where only two bars meet. 


Method of sections. 

When we retpiire the stresses in only some of the bars, the 
method of joints may prove unnecessarily laborious. Let us 
recall the fact, emphasized in Sec. 2.3, that we may choo.se any 
part of the given system as the system to which the conditions of 



eciuilibrium are applied. Up till now we have been thinking of 
a single bar, the whole frame, or a single joint as the system. 
But here we take a different ai)proach, following the method of 
sections. 

Figure 556 .shows the same frame as that of Fig. 55fl, with the 
same load. We wish to find the stre.s.ses in KL, KE, DE. We 
consider as a system the part of the frame enclosed within a 
curved line cutting the bar's KL, KE, DE, but no others. This 
system is acted on by the following external forces: 

the load W at M ; 

the reaction R.\ at N', 

the stresses in KL, KE, DE. 

Taking moments about E, we have 

Skl -EL + W ‘ EF = Rs • EG. 
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But Rs may be found b\- <-on.'^ideiation of llu* ocjuilibriuin ol the 
whole frame; hence 

= ^ir ec)( a. 

From con.<i(!eration of the total vertical component of force, we 
have 

.Skp = — hB" cosec «; 

and, from the total horizorital eomp<uient, 

S,>E = —^KL — Ssf cos cr = — cot «. 

We note that the method would not have worked had the three 
hai-s cut by the .section met in a point. 

Method of virtual work. 

The method of virtual work may be applied to the problem just 
treated. To find Ski., we suppose the bar KL removed and 
forces applied to the joints K and L etpial to the (\inknown) stress 
in KL. The frame is no longer rigid, but it is in equilibrium. 
Hence the virtual work done in an infinitesimal displacement is 
zero. For infinitesimal displacement, let us take a rotation 
about E of the right-hand i>ortion of the frame. The only forces 
to do work are the load W, the reaction R.\-, and the force at L 
replacing the .stre.ss Skl- Equating the work done by them to 
zero, wo obtain the expre.ssion for Skl given abo^■e. 

To get the stress in EK, we replace the bar KL and remove 
EK, at the .same time applying to the joints E and K forces equal 
to the (unknown) stress in EK. Now we give a virtual displace- 
ment, holding the left-hand portion fixed. The right-hand side 
rises slightly with parallel displacement of its bars, the bar DE 
hinging at D and KL hinging at K. The only working forces 
arc the load W, the reaction /e.v, and the force at E replacing the 
stress Ske. Ecjuating to zero the work done, we find for Skk 
the value given above. Sde i-s found similarly without difficulty. 

Complex frames. 

Frames constructed by adding succe.ssive pairs of bars to a 
basic triangular frame are called simple frames. Those so far 
discu.ssed have been of this type. But there are also just- 
rigid frames which cannot be built up in this way; such frames 
are called complex. An example is shown in Fig. 50, in which 



112 


n.ASE MECHASICS 


ISkc. 3.5 


tiu' l)ai‘s an' supposctl to cross witliout touching. 1 ho ptio.-'Sos 
may ho foiiml l)v sohing tlu' 12 equations of e(iuilibriuin of 

tlio joints, but that method i.s com- 
plicatod. Wo cannot use tlio stop- 
by-stop mothod of joints, bocau.so 
thoro is no joint at which only two 
bars moot. Wo modify the mothod 
by a.'^signiiig an unknown value to 
one of tlu* stros.ses; wo find the other 
stro.s.sos in terms of this one tin- 
known l)y tiie conditions of oquilil>- 
riurn of the joints and finally, on 
closing the calculation, detennino 
the unknown stro.«s and hence all the 

stresses. 

^ f I bet us work this out in the case 

I W shown in Fig. 50, in which the bars 

FE, ED, AD, FC arc inclined to the 
horizontal at 45®, and AB, BC in- 
clined to the horizontal at 30®. rite St'n = S. Tlien 



Ki(i. oi >. — A rornplox frame. 


ut K. ^Fi> — ^FF ^ 

at D, Sai. = —St:o = S/\/2, (= Sfc, by symmetry), 

at D, Sep = (iSf/> — Sai>)/\''2 — — S, 

at C\ Sco ~\~ »Sf-r/-v/2 “b Sbc/2 -j- He = 0, 

at C, SFc/y./2 + Spcyy^/2 = 0. 

Fliinination of Sue from the last two equations gives 

"b <Sfc(\/ 3 — l)/v2 “b /?r\''3 = 0. 

Since Re = ir/2, Sci> = — *S, .Sfc = S/-\/2, we obtain 

5 = ^U'Ca - V3); 

all the stresse.s are now easilv written down. 


Concluding remarks. 

The methods de.scribed above are adequate in simple cases, 
and the reduction of the problem of determining the stresses 
to the solution of a set of 2n simultaneous linear equations is 
complete and satisfactory mathematically, although often com- 
plicated. When we have written down the equations, we know 
that we have given complete mathematical expression to all the 
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conditions of equilibrium and that the stresses can be found from 
the e(iuations provided they arc consistent. 

It may happen that the equations of c([uilibrium are incon- 
sistent; this occurs in the case of critical forms, of which an 
example is shown in Fig. 57. Tliis 
frame is just-rigid ; but since the bars 
AB, BC lie in a straight lino, no 
stres.scs in them can give ecpiilibri- 
um of the joint B, when a load W is 
applied tliere. Such a frame would 
be an unsound engineering struc- 
ture. Actually the joint B would be 
slightly depre.ssed (owing to stretch- 
ing of the bars), and there would be very great tensions in the bars 

AB, BC. 

On account of its importance in engineering, the theory of 
frames has been elaborately developed. For a more complete 
account, with special reference to engineering problems, the 
reader is referred to S. Timo.shenko and D. H. Young, Engineer- 
ing Mechanics (McGraw-Hill Book Company, Inc., New York, 
1940). 

Most statical problems admit two methods of attack. On the 
one hand, we may reduce the problem to the solution of equa- 
tions; this is the analytical method. On the other hand, we may 
represent forces by segments, and compound and resolve them 
by actual drawing; this is the graphical method. Each method 
has its advantages, but throughout tliis book we have preferred 
to use the analytical method, because it i.s easier to explain and 
has a wider range of application. For the graphical method in 
statics and its application to frames, the reader may consult 
for example H. Lamb, Statics (Cambridge University Press, 
1928). 

3.6. SUMMARY OF APPLICATIONS IN PLANE STATICS 
I. Mass centers and centers of gravity. 

(a) Formulas for the ma.ss center: 

n 

±nu 



(3.001) 


r 


(.system of particles) ; 
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(3.()02) 


_ r / f rp (lx dy dz 
~ 7/J p (ii dy^ 


(continuous system). 


{I,) Devices for finding mass centers: 

(i) symmetry, (ii) decomposition, (iii) theorem-s of Pappus. 

(c) C’entcr of gravitv coincides with mas.s center. Potential 
energy = MgiJ. With respect to any vertical plane, the weights 
of all the particles of a system are plane-equipollent to a single 
force (total weight) acting through the center of gravity. 


II. Friction. 

Static friction: F/N ^ m 
K inetic friction: F/N = p' 


0 < X; (tan X = p). 

0 = X'; (tan X' = m')- 


III. Thin beams. 

(a) 


T — tension, *S 



= shearing force, -V = bending moment. 


(6) Basic assumptions: 

(i) Hooke's law: T = k'e, (e = extension, k' = EA). 

(ii) Euler-Bernoulli law: 4/ = k/p, 

(p = radius of curvature, k = El). 


(c) Differential equation of a thin heavy beam: 


(3.C03) 

(3.604) 



w. 



(d) Continuity conditions: ij, dij/dx, d^y/dx- are continuous. 


IV. Flexible cables. 

(a) General formulas: 


(3.605) 



(a constant) ; 



(b) Cable of suspension bridge hangs in a parabola. 
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(c) Common catenary: 

(3.606) 

y — c ^cosh ^ — 1^, c 

(3.607) 

s = c sinh -» 

c 

(3.608) 

(3.609) 

+ C- = (y-h cy-, 
T = II -h wy. 


H 

w 


{(i) Light cable in contact with a smootli curve: 


(S.OIO) T = constant. N = — • 

P 

(c) Light cable in contact with a rough curve: 

(3.611) T = 7'u (for calile on point of slipping). 

V. Frames. 

(a) In a just-rigid frame there are n joints and 2n — 3 bars. 
{h) Method of joint.s. Begin with a joint where only two bars 
meet. 

(c) Method of sections. Section must not cut more than three 
bars, and tliese three bars must not meet at a point. 

(d) Method of virtual work. Remove a bar. 

(c) Complex frames: (6) and (c) not applicable directly. 
As.?ume one stress 5, and u.se (6). 


EXERCISES m 

1. Find the mass center of a cubical box with no lid, the sides and bottom 
being made of the same thin material. 

2. ladder leans against a smooth wall, the lower end resting on a rough 
floor for which the coeflicient of friction is J. Find the inclination of the 
ladder to the vertical, if it Ls ju.st on the point of slipping. 

3. A square frame is braced by two diagonal bars. One of these con- 
tains a turnbuckle, which is tightened until there i-s a tension T in the bar. 
Find the stresses in the other bars. 

4. A man of weight IF walks slowly along a light plank of length a, 
supported at its ends. Find the bending moment in the plank directly 
bejicath his feet as a function of his distance from one end of the plank. 
Find also the shearing forces just in front of him and just behind him. Draw 
diagrams to show the senses of the bending moment and shearing forces. 

6. Find the mass center of a wire bent into the form of an isosceles right- 
angled triangle. 

6. A rod 4 ft. long rests on a rough floor against the smooth edge of a 
table of height 3 ft. If the rod is on the point of slipping when inclined at an 
angle of 60° to the horizontal, find the coefficient of friction. 
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7 \ IhkIv of weight »■ rests oii .1 foukU iuclinca plane of inrlmation i. 

,)„■ eoellieion't of frietion beint: greater than tan 1 . Hnd the work done 
.lowlv drantiiiiK ‘bt- bodv a distaiiee a up the plane and then draRgn R 
r,;.:.!";.! ,ho . 1.0 fo-o ..chk w. ,.;u.h .ase parallel to 

"'"g ''““iu avv cable r<-,ts in contact with a a.nonth curve in a vertical plane. 
Shot 11, at the .lilTerencc in the tcn.sion a, .no points of the cable ts pro,K,r- 

tio.nd to the .lifferonee in level at these points. 

9 Two liRht riiiRs ean sli.le on a rouRh horizontal rod. The nnp arc 
..onnecunl bv a liglu .nextensible .string of length n, to the tnul-po.nt of 
nlncb is .ittaclnMl a weight If. Show that the greatest d.stance between 
the rinRs, eon.sistent with the eiiuilihriuin of the system, is 

\/ I + 

where p Ls the coefhcient of frietion between either ring and the rod. 

10 \ heavv beam AiiCD, of weight 2 Ib. per ft., is supiiorted horizontally 
hv knife-e.lRes at H and I). The beam is subjeeted to an additional vertieal 
111 of 20 lb. at C. If = -1 f* - a^^termino the shearing 

force and bending moment for all pomt.s of the beam. r 

11. \ portion of a eireular disk of radius r is eut off by a straight cut of 
l.-ngth 2r. Find the position of the mass center of the larger portion 

If r = 1 ft., e = G in., calculate the distance of the mass center from the 

center of the circle. .. v , 

12. light cable comicct.s two weights U', le (ll > u’) and pa^se.s over a 

rough circular rvliiidcr whose axis is horizontal, ll rc.sts on the ground, 
and u. is suspcmlcd in the air. Find the least value of the coefncient of 
friction between the cylinder and the cable m order that H may he raised 
from the ground bv slowly rotating the cylinder, and find expressions for 
the work .lone in turning the cylinder through one revolution (i) if M is 

raised, (ii) if IF is not raised. , *• 

Find also the work done in turning the cylinder through one revolution 

in the oppo.site sense. , i .. * 

13. For the frame shown in Fig. oon, take a = 4o , and find the 

in all the bars. Make a sketch of the frame, marking with a double line 

eai’li bar in which there is a thrust. 

14. .\ uniform semicircular wire hangs on a rough peg, the line joining its 

extremities making an angle of 45" with the horizontal. If it is just on the 
point of slipping, find the coefficient of friction between the wire and the peg. 

16. .\n elastic beam rests on three props, two being situated at the ends 
of the beam and at the same height, and the third at the middle point of the 
beam Find the height of this central prop if the pressures on all three 


props are equal. u • u* 

16. A cable 200 ft. long hangs between two points at the same height. 

The sag is 20 ft., and the tension at either point of suspension is 120 lb. \>t. 
Find the total weight of the cable. 

17. A uniform cable hangs across two smooth pegs at the same height, 
the ends hanging down vertically. If the free ends are each 12 ft, long 
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iiiul the tangent to the catenary at each pe^ makes an an{{le of 60° with the 
liorizontal, find the total lenpith of the cable. 

18. Con.sider a frame us in Fifj. 50, llie trian|sle--> being e<iiiilatcral. It is to 
carry a load 211', either as a single load at E or equally divided between E 
and F. In which case is there greater danger of collapse, it being assumed 
that collap.se is due to a thrust in a bar exceetling some definite value, the 
sam<* for all bars? 

19. 1- our rods each of length a and weight u' are smoothly jointed together 
to form a rhombus ABCI), which is kept in shape by a light ro<l BD. The 
angle BAD i.s 60°, :ind the rhoinbu.s is suspended in a vertical plum* from A. 
Find the tension or thrust in BD and the magnitude and direction of the 
force exerted by the joint C on the rod CD. 

20. Two equal spheres, each of weight IF, rest on a horizontal plane in 
contaet with one another. .-Ml three contacts are etiually rough, with 
coefficient of friction The spheres are pres.se<i together bj' forces of 
magnitmles P, Q {P > Q) acting inward along the line of centers. Show that 
there will be e(|uilibrium if, and only if, 

P - Q ^ l,(P + Q), P - Q ^ Mt2ir - {P - Q)]. 

If P and Q are increased, their ratio remaining fixed, how will equilibrium 
be broken? 

21. Find the stre.sses in the frame shown in Fig. 56 if the joint F is fixed, 
instead of .1. 

22. .\ hanging cable consists of two portions for which the weights per unit 
length arc an and u>j. Show that there is a <liscontinuity of curvature where 
the two portions are connected, the radii of curvature (pi, pi) on the two sides 
of the join satisfying the e<|uation piun = piU’i. 

23. A beam AB, of length I and weight IF, rests in a horizontal i)osition 
with A clamped and a load IF' is su.spended from B. If the weight per unit 
length of the beam varies us the sqviarc of the distance from B, show that at 
distance x from A the shearing force S and the bending moment M are given 
by 

S = IF' + - x)S 

M = JF'C/ - X) + ^, (/ - X)*. 

24. Prove that at a point inside a uniform solid sphere the force of attrac- 
tion varies dircctlv as the distance from the center. 

26. Find the potential of a circular disk at a point on its axis. Use the 
result to calculate the potential of a solid sphere at an external point. 



CHAPTER IV 

PLAHE KINEMATICS 

4.1. KINEMATICS OF A PARTICLE 


Having romplotni our study of plane .statics, we now prepare 
for the .study of dynamic.s by developing .some results in kine- 
this subject deals with the motion.s of particles and rigid 
bodies without any consideration of the forces recpiired to produce 
these motions. In the pre.sent chapter we di-scuss kinematics 

in a plane. 

Tangential and normal components of velocity and acceleration. 

Consider a particle P moving in a plane, in which Oxy are 
fixed axes. The po.sition vector of the particle (cf. Sec. 1.3) 

is r = OP, and the velocity is q = <hhU. If the path of the 
particle is the curve C, then dr is an in6nitesimal displacement 

along C, so that 

dr = i (Is, 


where d.s is an element of length on C and i is the unit vector 
tangent to C. Thus 

. ds ds 

(4.101) ^ = 


or, in words, the velocity of a moving particle has a direction tangent 

to the path and a magnitude ds/dt. 

Let j be the unit normal vector to C (Fig. 58), and let <t> be 
the inclination of i to the r-axi.s. As we move along C, i and j 
are functions of <i>, and it is ea,sily seen that 


(4.102) 


d<t> 



To find the acceleration f, we differentiate (4.101); this gives 


(4.103) 


dq . d'S . di d<t> 
^~'dt~^dP‘^d(t>ds 



Hence, by (4.102) and the fact that the radius of curvature of 

US 
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(4.104) 


I 19 


'-‘S+ir 


or, in words, the acceleration of a nntriyig particle has a cum pune/il 
(Iq/dt alotig the tangent and a com- y 
ponent (f-fp along the normal to the 
path. The tangential comj)onent 
may also be cxprc.ssed in the form 
(j dq/ds. 

It is easily seen that the normal 
component of acceleration always 
j)oints to the concave side of the 
path. 



O X 

Fiu. o8. — Hesoltitioit t:uk- 

gcMil aiici nortiial. 


-V.s an example, con.sidor a particle tra\’el- 
in^ in a circle of ra<liuM r with a speed q 
which is («) constsiiit. (6) proportional to 1. 

In case (</), the acceleration vector i.s directed inwanl nloiiK the* radiu.s and 
has a inaf;nitude in case (6), the acceleration vector has a constant 

eoiupoiient along the tangent and a component along the radius which varies 
as <». 

Radial and transverse components. 

Consider a particle P moving in a plane, its position being 
descrilH'd by polar coordinates r, B (Fig. 59). Let i be the unit 
vector along OP and j the unit vector 
perpendicular to i, drawn in the sense 
shown. We note that 

(4.105) ^Q = h ;jI = -1- 

We have then r = d, and the velocity' 
is 

(4.106) q = i = n rBj, 

the dot indicating d/dt. Thus (f, r^) 
are the components of velocity along and 
perpendicular to the radius vector. 

For the acceleration we find, on 
differentiating (4.10G) and using (4.105), 



FlU. 5!).- — Resolution along 
and porpotulirular to radius 
vector. 


f = ^ = (r - r6^)i + 1 1 


(4.107) 
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»rc the componeut.^ of acceleration along and perpendicular to (he 

radius rector. . . . , . 

It is usual to call tiic components in the directions i and 3 

tlu‘ radial and transrerse components, respectively. 


The hodograph. 

It is easy to form an intuitive picture of the velocity of a 
paiticle; \v<' have merelv to visualize the small displacement 
it receives in a small time, and then imagine that small displace- 
ment greatly magnified without change of direction. But it is 
much more difficult to form an intuitive picture of the accelera- 



tion. The hodograph is a de\’ice to facilitate this. Figure OOn 
shows the path C of a particle, with its velocity q and acceleration 
f at the position P. Imagine now a fictitious particle P' moving 
in the plane (Fig. 006) with a motion correlated to the motion 
of P by the following rule: the position vector of P', relative to 
sonic chosen origin O', is equal lo the velocity of P. The i)ath 
desciibed by P' is called the hodograph of the motion of P. 

Denoting by r', q' the po.sition vector and velocity of P', we 
have 

(4.108) r' = q. 

Hence, on differentiation, 

(4.109) 


q' -f; 
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in words, the velocity in the hdtlorjra j}h /.v eyual to the. acceleration 
in the actual motion. 

Esercise. \'orify t)i«* follow inn 

(i) If n particlf has an acaa-lorat ion wliich is con.staiit in mannittuh- ami 
direction, the hocloRraph is a strainhl line <lescrihod willi constant speed. 

(ii) If a particle moves in a circle with cfmstant si)eeil, the hodonraph is a 
circle described with constant speed. 

4.2. MOTION OF A RIGID BODY PARALLEL TO A FIXED PLANE 
Description of the motion. 

As already remarked in Sec. 2.4. the motion of a rigid l)ody 
parallel to a fixed plane is completely de.scribed hy the motion 
of the repi'esentjitivt^ lamimi, i.e., the section of the body by 
the plane. We may therefore confine our attention to the 
representati\'e lamina. We also discussed in Sec. 2.4 the general 
infinitesimjil displacement of a lamina in its plane. This dis- 
placement was described by .selecting a base point .4 in the lamina 
and giving (i) the infinit(*siinal displacement of .4 and (ii) the 
infinitesimal angle through which the lamina is turned. 

A continuous motion of a lamina may be con.sidered a.s a 
sequence of infinitesimal displacements received in infinitesimal 
intervals of time. We select some particle .4 of the lamina as 
base point. At any time t, A has a velocity, say qx. At time t 
the angle between a line fixed in the lamina and a line fixed in the 
plane is increasing at some rate which we shall denote by w: 
w is called the angular velocity of the lamina.* In a small time 
interval dt the particle A receives a small displacement dt, 
and in the same interval the lamina is turned through a small 
angle a> dt. Hence the specification of qx and w as functions of t 
describes the succe.ssion of infinitesimal displacements which 
the bod}' undergoes. To sum up: The motion of a lamina in a 
plane is described by (i) selecting a base point A in the lamina, 

(ii) specifying the velocity qx of A as a function of the time t, and 

(iii) specifying the angular velocity o> of the lamina as a function 
of t. 

This description, for the instant t, is shown diagrammatically 
in Fig. (U, the curved arrow being used to indicate angular 
velocity. 

* Since the angle between two lines fi.\ccl in a rigid body is constant, it i.s 
easily seen that the value of <•> is the .same no matter what lines are chosen in 
the lamina and in the plane. 
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The instantaneous velocity of any point P of the lamina can 
1 ) 1 ' found from (2. 1(1!)). which gives the infinitesimal displacement 
of a point. I>et ((i,h) lu' the coordinates of .1 and {x,u) those 
of P, both measured on fixed axes Oxy. Then the infinitesimal 

displacement of P in the time interval 
<ll has eoinpoiients 

/ (lx = ua (it — (y — h)(i}dl, 
^ dy = I'^dl + (x — a) u) df. 

where w.o are the components of 
q.i. Thus the veloeit}' of P has eom- 
ponents 



(4.201) 


(4.202) 


/ n = ih 

( t’ = Va 


= Ha — (y — 

+ (x — a)(4>. 


0 X 

Fni. - Tlu* rnotiuu oJ a - . . . 

lamina doncTihecJ by Qa ami InStantaneOUS Cent6r* 

At anj* instant, there is just one 
point of a moving lamina which has no velocity. Its coordinates 
arc fimnd from (4.202), on putting m = c = 0; they are 


(4.203) 


X = a — Va/ 


W 


y = b Ua/(j3. 


This point is called the instantaneous center. Under one excep- 
tional condition no in.stantaneous 
center exists, namely, when w = 0. 
Wc may then say that the instan- 
taneous center is at infinity. 

Once the instantaneous center C 
is known, it i.s very easj* to visualize 
what happens to the lamina in a 
small inten^al of time dt: the lamina 
rotates about C through a small 
angle w dt. This fact enables us to 
find C when the directions of the 
velocities of two points A and B of 
the lamina are known. For, since 
the lamina is turning about C at the instant, the velocity of any 
point P is perpendicidar to CP. Hence, C is located at the 
intersection of the lines drawn through A and B perpendicular 
to the velocities of those points (Fig. 62). 

From the definition of the rolling of one cur\’^e on another, 
given in Sec. 2.4, it is now clear that a moving curve rolls on a 


C 



Fig. 52. — Determination of tlic 
instantaneous center from the 
velocities of two points. 
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fixed curve when the curves touch atid the instantaneous center of 
the moving curve is at the point of contact. In fact, this statement 
may be taken as a definition of rolling, instead of that given in 
See. 2.4. If botli curves are in motion, we define rolling l)y the 
conditions that the curves touch and that the instantaneous 
velocities of the two particles at tlic point of contact (one on 
each curve) are etpial to one another. 

As a lamina moves, the instantaneous center C move.s in the 
fixed plane; the cun'e de.scribed by it is called the space cenlrode 
(S). But C also moves in the lamina; 
the curve described by C in the lam- 
ina is called the hodg cc?itrode (B). 

.\t any instant, -S’ and B have the 
point C in common, and B is turning 
about C, since B is carried along with 
the lamina. The situation at time t 
is shown in Fig. G3. A little later, 
at time i dt, a point D oi B has 
moved into coincidence with a point 

of 5 to form the new instantaneous 
center, and this is done by turning B about C through the small 
angle w dl. Hence, it is evident that B cannot cut «S at a finite 
angle; therefore B touches S at C, and since C i.s the instantane- 
ous center of B, we have the following result: The body centrode 
rolls on the space centrode. 

Exercise. Verify the following stutcinents: 

(i) Wlicii a wheel rolls on a track, the space centrode is the track itself 
and the body ccntro<lc the circumference of the wheel. 

(ii) When a rod of length 2n slide.s with its extremities on two lines which 
intersect at right angles, the body centrode is a circle of radius a and tlie 
space centrode a circle of radius 2«. 

Example. As an o.xainple of our analysis of the motion of a rigid body, 
let \is consider two wheels ll’i and ll’i of radii oi and 02 , respectively, lying 
in a plane. Their centers are connected by a rod R of length Oi + a^, and 
the wheels engage without slipping. If we fix the center of U'l, then H’l and 
R can turn independently abo\it this center, and will roll on ll'i. Kach of 
the three bodies M'l, ll'i, R has an angular velocity, say wi, wj, it- The.se 
three angular velocities are not independent; let us find the relation con- 
necting them. 

The particles of Il'i and TT'a at their point of contact have the same veloc- 
ity. We can find two different expressions for this common velocity; cqunt- 
ing>them, we obtain the required relation. Since IVi turns about its center 


B 


03 



Fig. 0.'i. — The body centiode H 
rolls on the space centrode .S. 
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with luiguhir velocity w,. the velocity of its particle at the point of contact is 
taiiKential and of maKiiitiule a,wt. The wheel Wz has a motion which may 
be described by means of a l»ase point taken at its center. The velocity 
of this base point is perpeiulicnlar to Fi and of magnitude (ai + aj)St. 
Henc-c the vehn-ity of the particle of H'j at the point of contact with U’l is 
tangential and of madiiitiide 


Ifi, + 

rhereforc we have, as the reqiiirc‘<l relath»n in symmetric form, 


nni)i + = (rti + 

.\s an alternative method of findintt w; when «i and 12 are given, the follow- 
ing general method of finding angular velocity may he used. Take two 
particles of the body, say ,1 and li. Resolve their velocities perpendicular 
to AH. 'Fhe difference of these t'oinponent velocities, divided by AB, is the 
reciuired angular vchn'ity. The proof of this is left as an exercise. 


4.3. SUMMARY OF PLANE KINEMATICS 

I. Kinematics of a particle. 

(fl) Components of velocity and aocoloration : 



\eIocity 

.\eceleration 

1 

Tangential 

1 


dQ 

a or 7 -j- 
, ds 

1 

Normal 

0 

z: 


P 

Radial 

» 

r 

r - r$^ 

Transv'crse 

1 

1 



(b) Position in liodoRiaplt is velocity in motion; velocity in 
hodogniph is acceleration in motion. 

II. Kin ematics of a rigid body. 

(a) The angular velocity w of a lamina i.s the rate of change 
of the angle between a line fixed in the lamina and a line fixed 
in the plane of reference. 

(h) For base point -4 (a, b) the velocity at (x, y) has components 
(4.301) u — ua — (y ~ r = + (x — a)w. 

(c) The .space controde (5) is the locus of the instantaneous 
center in the plane of reference. The body centrode (B) is the 
locus of the instantaneous center in the body. B rolls on S. 
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EXERCISES IV 


1. A particle moves in a plane with constant speed. Prove that its 

acceleration is perpendicular to its velocity. 

2. A particle moves in an elliptical path with constant speed. .\t wliat 
points i.s the magnitude of the acceleration (i) a maximum, (ii) a minimum? 

3. A particle moves alonn a curve y = a sin px, where a ami p are <'Oii- 
stunts. The component of velocity in the j-direction is a constant («/). 

Find the acceleration, and describe the hodopraph. 

4. AH, HC are two rods, each 2 ft. lonp. hinged at H. A and C are made 
to slide in’a straight groove in opposite directions, each with a speed of S ft. 
per sec. Find the velocity and acceleration of H at the in.stant when the 

rods are perponditudar to one anotli<‘r. 

6* Startiiijj from 

X = r I'os 0^ y “ ^ 

calculate J and y. Hence, by resolving the acceleration vector along and 
perpendicular to the radius vector, establish the formula (1.107). 

6. A wheel of radius a rolls without slipping along a .straiglit roa<l. It 
the center of the wheel has a uniform velocity v, find at any instant the 
velocity and acceleration of the two points of the rim which are at a height h 

above the road. Examine in particular the ca-ses /»= 0, /(= 2r/. 

7. Is it possible for a particle to move in a circle and have a luulograpli 
which is a straight line? Give reasons for your answer. 

8. A wheel of radius a rolls along a straight track, the center having a 
constant acceleration /. Show that there is, at any instant, just one point 
of the wheel with no acceleration; find its po.sition relative to the center of 

the wheel. . . ^ , 

9. A rectangular plate AHCD moves in its plane with con.stant angular 

velocity w At a given instant the point A has a velocity of magnitude \ 
along the diagonal AC. Find the velocity of H at this instant in terms of 

r «, and the dimensions of the rectangle. , c i 

10 A uniform circular hoop of radius o rolls on the outer run of a fi-xed 
wheel of radius b, the hoop and the wheel being coplanar. If the angular 
velocity u> of the hoop is constant, find 

(i) the velocity and acceleration of the center of the hoop; 

(ii) the acceleration of that point of the hoop which is at the greatest 
distance from the center of the wheel. 


11. A motorboat experiences a resistance proportional to the square 
speed. The engine is switched off when the speed is 50 ft. per sec. y^^n 
the boat has moved through a distance of 60 ft., its speed has been reduced 
to 20 ft. per sec. Find (to the nearest foot) the total distance traversed 

when the speed has been reduced to 10 ft. per sec. • u 

12. A point A has a uniform circular motion about a fixed point O with 
angular velocity vi. A point B has a uniform circular motion about A with 
angular velocity n. What relation connects m and n if the acceleration of 
B is always directed toward 07 
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13. A oironlar rin^ of r!i<lius 6 turns in its piano about its ccntor with 

constant anRuljir volnrity socoiul circular ring of radiu.s a (<6) roll.s 

in tlic .•‘aino plane on tlio inner si<Ie of the first ring. The angtilar velocity 
of the center of the smaller ring about the center of the larger ring is u, a 
constant with the same sign a.s 1>. Find the space and body eontrodes for 
t he smaller ring. 

14. particl»‘ /' moving iti a plane lia.s an acceleration <lirecte<l toward a 
fixed point () in tlie plane and varying as 1 'OE^. Show that the curvature 
of till* hodograph is constant and heix'e that the hodograph is a cirelc. 



CHAPTER V 

METHODS OF PLANE DYNAMICS 
6.1. MOTION OF A PARTICLE 


Equations of motion. 

In accordance witli (1.402) a particle, under the influence 
of a force P, moves so UvS to satisfy the equation 

(5.101) tnf = P, 

where m is the ma.ss of the particle and f its acceleration rela- 
tive to a Newtonian frame of reference. If Oxyz are rectangu- 
lar axes in this frame, then (5.101) gives, on resolution into 
components, 

(5.102) rnx = A', ?ny = Y, rnz = Z, 

where X, Y, Z are the components of P along the axes. 

The above statements hold for a par- 
ticle moving in space; let us now confine y 
our attention to a particle moving in a 
plane, the force P being supposed to act 
in the plane of motion. 

We may resolve P into components 
along the tangent and normal to the path 
of the particle (Fig. 64). If these com- 
ponents are Pt, Pn, respectively, the 0 x 

vector equation of motion (5.101) gives, force"’ a^n7^the°'“tangeru 
on resolution along the tangent and and normal to the path. 

normal [cf. (4.104)], 



(5.103) 



An interesting deduction may be noted. If the force acting 
on a particle is always perpendicular to its velocity (so that 
Pt = 0), then the speed of the particle is constant. If, further, 
the force is of constant magnitude, then P„ is constant; then 

127 
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p is constant, .so tlmt tho particle describes a circle. This occurs 
when an electrically charged particle moves in a uniform mag- 
netic field with lines of force perpendic- 
ular to the plane of motion. 

Let us now consider a particle mov- 
ing in a plane under the influence of a 
force always directed away from, or 
towarf), tho origin (Fig. 65). Such a 
force is called a central force. Let R 
he the component of force in the direc- 
tion away from the origin, so that R is 
positive when the force is repulsive and negative when it is 
altracti\'(‘. 'Fhen. by (5.101). on re.^olution along and perpen- 
dicular to the radius vector fcf. (4.107)], 

(5.101) m(r - rd') = R, ~ (r-^) = 0. 

Kcpiatinns (5.102), (5.103), and (5.104) are all very useful 
forms of the e(juations of motion of a particle. 

Kxrrci.-it-. Prforrinn (<» 122). write down the equations of motion of 

H [mrtii-lr in tlu- earth’s >:nivifational field, using (I) polar coordinates and 
(ii) roc'tangiilar Cartosluns. 

Principle of angular momentum. 

Tlie momentum of a particle of mass m, moving with velocity 
q. is defined as the vector mq. (This is sometimes called linear 
momeiitiim. to distinguish it from angular momentum, defined 
below.) The components of momentum for motion in a plane 
are 

mx, my, 

wliere Orij are rectangular axes in the plane. Since momentum 
is a vector, it has a moment about any point A in the plane; this 
moment is called moment of momentum or angular momentum 
about .1. In C'hap. II, wc diseu.ssed moments of vectors; we 
saw that the moment of a vector is the sum of the moments of 
its components, and so by (2.303) the angular momentum of a 
moving particle about the origin is 

(5.105) h = m{xff — yx). 

If, instead of resolving tlie momentum vector along the axes, we 
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rosohe it along and perpendicular to the radius \-ector drawn 
from tlie origin, we obtain components [of. ( l.l()t>)] 

mi', mr$. 

The former component has no moment about the origin: hence 
(5.106) h = mr-d. 

Consider now a particle moving in a plane under tlie action 
of a force with components A', Y. Tlie rate of change of angular 
momentum about the origin is 

h = rn(xy — yx) = xl' — yX = N, 

where is the moment of tlie force aliout the origin. Hence we 
have the principle of angular momentum: For a particle moving in 
a plane the rate of change of angular momentum about any fixed 
point in the plane is equal to the moment of the force about (hat 

point. 

We note that, in the case of a central force, tlie second equation 
of (5.104) is equivalent to the statement that the angular momen- 
tum about the origin is constant. 

Principle of energy. 

The kinetic energy of a particle of mass m moving with velocity 
q is defined to be ^mq~. It will be denoted by T. Thus, for a 
particle moving in space, 

(5.107) T = + z^). 

The rate of change of kinetic energy is 

f = m(xx + yy + Fz) = A'X' + Ty + Zz, 

where A', Y, Z are the components of the force acting on the 
particle. The increase in kinetic energy in the interval (fo, b) 
is therefore 

r, - To = iXx + yjt + zi) di. 

Let W denote the work done by the force during this time 
interval. By (2.403) the work done in an infinitesimal displace- 
ment is 

dW = X dx -Y Y dy -Y Z dz = (Xx + Yy -Y Zz) dt, 
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aii<l so 

ir = {Xx + >•// + Zi) (IL 

Honco 

(5.108) 7', - 7’o = \y. 

'Phis ostablislios tlie principle of energy: The increase in kinetic, 
energy is equal f(t the work done by the force. 

DilTorontiating (5.108) with ro.'<pert to ti and thou dropping the 
subscript 1, we have 

(5.109) f = Ti'; 

in words, the rate of increase of kinetic energy equals the rate of 
working of the force. 

If tlie particle moves in a conservative field of force with 
potential eneiRy V, then, as in (2.119), 

dV V y 

X = — -r-» ) = — — * Z = — — • 

dx dy dz 

Tiien 

II' = r (X.r 4- Vy + Zi) dt - - r Vdt = -Vi + Vo, 

where I'l, To are tlie potential energies at times ti, to, respectively. 
Comparison with (5.108) gives 

Ti - To = -r, + Vo, Ti + Vi = To + To. 

Hence, in general, 

(5.110) 7’ + T’ = E, 

where £" is a constant, called the total energy. Thus the sum of 
the kinetic aiul potential energies is constant. This is called the 
principle of the conservation of energy. 

The principle cxpres,sed mathematicallj’ by (5.110) is one of 
the fundamental formulas of mechanics, and it is of great use in 
the solution of problems. It represents one relation among the 
three coordinates and the three components of velocity, V being 
suppo.sedly known as a function of the coordinates. In the 
absence of a con.sei'\'ative field, we no longer have (5.110), only 
(5.108). This is much less useful because IT is not a function of 
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the coordinates. It is an integral, the value of which depends 
on the path of the particle, and thus is unknown, since the path of 
the particle is precisely what we have to 6nd in the majoiity of 
problems on the dynamics of a particle. 

Exercise. \ particle slides ilown a siuootli ijiclined plane. Use (5.110) 
to find its speed in terms of tbc <listancc traveled from re.st. 


6.2. MOTION OF A SYSTEM 

Anyone familiar with the usual type of problems posed as 
exercises in mcclianics must have been struck by their artificial 
character. The mechanical systems eonsideretl are often too 
.simple to be of much practical interest. Attention is con- 
centrated on such simple systems as rigid bodies swinging 
about fixed axes or wheels rolling along lines, instead of on com- 
plicated realities like trains, automobiles, or airplanes. This is 
because it has become traditional in the study of mechanics to 
direct attention to problems which are soluble, in the sense 
that the behavior of the system can be described by simple 
formulas. This is an unfortunate practice, because it fails to 
emphasize one of the greatest achievements of the apiihed mathe- 
matician, namely, his capacity to make general .statements about 
complicated systems without paying much attention to the details 

of the systems. 

To extract the fullest interest from the present section, tfu^ 
reader should bear in mind the striking generality of the state- 
ments. Since, however, it is tiring and confusing to think too 
much in terms of generalities, he .sliould bear in mind a few 
concrete examples and think of them in connection with the 
various principles about to be discussed. The following systems 
are suggested as suitable examples: 


(i) a stick sliding on a frozen pond; 

(ii) a complete automobile; 

(iii) a wheel of an automobile; 

(iv) an airplane; 

(v) a man on a trapeze; 

(vi) the solar system. 

As attention is at present directed toward i>lane dynamics, it 
is advisable to think primarily of two-dimensional motions of 
the above .systems; e.g., the automobile and the airplane are 
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t ravelinfi: sti'uigiit ahead. For the first five systems, we may 
accept the eartli's surface as a Newtonian frame. As for the 
solar system, we may merely assume that there is some New- 
tonian frame. and Uy to identify it by examining the con- 

s<‘( j\K‘ri<*os of tho hiws ot motion. 

'riie svst(‘in tmder consideration is regarded as composed of 
I>articles. d'lu‘ forces acting on tiie particles are in part internal 
and in part external, the internal forces satisfying the law of 
a^'tion and reaction (Sec. 1.4). A rigid body is a particular type 
of system, in which the internal forces are .such as to prevent the 
alteration of tlie distances between the particles. The internal 
forces in a .'system are, as a rule, complicated; tho purpose of 
tin' gem'ral principles which we are about to establish is to make 
important statements about the motion of the system which 
involve, not the.'^e complicated forces, but only the external 
forces whicli as a rule are comparatively simple. For example, 
in the ca.'^e of the aiitomobile. the only external forces are (i) 
gravity, (ii) reactions at tho contacts of the tires with the ground, 
and (iii) resistance of the air. 


Principle of linear momentum; motion of the mass center. 

d'he linear momentum of a .system is defined as the sum of the 
linear mom(*uta of the several particles of the sy.stem. Thu.s, 
if the inas.ses of the particles are wi, m-, • • • ?n„, and their 
velocities q,, q-, • • • qr», the linear momentum of the system is 
tlie vector 

n 

{",.201) M = 2 

i - 1 

\\v shall now jirove the principle of linear mornenluin: The 
rate of ehange of linear momentum of a .si/stcm is ec/ual to the veelor 
.'ium of the external forces. 

From (5.201), we have 

n 

(5.202) M = X 

where f^ is the acceleration of the fth particle. Thus, 


M = X + P-')' 


(5.203) 
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whore P, is the external force on the fth particle and P' the 
internal force on it. But, from the equality of action and reac- 
tion, we see that 


% p; = 0, 

\ — I 

because this summation consists of vectors which are formed 
from pairs of equal and opposite forces. Hence, (5.203) gives 



(5.205) 


M = X P- 

i » I 


which proves the principle of linear momentum. 

The last ctpiation may be written 

(5.200) M = F. 

where F is the vector sum of the external forces. 

We shall now prove the law of motion of the mass center: The 
mass center of a system moves like a particle, having a mass equal 
to the total mass of the system, acted on by a force equal to the vector 
sum of the external forces acting on the system. 

From (3.101) it follows that the velocity of the mass center 
of a system of particles is 

n 

(5.207) q = 

where rn is the total mass of the system. Thus if f is the accelera- 
tion of the mass center, we have 


(5.208) mf = 7/iq — 

and so, by (5.206), 

(5.209) mf = F. 

This is the equation of motion of a particle of mass m acted on by 
a force F, and so the law is established. 

We note that, by (5.207), 




m<qi, 


(5.210) 
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so that the linear momentum of the fictitious particle mo\ing 
with tlie mass center is equal to the linear momentum of the 

■ The conclusions to be drawn from the preceding principles 
are simple and interesting when the vector sum of the external 
forces is zero Then the linear momentum of the system remains 
constant, ami its mass center travels in a straight line with 
emstant speed. This is true in particular for a stick sliding on a 
frozen pond. As for the solar .system, we .see that any New- 
tonian frame of reference must he such that the ma.s.s center of 
the solar system has a constant velocity relative to it. 

Principle of angular momentum; motion relative to mass center. 

'fhe anguhir monwntum of a .system about a line (or about a 
point in its plane if the .system is confined to a iilane) is defined 
as the sum of the angular momenta of the particles compo.sing it. 
Thus if the particle of mass rn, has coordinates j,, i/o Zi and 
velocity components ii, J/., i., the angular momentum of the 

sv.stem about Oz is 


( 0 . 211 ) 


h = 


miixiyi — ijiXi)- 


The rate of change of angular momentum is then 


(5.212) 


A = ^ mi{x,yi — UiXi) 


But 

m,Xi = Xi + -Y', m.ifi = + TJ, 

where A'.. Y, are the components of external force acting on the 
particle and A'J, ¥[ the components of internal force. Thus. 

(5.213) A = X ^ ~ 

= W 4- 

where N is the total moment about Oz of all the external forces 
acting on the system and N' the total moment of all the internal 
forces. But since the internal forces occur in balanced pairs, 
their total moment is zero; hence 


(5.214) 


h = N. 
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This (‘(juation exprcssc.s the prinviph’ <>J angular nwitu iitnm: 
The rate of change of (he angular momentum of a stj^slcin about 
a fixed line is equal to (he total moment of (he external forces about 
that line. 

If we think, for example, of a man on a tra|)eze, tlie only 
external forces are (i) gravity and (ii) a reaction at tlie point of 
suspen.sion. But the latter ha.s no moment about flu* point of 
suspeii.sion. Hence the rate of change of angular momentum 
about the point of suspension is equal to tlie moment of the 
gravitational forces aliout that point. 

Let X, y, z be tlie coordinates of the mass center of a systiuii 
and let xf, yl, z[ be the coordinates of the fth particle relative to 
the mass center, so that 

(5.215) X, = X + x'i, iji = 0 

The components of velocity of the particle relative to the mass 
center are .r', i', and so the angular niomeiitum relative to a 

line through the ma.ss center parallel to Oz is 

n 

(5.216) h = 2"*-^ - 

1 = 1 

where we u.se, in computing angular momentum, the velocities 
relative to the mass center. We shall refer to this briefly as the 
angular momentum relative to the mass center. 

From (5.21C), we obtain 

(5.217) * = 2 

I- I 

and hence by (5.215), diffcM-cntiated twice, 

n 

(5.218) A = X 

= “(X (S 

' i •• I > “ I 

+ i; - y\X.) + X iAY'i - v'.X'd- 

( = 1 « = 1 

as before, X., V’, are components of external force and XJ, F' 
components of internal force. But, from the defining property 
of the mass center, we have 

n n 

X '”'^1 = X ^ 

t “ I I ■» 1 
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so that tlio first two terms on the riK»it-haiul side of our last 
(Mluatioii vanish. The fourth term vanislies through the halane- 
ing of the internal forees in jiairs, and so we have 


(5.210) 


ii = A'. 


vviiere A' is the total moment of the external forces about the 
mass center. This is tlie principle of angular mornenlum relative 
to the mass center: The rate of change of angular momenluui relative 
to the mass center is er/ual to the moment of the external forces about 

the mass center. 

It will he noticed that we have a principle of angular momen- 
tum relative to a fixed axis and a principle of angular momentum 
relative to the mass center. The principle does not hold for an 
arhitrarily moving axis with fixed direction. 

\s an inu.stration of the principle of niigiilar momentum relative to the 
nnis-s center, consider the front wheel of an automobile. The external forces 
(,«» it are (i) gravitv. (ii) the reaction of the axle, and (iii) the reaction of 
the grouml. The force of gravity and the reaction of the axle have no 
moment about the central line of the axle, which pa.s.ses through the moss 
center. Hence the rate of change of angular momentum relative to the 
center of the wheel equals the moment of the reaction of the ground about 
the center. In particular, if the car is traveling at constant speed, the 
angular momentum is constant, and so the reaction of the ground must 
act verticallv up thnnigh the center of the wheel; no force of friction is called 
into play. Further, if the wheel bumps off the ground, its angular momen- 
tum will remain constant as long as it is in the air. These statements are 
made on the as.sumption that the bearings are smooth; the reader can 
supply the (jualitative description of the modifications which arise when 
there is friction in the bearings. 


The principle of energy. 

'Pho kinetic energy of a system is defined as the sum of the 
kinetic energies of its constituent particles; the formal expres.sion 

is 

(5.220) T = 1 2 

tel 

Then, 

n 

(5.221) t + Mi + 

t » I 

= £ (A',Xi + y.tfi + Z.ii), 
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where A’,, F,, Z, are the components of the total force, external 
and internal, acting on the fth particle. Thus, if ir is the work 
(lone by the forces from time to to time t, we have 

(5.222) t = ir. 


This is formally the same as (5.109), but h(*re we are con- 
sidering a .sy.stem inst(‘ad of a single particle. For a sy.stem, 
tlic principle of energy takes the following form: The rate of 
ehnnge of kinetic energy of a system is equal to the rate of working 
of all the forces, external and internal. 

There is a sharp dilTerence between the principles of linear 
and angular moiiK'iitum on the one hand and the principle of 
energy on the other. In the principles of momentum tlie internal 
forces arc eliminated; in the principle of energy they arc not 
eliminated, except in the special case wliere they do no work and 

so contribute nothing to W. In our idealized mathematical 
models, consisting of rigid bodies with smooth contacts, no work 
is done by the interna! forces, and .so they disappear from the 
principle of energy. In cases of collision, liowever, work may 
be done by the internal forces (see Chap. VIII); that is becau.se, 
in such cases, it is impos.sible to regard the bodies as absolutely 
rigid. 

When the system i.s conservative, with potential energy V, 
we have W = —V by (2.410): then (5.222) leads to the principle 

of the conservation of energy 

(5.223) T + 1' = 

where E is the constant total energy. 


D’Alembert’s principle. 

The principle about to be di-scussed adds nothing essential 
to the principles already given, but it is interesting as an alter- 
native expre.ssion. Moreover, it api)arently (but not really) 
reduces dynamics to statics, and thus enables u.s to use our knowl- 
edge of statics to help in solving dynamical proldems. 

We have regarded “force” as a primitive concept in mechanics, 
and we shall not abandon that point of view. One must guard 
against logical confusion in accepting the following definitions, 
in which we use the conventional terms. Consider a particle of 
mass m, having at a certain instant an acceleration f. The 
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vet-tor mf i.-< called the “effective force” acting on the particle, and 
that vector reversed, i.o., -mf, the “reversed effective force.” 
Now con.'^ider a system (*S) of n jiarticles in motion, the re\erscd 
effective force on the fth [larticle being — m.fe Alongside the 
mental picture of this .system, think of another (S'), in which 
the particles are at rest at the same positions a.s they have 
liistuiitaneouslv in .S and are acted on by the same forces, external 
mul internal, as in S; in addition let there act in the statical 
systi'in N” a set of real forces identical with the re\-ersed effective 
fi)rc(-s of S. Now, by the etiuations of motion of the particles 

in *S. we liave 


P. - m,fi = 0, (f = 1, 2, 


ft), 


where P; is the real force on the ith particle in S; hence it follows 
that *S' is in statical eiiuilibhum, .since the total force on each 
particle is zero. Thus, we have D'Alembert's principle: The 
rrrersed effretive forces and the real forces together give statical 

(quilibrium. 

To deal with problems in plane dynamics, we introduce a 
fuiulamental plane to which the motion is parallel. Since the 
internal forces are plane-equipollent to zero, it follows that 
the external forces, together with the reversed effective forces, form a 
system plane-equipollent to zero. e recall that this means that 
the vector sum and the moment vanish. 

Kurcisr. 'I'tircp particles arc joined by light rods to form an equi- 

lateral triangle. If the triangle rotates in it.s plane about its centroid with 
pon.stant angular velocity, find the tcmjioiis in the rods. 


6.3. MOVING FRAMES OF REFERENCE 

In developing dynamics up to this point, we have assumed 

the existence of a frame of reference relative to which bodies 

% 

move in accordance with the Newtonian laws. To get accurate 
agreement between theoretical prediction and observation, we 
take for frame of reference one in which the mass center of the 
solar system is fixed and which has no rotation relative to the stai-s 
as a whole. For a slightly less accurate agreement in the case 
of experiments on the earth, we may take the earth itself as 
f rame of reference. 

We now raise the question: Knowing that a body behaves 
relative to a Newtonian frame of reference in accordance with 
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tlie laws and j)iincij)!<‘s discussed earlier, liow does a l)ody appear 
to behave when \ iewed from a fi'ame of roferenee mo\'inK lelatiN c 
to the Newtonian frame? 

Frames of reference with uniform translational velocity. 

I>et S be a Newtonian frame of ref- 
erence and S’ a frame of reference 
which has, relative to S, a uniform (i.e., 
unaccelerated) translational motion. 

(If S is the earth’s surface, S' might 
be a train running smootldy on straight 
tracks at constant speed.) We .sliall 
con.sider only two dimensions, but the 
argument can l)e extended to space 
immediateh'. 

In iS we take axes Oxy and in S' we 
take parallel axes O'x'y' (Fig. 66). Let tj lx* the coordinates of 
O' relative to O. Then 

(5.301) ^ = Mo, n = f'o, 

where uo, I’o arc tlic con.stant components 
of the velocity of S' relative to S. J.et .1 
bo the position of any moving particle; it 
has coordinates (x, y) relative to Oxy and 
coordinates {x' , y') relati\’e to O'x'y' . These coordinate.s are 
connected by the relations 


0 

Fio. iWi, — Frames of refers 
cure ill relative tnotiou witli- 
uut rotation. 



Fig. 07. — Composition 
of velocities. 


X = x' -b 

and, on differentiation, 

(5.302) X = x' + t 


1/ = y' + V, 


y — y'-^v- 


If we denote by q the velocity of A relative to S, bj' q' the velocity 
of A relative to *S', and by q© the velocity of S' relative to S, 

(5.302) may be expressed in the form 

(5.303) q = q' + qo. 

This is called the law of composition of velocities and is exhibited 
graphically in Fig. 67. 

Exercise. A man stands on the deck of a steamer, traveling east at 15 
miles per hour. To him the wind appears to blow from the south with a 
speed of 10 miles per hour. What is the true speed and direction of the 
wind? 
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Since f. 77 are constants. dilTei-ontiatiun of (5.302) gives 

( 5 . 304 ) y = y'> 

thus the ac-eioration n4ative to 5' is equal to the acceleration 
n-lative to .S, and this may he expressed in vector form as f 
rhus the hnv of motion 

(5.305) ^ 
mav also he written 

(5.300) 

:md so Nrwfon's law of motion holds in S' as well as m S 

From this we draw an important conclusion. Given one 
Newtonian frame of reference S, we can find an infinity of other 
Newtonian frames of reference, namely, all tho.se frames of 
ref<-rence which ha\-e a uniform motion of translation relative 

"in Sec 5 2 w<- saw that if a Newtonian frame exists— and of 
eonrse wc snppose that it <loes, since otherwise there would be 
no Newtonian mechanics— then the mass center of the solar 
system must have a constant velocity relative to it. I rom what 
has been shown abot e, it follows that we may change to another 
Newtonian frame in which the ma.ss center of the solar system is 
at rest. This is, in fact, the astronomical frame, to which we 

liavc referred heforc. 

If the earth i.*^ regarded a.s a satisfactory Newtonian frame 
of reference, then we must regard as etpially satisfactory the 
interior of any vehicle which moves over the earth with constant 
velocitv. This is in accordance with common experience: 
we are not conscious of the smooth uniform motion of a train when 
we are traveling in it; we become consciou.s of the motion only 
when the train lurches or brakes or rounds a corner. 

Frames of reference with translational acceleration. 

Let us now suppose that S is a Newtonian frame and that S' 
has relative to it a translational motion with constant accelera- 
tion. Then (cf. Fig. 66), we have 

(5.307) ? = V = 00, 

whei-e ao, 0o are constants. The relations (5.302) hold in this 
case also, and differentiation gives 

(5.308) X = x' + ao, y = f + 0o* 
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Let f, f' denote, respectively, tlie accelerations of .1 relative to 
S and «S', and let fo denote the acceleration of S' relative to .S; 
then (5.308) may be written 

(5.309) f = f' + fo. 

This i.s called the law of composition of accelerations. 

The equation of motion (5.305) now leads to 

(5.310) mf = P - mfo. 

Thus the Newtonian law of motion does not hold relative to S'. 
But we can say that the Newtonian law hold.s provided that we 
add to the true force P a fictitious force — wfo. 

As an illastration, consider an elevator doscondiiiK with constant accelera- 
tion /o. Relative to the elevator, everything takes jilaco as if the elevator 
were at rest and every parti<'le experienced an upward force m/u, where tn 
is the mass of the particle, in achlition to the downward force mg. The.so 
fictitious forces alter the reactions aniona the particlc.s constituting:; the 
human body, and so we are conscious ()f an ucceioration, even thouKh we 
cannot look ovitsidc our frame of reference. 


Frames of reference rotating with 

Let us now suppose that S is a 
Newtonian frame of reference 
and 5' a frame of reference ro- 
tating about a point O of iS with 
constant angular velocity <*>. 
Lot i, j be perpendicular unit 
vectors, fixed in S' (Fig. 68). 
Let A be a moving particle. 
(We may think of A as a fly 
walking on a rotating .sheet of 
cardboard.) Taking a.xcs Oxy in 
the po.sition vector of A is 

(5.311) r = xi - 

Now 


constant angular velocity. 



Fig. 08.— Rotating frame of 
reference. 

S', in the directions of i and j, 

h yj. 


(5.312) 


di 



and so differentiation of (5.311) gives, for the velocity of A 
(relative to »S), 

(5.313) q = f = (.t — 0)^)1 4 - (y -f. a>x)j. 
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Another ditl'erentiation gives, for the aeeeleration of A (relative 
to S). 

(5,31 1) f = q = — 2wi/ — aiV)i + (y + Swi — 

Tims, if A', y are tl»e eomponents of true foree in the directions 
of i. j, respoetivcly. we have the equations of motion 

(5.315) nK-c - 2a)j/ — w-x) = X, ni{y + 2wx - oi-y) = Y- 
'riiese may also be written 

(5.3U)) »ix = A' + A'' + A'", my =; 1 + 1 +1 , 

wlu’r(‘ 


(5.317) 


I A" = 2mo}y, 1" = -2 


mcox 


] A’" = 




1 '" ^ 


Tims \\v may say that the particle mores relative to the rotating 
jrame of reference in arcordn/icc with Newton's law of motion, 
provided that we add to the true force the fictitious forces {X', Y'), 

(A"', r"). 

The fictitious force (A", I*') is called the Coriolis force. Its 
magnitude is proportional to the angular velocity of S' and to 
the speed r/ of the particle relative to 5'; its direction is per- 
pendicular to the velocity q' relative to S', and is obtained from 
tlie direction of q' by rotation through a right angle in a sense 
opposite to the sense of the angular velocity (Fig. 69). The 



O 


Fio. 69. — Centrifugnl force uiid Coriolis force in a rotating frame of reference. 

hetitious force (A", 1'") is called the centrifugal force. Its 
magnitude is proportional to the square of the angular velocity 
of S' and to the distance of the particle from the center of rota- 
tion; it is directed radially outward from the center of rotation. 

The frame of reference which we employ in ordinary life is the 
earth. It rotates relative to the astronomical frame with an 
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juiKnhir velocity of 2ir radijins i)er day, or 7.27 X 10“^ radian 
per second. This is a very small angular velocity, and hence the 
Coriolis force and the centrifugal force arising from the earth'.s 
rotation are not noticeal)le in onr daily lives. They are imi)or- 
tant geograj)hicall>', ho\V(‘\ er; the centrifugal force is responsible 
for the etpiatorial bulge on the earth, and the Coriolis force is 
responsible for the trade winds. 

Wlien frames of reference turning rapidly relative to the earth 
are employed, these fictitious forces may assume serious j)ro- 
portions. Thus, in an airplane turning in aerial combat or 
coming out of a dive, centrifugal force may be much greater 
than the force of gravity. 


Statical effects of the earth’s rotation. 

In Sec. 3.1 we gave an introductory discussion of the force 
of gra\’ity and the weight of a body near the earth’s surface, 
leaving the earth’s rotation out of account, i.e., treating the 
earth as a Newtonian frame. We now see that it may ind(‘ed be 
so treated provided that the proper fictitiou.s force.s are added. 
If we deal only witli statical problems, i.e., those in which the 
system is at rest relative to the earth, tliere is no Coriolis force, 
and so the only fictitious force is centrifugal. The “weight” 
of a i>article is the resultant of the force of gravity and the 
centrifugal force, instead of being merely the force of gravity 
alone. Thus the weight of a particle is proportional to its mass, 
and the theory of Sec. 3. 1 is valid provided that we understand by 
mg the weight a.s just defined. 

We shall now bring our theory still closer to reality by taking 
a more accurate model of the earth. As a fii-st crude approxima- 
tion, the earth may be regarded a.s a sphere of radius R, where 
R = 3960 miles. More accurately, it is an oblate spheroid with 
an equatorial radius of 3963 miles and a polar radius of 3950 
miles. This is the model which we shall accept for the present 
discussion, and we shall assume that the model rotates about its 
polar axis with constant angular velocity Q. 

In Fig. 70, SN is the earth’s axis, A any point on its surface, 
and AB the perpendicular dropped on SN. The gravitational 
attraction of the earth on a particle at A acts along some line 
AC which intersects SN\ its magnitude is proportional to the 
mass m of the particle, and we shall denote it by mg'. The 
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cciitfifuKal force is <lircct('<l alfuig HA, nnd its rnaKJiit'Hlo is 
mpV.-, where p = HA. 

In or<l<'r that the particle may reinaiii in ecpiilihrimn relative 
t<) the earth, a third force must he api)lied to halanee the Riavita- 
tional force and the centrifugal force. This force must lie in 
the plane AHC, and its magnitude mu.st 1)0 proportional to m. 

We denote it by mg; it may be sup- 
plied by the tension in a string or 
plumb line, or by the reaction of a 
smooth plane. \N'e define the vertical 
A V at A as the direction of this force 
and the horizontal plane HAH' as the 
plane perpendicular to it. 

We now ask: As we range over 
the earth’.s surface, what is the rela- 
tion between g and g', and what is 
the inclination of the vertical to the 
direction of the gravitational force? 

The astronomical latitude X is de- 
fined as the elevation of the astro- 
nomical pole above the horizontal 
plane, i.e., the angle between SN and H'AH, or (eciuivalently) 
the angle between BA and AT. Let us denote by 9 the angle 
between CA and .1 V'. Resolution of force.s along and perpendic- 
ular to AC gives as conditions of equilibrium 



Ki(i. 70. — Plumb line on 
rotating earth. 


the 


(5.318) 


j g' = g cos 9 + pU‘ cos (X — 9), 
I g sin 9 = p^' sin (X — 9). 


Now the ratio p9A/g is small; hence 9 is small, and cos 9 differs 
from unity by a small (|uantity of the second order. To the 
first order of small (piantities, we have 


(5.319) g' = g pin X, 9 = sin X. 

0 

The terms involving are small, and to our ordei* of approxima- 
tion we are entitled to replace p and X by approximate values. 
Now X is api)roximately equal to the angle BAC, and so 

p = CA cos X, 

approximately. According to a well-known law of hydro- 
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.statics, the surface of the ocean must be tangent to the horizontal 

plane; in fact, .11 i.s normal to the surface of our model of 

the caifh. Thus, since d is small. C.-l i.s very nearly normal to 

this surface, and so CA = R approximately, where R is the 

radius of the earth in the fii^t crude model. Hence fS.SlQ) may 
l)e \\’ritten 


f5.320) 

(5.321) 


g' = g A- R9.- co.s2 X, 
Ril- 

^ ~ sin X cos X. 


Thus we can find the gravitational intensity g' in terms of 
measurable quantities, g being measured by means of a pendulum 
(cf. Sec. 0.3). Theoretically, g is given by a measurement of 
the tension in a plumb line, but this is not a practical method 
At the North and South Poles, g = 983 cm. sec-^; at the 

Equator, (7 = 978 cm. sec Equation (5.321) gives the deviation 

of the plumb line from the direction of the gravitational force; it 
i.s a maximum at a latitude of 45®. 

Other effects of the earth’s rotation will be' treated in Sec. 13.5 

6.4. SUMMARY OF METHODS OF PLANE DYNAMICS 
I. Equations of motion of a particle. 

(5.401) wff = p (vector form); 

(5.402) m.r = X, mij = Y 


(resolution along tangent 

and normal); 
r‘-6 = const. (central force). 


(Cartesian coordinates); 

(5.403) jnq = P,, 

p 

(5.404) m(r - r6-) = R, 

II. Principle of angular momentum for a particle. 

(5.405) 
where 

h = m(xy - yx) = mr^. 

III. Principle of energy for a particle. 

(5.406) f = 
where 


T = = \m{x^ + ^2), 

(5.407) T A- V = E 


W = work done; 
(conservation of energy). 
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IV. Principle of linear momentum for a system. 


(5. U)8) 



\vlioro 


(5.101)) 


n 







(motion of ma.ss center). 


V. Principle of angular momentum for a system. 

(5.110) fi = N, 


w lie 10 


»(.(j-.j/. - A' = moment of external forces. 

i » 1 

('['his holds with respect to a fixed point and with respect to the 
mass center.) 

VI. Principle of energy for a system. 

(o.-Ul) = 


/, = X 


where 


(5.412) 


n 

T = done; 

S « \ 

q' ^ y = E (conservation of energy). 


VII. D’Alembert’s principle. 

Tile reversed effective forces (-iH.fd and the real forces 
together give statical equilibrium. 

VIII. Moving frames of reference. 

(i) A frame of reference having a translation with constant 
velocity relative to a Newtonian frame is also New’tonian. 

(ii) .V frame of reference having a translation with constant 
acceleration f relative to a Newtonian frame may be treated as 
Newtonian if a fictitious force -ttif is applied to each particle. 

(iii) A frame of reference rotating with constant angular 
velocity w relative to a Newtonian frame may be treated as a 
Newtonian frame if to each particle there are applied two 
fictitious forces: 


Coriolis force with components (2m<ay, — 2m«x), 
Centrifugal force with components (mw-x, m«^). 
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EXERCISES V 

1. At a certain in.stant, a particle of inasji ni, moving freely in a vortionl 
plane under «raviiy. is at a height A aimve the prouiul and has a speed q 
Use the principle of enerpy to find its speed when it strikes the pround. 

2. What is the least nuinher of rcvohil ions per minute of a rotatinp drum. 
2 feet m internal diameter, in or.ler that a stone placed inside the drum may 
he earned ripht round? Assume that the contact hetween the stone and 
the drum is rouph enoupli to prevent slidinp. (1’he reaction of the drum on 
tho stone must bo direrted inward.) 

3. A skier, startiiiR from rest, descends a slope 1 17 yards long and inclined 

at an angle of siir- to the horizontal. If the coefficient of friction 

hetween the skis and the .snow is I, find his .speed at the liottom of the slope 

If the skier with his equipment weiph.s 200 Ih., how much enerpv is dissipated 
in oy<!reoming fri<-tion? 

4. A head of ma.ss in slides on a smooth wire in the form of a parabola 

with axis vertical and vertex downward. If the head starts from rest 

at an end of the latus rectum (of length 4a), find the speed with which it 

pa.sses through the vertex. Find also the reaction of the wire on the head 
at tliis point. 

6. A heavy particle n*sts on top of a smooth fixed sphere. If it is slightly 

displaced, find the angular distance from the top at which it leaves tlie 
surface. 

6. Two harges of masses wi,. at a distance d from each other are 

connected by a cable of negligible weight. One barge is drawn up to the 

other by winding in the cable. If neither barge is anchored, fiml the distance 

through which each barge moves. (Neglect any frictional effei-ts due to the 
water.) 

7. An airplane with an air speed of 120 miles per hour .starts from A 
to go to H which ks northea.st of A. If there is a wind blowing from the 
north at 20 miles per hour, in what direction mu.st the pilot point the air- 
plane if he wishes to g<» in a straight line from A to B? 

8. A heavy particle is suspended from a fixed point by a light .string of 
length o. If the string would break under a tension equal to twice the 
weight of the particle, find the greatest angular velocity at which the string 
and particle can rotate a.s a conical pendulum without'the string breaking 

9. A steamer sailing cast at 24 knots is lOOO feet to the north of a launch 
which IS proceeding north at 7 knots. Find the shortest subsequent dis- 
tance between them if these courses arc maintained. Draw rough dia- 
grams, showing 

(i) the tracks relative to the water, 

(ii) the track of the steamer relative to the launch, 

(iii) the track of the launch relative to the steamer. 

10. An automobile travels round a curve of radius r. If h is the height of 
the center of gravity above the ground and 2a the width between the 
wheels, show that it will overturn if the speed exceeds V^h, assuming no 
side-shpping takes place. 

11. Everj' second n gas molecules, each of mass m, strike the side of a 
box. Use the principle of linear momentum to find the force required to 
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tlic si.ir of flu' box in pinro. assumiiiR that inu-h inolorule has tlie same 
spe«-(l 7 l>efore ami after hittitm the side and that the molecules move at riRht 
ar.Rles to the side. Kxplain precisely what dynamical ‘system” you use. 

12. Kxplain liow a man .standiiiR on a swinR can increase the amplitude 
«.f tlie o.seitlations l.y crmiehitiR and standing up at .suitable times. 

13. .\ liclit slriiiR is attarhe<l to a fixed point O atid carries at its free end 
a particle of ma.<s m. 'I'he particle is describiiiR complete revolutions about 
(} umler gravity, ami the striiiR is just taut when the particle is vertically 
above O. I-'ind the ten.^ion in the string when in a horizontal position. 

14. Show that, if an airplane of ma.ss M in horizontal fiiRht drops a bomb 
of mass m, the airplane expcTiences an uiiwartl acceleration rng/M. 

16. particle of mass 2 lb. moves on the axis Ox under a force (2 — x*) 
poundals. wliere x is mea.sured in feet. If initially the particle is at re.st at O, 
find tin* position where it will aRain be at rest. Where will the kinetic 
enerny of the particle be a maximum, and what is this maximum kinetic 
eiierRN’ e\pres.M*d in ft. lb. wt.? 

16. .l.'^suminR that a skier keeps hi.s IcRs and body .straight and neglectinR 
fri<’tion ami air resistance, .show that he must keep his body perpendicular 
to the slope of a hill in order that he may preserve his balance without 
suiiport fnun the forward or rear ends of his skis. Clive a general discussion 
of the proper «lirection for his boily when friction and air resistance are 
taken into account. 


17. .\n ice fl«>e with mass 500,000 tons is near the North Pole, moving we.st 
at the rate of miles a da\-. NeRleeting the curvature of the earth, find the 
inaRmtiide ami direction of the Coriolis force. Express the magnitude in 
ton.s wt. 

18. .\ particle moves in a smooth straight horizontal tube which is made 
to rotate with constant angular velocity « about a vertical axis which 
intersect.s the tube. Prove that the distaimc of the particle from the axis 
is Ri\ cn by 


r = + «*>-«', 


where A and li are constants dci>cnding on the initial position and velocity 
of the particle. 

If when t = 0 the particle is at a <listance r = a from the axis, what 

velocity must it have along the tube in order that after a very long interval 

of time it inav he verv close to the axis? 

% % 

19. .\ loop of string is spinning in the form of a circle about a diameter of 
the loop with constant angular velocity. Neglecting gravity, prove that 
the mass per unit length of the string must be proportional to cosec* d, 
6 being measured from the end of the diameter. 

20. X particle moves with constant relative speed q round the rim of a 
wheel of radius a\ the wheel rolls along a fixed straight line with uniform 
velocity V. Taking the wheel as frame of reference, find the CoriolLs force 
and the centrifugal force. Indicate them in a <liagram. 



CHAPTER VI 


APPLICATIONS IN PLANE DYNAMICS— MOTION OF A 

PARTICLE 

6.1. PROJECTILES WITHOUT RESISTANCE 

Tlie science of haUislict; is concerned \\ith the motion of projec- 
tiles. The theory of the explo.sion of tlie charge and tlie motion 
of the projectile in the barrel of the gnn belong to interior ballis- 
tics, with which we shall not be concerned. After the projectile 
leaves the barrel of the gun, it moves under the influence of 
gravity and the resistance of the air; the purpose of exterior 
ballistics is to predict, from given muzzle velocity and angle of 
elevation of the gun, the path or trajectory of tlie projectile. 

On account of the complicated nature of the resistance of the 
air, an accurate mathematical prediction is not pos.sible. The 
greatest difficulties arise from the fact that the projectile is of 
finite size. To avoid these, we regard the projectile as a particle. 

In the present section, we shall make a further and much more 
drastic .simplification; we shall a.ssume that no resistance is 
offered by the air. We cannot claim that the theory based on 
this hypothesis gives results of much practical value in ballistics, 
except in the ca.se of projectiles thrown with small velocities.* 

The parabolic trajectory. 

Let Oxy be rectangular axes, Ox being horizontal and Oy 
vertical, directed upward. The eciuatioiis of motion of a particle 
under the influence of gravity are 

(6.101) mx — 0, my = —mg. 

Integration gives 

(6.102) X = 'Uof y “ vq — gt^ 

( 6 . 103 ) X = Xa+ Uot, y = ya + Vot - ^gt^, 

where Xq, ya, uo, Vo are constants of integration. It is evident 

*Cf. C. Cranz and K. Becker, Handbook of Ballistics (H. M Stationery 
Office, London, 1921), Vol. I, p. 17. 
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that (xo. yo) tho pt)sition and (»«>, <'n) the velocity, both at 
tiimW = 0. Thooqnations (G. 103 ) give the path, or trajectory, of 

the particle. 

()l)viou.';ly, at a certain instant (f = Va/g), we have y = 0, 
so that at that instant the velocity is horizontal. Now the origin 
O and the instant from which / i.s measured may be chosen as 
we please. Let us choose 0 at the point where the velocity is 
lioi'izoiital and m(*asure I from that instant. Fhen we ha\e 

(0.104) for / = 0, X = y = 0, y = 0. 

Substituting in (0.102) and (0.103), we obtain 

x„ = y.) = 0, e« = 0, 

and so the e(iuations of the trajectory become 

(ti.lOo) X = nd, y = -hsf'- 

l*:iimination of t gives the equation of the trajectory in the form 

yx- 

(0.100) 

a parahola with its vertex at the origin (Fig. 71). 

The focus /•' of the parabola is situated at a di.stance a = ^ul/g 
below the vertex, and the directrix L i.s at the .same height above 

the vertex. At any point on the 
trajectory the speed q is given by 

(0.107) = ul+ gH^- 

= Wo — 2yy = 2y(a — y); 

thus the speed at any point P on the 
trajectory is equal to the speed ac- 
quired in free fall to P from rest at 
the directrix L. 

From this it follows that, when 
a projectile is fired from a point 
P with speed yo, the directrix of its parabolic trajectory is 
at the greatest height reached by a second projectile, fired 
straight up from P with th.e .same speed yo. In particular, we 
note that all trajectories obtained by firing projectiles at various 
inclinations in one vertical plane, but with a common initial 
speed yo, have a geometrical property in common, namely, a 
common directrix. 


y 


a 



Kio. 71. — Parulmlio trajectory, 
with focus vortex O, and 

directrix L, 
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The axes sliown in Fig. 71 are the simplest for the cliseus.sion of 
pneral properties of the trajeetory. But in ballistic problems 
it is preferable to take the origin at 
the point of projection and measure 
the time from the instant of firing 
72). 

If a is the inclination of the initial 
X’elocity to the horizontal, we have, 
as in (().1()2) and ((5.103), 



(G.108) / a)f, 

I 1/ = Ujn sin a)t — ^gt-. 


0 X 

Fk:. 72. — PanihoJif trajectory 
referred to the point of pro- 
jtM'tion. 


The projectile strikes the ground when y = 0, that is, when 


(0.109) 

then 

(G.IIO) 


4 2^0 . 

t = — Sin a; 
9 


X = — .sin 2a. 
9 


1'his is the range of the projectile. We note that it is a maximum 
(for given ^o) when a - 45®. 

The gi-eatest height attained by the projectile is obtained by 
putting i/ = 0. Then, by (G.108), 

(G.lll) 


4 7 <> • 

t — — sin a, 
9 


y = ^ sin'-' a. 



Limits of range. 

Let us suppose that a gun gives 
to a projectile a muzzle x elocitj" 

(Jo. The gun can be pointed in 

any direction. Wl.at region in 73._c„„s, ruction tor the 

space can be reached by the pro- foci of the two pambolic trajectories 
jcctile? ' pajjsing through P. 

The question may be answered analytically, but the most 
elegant solution is geometrical. 

Wc may confine our attention to one vertical plane through 
the gun. which is at O in Fig. 73. First we ask: Where is the 
focus of the trajectory passing through an a.ssigned point PI 
The answer is given by the following construction: 
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Draw the directrix L, at a heijjht W^/g above 0. Draw the 

,i,< le C. with center O. touching L at .1. Since O is a PO'^t on 

the parabolic trajectory, the focus must he at a distance OA 

from O, and so it must he on 

^ Co. Similarly, if the circle C 

^2 is drawn with center P to 

touch L, the focus must He 

on C also. Hence the focus 

A must lie at an intersection of 

the circles Co and C. In gen- 

//- eral, tliere will be either two 

^ Q ^ yf intersection, Fi and 

j.-,,; 74. — i»:,riitK)ioitliil region within oi- noiic. In the former 

case, P is within range and/'^i, 

are the foci of tin* two trajectories through it. In the latter 

case, P is out of range. 

If P is at the limit of range, the cireies Co and C touch. 1 hen 
P is etiuidistant from O and a horizontal line Li, drawn at a height 
twice that of L, i.e., at a height gl/g. Thus the locu.s of P in 
space is a parabttloid of revolution, having 0 for focus and .1 for 
vertex (Fig. 74). All points inside this paraboloid are within 
range, and all points outside it are out of range. 


6.2. PROJECTILES WITH RESISTANCE 


General equations. 

We turn now to the more pr 
exerhs on the projectile (still n 



actiral problem in which the air 
garded as a particle) a force R 
acting in a direction opposite to 
the velocity (Fig. 75). 

In resolving forces and accel- 
eration in order to obtain equa- 
tions of motion in scalar form, 
we have a choice of two pro- 
cedures: (i) resolution along 
horizontal and vertical direc- 


Via. 75. — The forces actinic on a 

project ile. 


tions, and (ii) resolution along 
the tangent and normal to the 


trajectoiy as in (5.103). 

Denoting by 6 the inclination to the horizontal of the tangent 
to the trajectory, we obtain by (i) the equations 
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(G.201) 7nx = —H VOS 0, mi/ = —H .><in d — mg. 

Denoting by p tlie radiu.s of curvatiiro of the trajeetory, we 
obtain by (ii) tlie equations 

(6.202) = -R - mg sin 6, = mg cos d, 


where q is the speed and ds an element of arc of tlie trajectory. 
The equations (6.202) are, of course, only a different mathe- 
matical expression of (6.201). 

The resistance experienced by a given projectile depends on its 
speed and on the density of the air. Regarding the air as 
stratified into horizontal layei-s each of constant density, so that 
the density is a function of y only, we may expre.ss R in the form 

{«-203) If = R(y,q), 

to .show that it is a function of y and q only. 

Since 


(6.204) Cos 0 = -. sin 6 = -> 

U q 

we may write (0.201) in the form 
(0.205) X = -4>x, y = 

where is a function of y, q, namely, 

(0.205) q) = 

mq 

The mathematical problem of the determination of the 
trajectory is made much more difficult by the fact that there is no 
physically valid formula expressing R as a function of q. For 
small values of q, R varies as q-, but this simple law breaks down 
before we reach those velocities which are of interest in ballistics. 
For low ballistic velocities, R varies as but this law again 
breaks down when the velocity of the projectile approaches the 
velocity of sound. The law of dependence is then complicated 
and can be represented only graphically or by tables of values 
obtained experimentally. Hence, we must not expect to find any 
simple formulas for trajectories. In general, (6.205) must be 
integrated by a tedious process of step-by-step numerical integra- 
tion. The differential equations are integrated approximately 
over small intervals of time; the errors due to approximation 
become insignificant when the intervals are very small. 
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The difficulties involved in the above method lead ^ 

what we so (.ffn do in applied mathematies-.eplace the eom- 
plieated physical p.<.hl.-m by one that is simpler ni«themat. eallv 
'I'hus we shall confine our attention below to the case w hi 
indep'endent of ,/ and devote particular attention to the cases 

wluTO N'urios as q- or as q. 

Resistance independent of height. 

If the resistance depends on the speed only, so that 7? = /?(?), 
the problem is most easily attacked by means of ((5.202). Let us 

write 

{(i.2()7) 

for convenience. Noting that 9 decreases a-s the arc lenf^h s 
increases, we have p ds/</e, and elimination of ds from 

((>.202) gives , ^ • ,1 

1 (Iq <i>i q) + s^tn 6 

(0.208) ^ f{Q ~ cos 6 

This is called the cqnalion of the hodograph, since 9 , 6 are the polar 

coordinates of a point on the hodograph. 

If we can solve ((>.208), all desired information about the 

trajectory may be obtained by quadratures. By (G.202), we 
have 


(6.209) 


1 dx 

dx ds 

— P COS 

0 = - 

1 

ds dd 


g 


dy ds __ 

— p .sin 

7 ^ tan 

e = - 7 — — 

de ■ 

ds de 


g 

dt 

dl ds _ 

_ P _ 

q sec e 

Te 

ds de 

9 

g 


Let us suppose inai. uie piijjrviuci i.-> — o-- 

t = 0 with speed qt, at an angle of elevation $ 0 . Let 

((>.210) . U = 

be the solution of (G.208), supposed known. Then integration of 
(G.209) gives 


y = - i r tan « 1/(9)]^ de, 

g Jeo 

= - If! 


l 


( 6 . 211 ) 
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These equations express x, y, t as functions of one parameter d 
and so determine tlie trajectory. 

But we cannot use (6.211) until the function f{d) is known, 
i.e., until the differential equation (6.208) is integrated. If the 
function is general, the integration of (6.208) cannot even be 
reduced to cjuadratures. For some special forms of <t>{q) the 
integration can be reduced to quadratures, and in some cases the 
solution f{e) can be expressed in terms of elementary functions. 
We shall consider below the case = Cq-, but bebire making 
this special choice of 4 , we shall transform (6.208) by changing 
to a new independent variable defined by 

tanh if' = sin 6. 

It is easily seen that (6.208) transforms into 

Resistance varying as the square of the velocity. 

Let us take the law of resistance to be 

(6.213) li = mg4>(q), <i>(q) = Cq‘^, 

where C is a constant. Division of (6.212) by -^q^- gives 

^ (^) = - ^ ^ - 2C; 

this is a standard type of eciuation, with solution 

(6.215) i = sech^ ^ (.4 — 2C / cosh^ ^ d^) 

= cos^ 0 [.-1 — C tanh“‘ (sin ^)] — C sin d, 

where 4 is a constant of integration, to be fixed by the initial 
conditions. 

Theoretically at least, the equations (6.211) now determine 
the trajectory, /(0) being the reciprocal of the square root of the 
right-hand side of (6.215). But it is evident that the calculations 
involved are very complicated. 

When the projectile moves in a vertical line, the problem 
is much simpler. The y-axis being directed vertically upward, 
the equation of motion is (for 7? = mgCq^) 



1 50 

(0.210a) 

(0.210b) 

Since 
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y = - 3 

y = gCi,'^ - g 
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for motion upward; 
for motion downward. 


wo have 
(0.217a) 

(0.217b) 


. dy 


- = -g dy 

= -g dy 

\ -C<r- 


for motion upward; 
for motion downward 


'rhus. on integration. 

(r,.218n) !/= - 2gC '' + 

(( 1 , 2181 .) y = 2gC 

whore A, A' are constants of integration. 

us ronsi.lcr lw<> sporiiO rases, .•..rrosiKinding to (a) a shell fired verti- 
eallv upwanl. and (b) u bomb dropped verUcally downward. 

(«) Lt q. be the initial velocity ..f the shell, hred from y » 0. Then, 

l)V (f).2l8<0, we have 

1 + Cql 


\ 


(6.219) 


y = 


loc 


2 yr " 1 + Cy- 

'flic heiRht h to which the shell rises is found by putting y = 0; thus, 


( 6 . 220 ) 


k - — -t; log (1 + TgJ). 

2y( 


If the resistance \s small, this gives, approximately, 


( 6 . 221 ) 


9 9 


in which the fir^t term U the well-known expression for height attained under 

(6) Let the bomb be dropped from y = 0 with no velocity. Ihen 
(6.2186) gives 




( 6 . 222 ) 

y being, of course, negative. When the bomb has dropped a distance h. 
we have 


log (I - ry*) = ~2gCh, 
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and lionc-e its spoed is 
(fi.223) q = \j\. 

As k tends to infinity, q tends to C-i. This is the limilirtg velocity; its 

(6.224) f-J = q \/ing R, 

wliere R is the resistance at any speed q. 

Relations coiuieeting y and I may lje obtained from (6.216) by integration. 

Resistance varying directly as the velocity. 

Although the law of resi.<tanre 

(6.225) R = nigCq 

is not accurate physically, it is so simple to treat mathematically 
that it is a useful appro.ximation— at least an improvement over 
the assumption of no resistance at all. 

luining back to (6.206), we note that <i> is now a con.stant 
= gC), ami the equations (6.205) are easy to handle, because 
the variables x and y are se[)arated. W'e obtain, on integration, 

( ^ = Xo + ^ (1 - c-*0. 

(6.220) { /V 

( » = yo - + (^” + |5^(l - e-*'), 

where Xo, yo arc the coordinates and mo, t'o the components of 
velocity for t = 0. 

When ^ is small, these e(juations yield approximately 



(6.227) 


.f a- = To + Mo/ - ^i»Mo/% 

I y = yo + vot - - ^4>co/= A 



in which the terms independent of <I> correspond to the parabolic 
trajectorj'. 


6.3. HARMONIC OSCILLATORS 
The simple pendulum. 

A simple pendulum consists of a heavy particle attached 
to one end of a light rod or inextensible string, the other end 
of the rod or string being attached to a fixed point. We con- 
■sider only motions of the pendulum in which the string remains 
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,n n cichnito vertical plane. In Fig- 7(i. B is the point of attach- 
ment and .4 is the particle {of mass m), drawn aside from its 

position of equilibrium O. Oxy arc rec- 
tangular axes in the plane of motion, Ox 
being horizontal. 

The particle moves under the influ- 
ence of two forces: (i) its weight mg, and 
(ii) the tension S in the string. Since .S’ 
act.s along the normal to the circular path 
of the particle, it is clear that the dy- 
namical problem presented by the simple 
pendulum is preci.sely the same as that of 
the motion of a particle on a smooth 
* circular supporting curve, fixed in a ver- 
tical plane. 

Let AB = I, OB A = 6; then 



0 


I mg 

Fig. 7().— Tho aiiiipk* i>cii- 
(luluill. 


cos 0 = ^ 




sin ^ ~ T' 


(0.30 1) 

where x, ij are the coordinates of A. The ecpiations of motion 


arc 

((>.302) m.r = -.S sin 0, my = S cos 0 - mg. 

Let us investigate small oscillation.s about the position of 
ecpiilibrium, assuming x and its derivatives to be small. Then 
y and its derivatives are small, of the .second order, and co.s 6 
dilYei's from unity by a small (jiiantity of the second order, 
'riius, to the fii-st order inclu.sive, the second of (6.302) gives 

((■>.303) S = mg, 

and substitution from this and from (6.301) in (6.302) gives 


(6.304) 


X + p-x — 0, 



The general solution of this differential equation is 

(6.305) X = A cos pt + B sin pt, 

where A , B are constants, to be determined by the initial condi- 
tions. A motion given by an equation of this form is called 
dimple harmonic. 

Differentiation of (6.305) gives 

(6.306) X = —Ap sin pt -L Bp cos pi. 
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e note tliat x and x have the .same pair of values at times 

fi + 27 . /i + Sr, ■ ■ ■ 

where ti is arbitrary, and 
((3.307) r = - = 2 t^£- 

p Mg 

W'hvii the position and velocity of a particle are repeated over 
and over again at equal intervals of time, we .say that the motion 
is periodic; the interval is called its periodic time. Hence tlic 
above motion of a simple pendulum is periodic, with periodic 
time given by (6.307). 

In Sec. 13.2 the finite oscillations of a pendulum will be 
discu.ssed, and it will be found that the finite oscillations are 
periodic but not .simple liarmonic; the formula for the periodic 
time is different. 


The harmonic oscillator. 


The simple pendulum, executing small oscillations, is only 
one physical example of a type of dynamical system of fretiuent 
occurrence. Many problems of o.sciIlation can be discussed 
in a single mathematical form; .so we create a single mathematical 
model for them all. This model 
is called the harmonic oscillator 
(Fig. 77). 

The harmonic oscillator consists 


2 

mp X 


t 

0 




1* IG. 77 .—Tile harnionio o^icillatoi 


of a particle which can move on a straight line, which we shall 
take for j-axis. It is attracted toward the origin by a controlling 
force varying as the distance. The component of this force in 
the positive direction of x may be written — mp^x, where m is the 
ma.s.s of the particle and p is a constant. The equation of motion 
is 


(6.308) mx = —mp"^!, 

or 


(6.309) .f + p^x = 0. 

The general solution of this equation may be written in the form 
(6.305), that is, 

((3.310) X - A cos pt A- B sin pi, 

so that the motion is simple harmonic. 
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I.('t us now define constants a. « by the equations 

(().3U) 


a = y/' A - 4- B-, 




B 


COS e 


— - f 


sin c — — 


VA' + B- 


\/* 4 - + 52 


'Dien (0.3 10) may be written 

(0.312) X = a cos (pt + e)- 

\Ve obser\e that x covers the range (—a, a) and that the motion 
is periodic with periodic time 27r/p. The following terminology 
is used in connection with the harmonic oscillator: 


amplitude = a, 

period or periodic time = t = 27r/7^, 
frequency = number of oscillations per unit time 

= I/t = p/27r, 


phase = p/ + «. 


Effect of a disturbing force. 

Let us now suppo.se that, in addition to the controlling force, 
there acts on the harmonic oscillator a force whose component 
in the positive direction of the r-axis is mX. The equation of 
motion (0.308) is now modified to the form 

(0.313) tnx = -mp-x + niX, 


or 

(0.314) j + p2x = A’. 

First let us suppose that A' is constant. The general solution 
of (0.314) is then 

(0.315) X = —2 + a cos (pt + e). 

This motion is simple harmonic, but the center of the oscillations 
is displaced to the position x = X/p-, as is seen by writing 
(0.315) in the form 

Y 

(0.316) X — ^ = a cos (pt + «). 

When the oscillation or vibration has a high frequency, so that p 
is large, the displacement of the center is small. 
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Lot us now suppose thnt X is itself simple harmonic, varyins 
acroi'dintf to the formula 

(().;} 1 7) A' = k cos ft. 

where k, c arc constants. Then the eipiation of motion (6.314) 
reads 


(6.318) Jr + p-i = k cos ct. 

In the general case where c p. the solution is 


(6.319) 


X — a cos (p/ + <) -f T, cos ct, 

p- — 


where a, « are constants, to be determined by the initial condi- 
tions. Thus the motion is a superpo.sition of an undisturbed 
simple harmonic motion and a second motion; the latter has the 
same period a.s the force, and an amplitude which becomes large 
wlien the diffenuice between the peiiods of the free oscillator and 
the disturbing force becomes small. The great increase in the 
amplitude of the oscillations under this last condition is called 
resonance. We shall discuss it again below, taking resistance 
into consideration. 


Damped oscillations. 

Let us now .suppose that, in addition to the controlling force, 
there acts on the particle of a harmonic oscillator a force of 
lesistance proportional to the velocity, called the damping force. 
The component of this force in the positive direction of the x-axis 
may be written —2mfiX, where n is a positive constant. The 
eejuation of motion (6.308) is modified to 

(6.320) mx = —mp^x — 2m^x, 
or 

(6.321) X H- 2Mi- + p^x = 0. 

Now, 

(6.322) X = Ce"' 

will satisfy this equation provided that n satisfies the character- 
istic equation 

(6.323) 


n- -h 2^n -f- p- = 0. 
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'I'his equation has two roots, wliich may be real or complex; 
they are 

(<).32-i) /It, /i2 = —A* ± y/ — P~- 

Lot us define a real positive number I by 

(0.325) I = VIm' - P% 

the sIkh I I indicating absolute value. We hav'e then two cases 
to discuss: (i) light damping, ti < p‘, (ii) heavy damping, n > p. 
Case (i) Light damping (m < p)- 
In this case. 

(0.320) /ii, «2 = —M ± il, 

and the general solution of (().321) is 
((>.327) j = + C-.c*-"-''’*. 

'I'his may be writteit 

(0.328) X = e“'“(-4 cos U B .sin It), 

where 

(0.329) A = Cl + C3, B = /(Cl — C2). 

Since, for physical rea.son.s, we are interested only in real values 
of X, it is evident that, although the differential equation i.s 
satisfied by (0.327) with Ci, C2 complex constants, we should 
adopt as our final solution (0.328) with real con.stants A, B. 
These may be chosen to satisfy the initial conditions, i.e., to give 
assigned values to x and x for i = 0. 

The motion given by (6.328) may also be written 

(6.330) X = 06“*“ cos {U + e), 

where o, € are constants chosen to fit the initial conditions. 
This is not a simple harmonic motion, not being of the form 
(6.312). The factor c""' indicates a general decay of the oscilla- 
tions, X tending to zero as / tends to infinity. 

By changing the instant from which t is measured, we can get 
rid of € in (6.330), obtaining the simpler expression 


(6.331) 


X = ae~>‘‘ cos It. 
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On plotting as a function of f, \vc obtain tlie graph shown in 
Fig. 78. (The graph of the simple harmonic motion 

X = a cos U 

is a cosine curve, resembling the above curve, except for the 
latter’s tendency to die away.) The curve of (0.331) should be 
compared witli the curves 

{6.332a) X = ac~**', 

(6.3326) z = 


X 



Fig. 78. — Position-time graph for a lightly damped hnnnonic oscillator. 

also shown in Fig. 78. It is easily seen that (6.331) touches 
(6.332a) and (6.3326) at 

(6.333a) t = 

(6.3336) ( = 

respectively, n being any integer. 

We may regard (6.331) as a harmonic motion with decaying 
amplitude, given by ae-^‘. But the following is a more accurate 
description. 

The maxima and minima of (6.331) occur at instants t = t„, 
where 


tan a = 



(6.334) 


Un = nv — a, 
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11 Ix'ing any integ('r. The comn^on interval is 
((>.335) " 7- 

thus 2TTil may he refeireci to a.s the period of the oscillations. 
'I'he values of x corresponding to ((>.334) are 

({).33(’>) -r. = (-!)"«<'-»"' cos a. 

3'hus successive values are connect<‘d hy 


((>.337) 


^ \ 






'I'he ratio of successive 
value. 

((>.338) 


swings to opposite sides is, 



in absolute 


It is usual to define the logarithmic dccrnncnl of the damped 
(>s<‘illatiun as the logarithm of the reciprocal of this ratio to base 
U); its value is (ir^//) logto c. 

C.vsE (ii) Ueanj damping (n > p). 

In the case of heavy damping, we have, by ((>.324), 


((>.339) «i, n-i = -n ± I, 

and so the general solution of ((i.321) is 
((>.340) X = f-*‘'(.4c" + Be-"). 


Then, 

((■>.341) X = e-^'[Ail - - B(f + 


This vanishes oidy if 
(0.342) 


B{1 + n) 

Ml - 


Since e'^' is a steadily increasing function of t, there can be at 
most one solution. Hence the velocity of the oscillator vanishes 
at one instant at most. The motion is non-oscillatory, or 
deadbeat, x tending to zero as t tends to infinity, since n > 1. 


Forced oscillations. 

Finally, let us suppo.se that a harmonic oscillator is subject to 

(i) a controlling force { — inp-x), 

(ii) a damping force ( — 2?«Mi)> 

(iii) a disturbing force {mk cos ct). 
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The equation of motion is now 

(6.343) .r + 2nx + p-x = k cos cl. 

The general solution is 

(6.344) X = X, + x., 
whore Xi satisfies 

(6.345) X, + 2p.r, + p=x, = 0. 

and contains two constants of integration, while x-.> is any partic- 
ular solution of 


(6.346) .r 2 + 2n.v» 4- p-x,. = k cos ct. 

Then Xi corresponds to the motion of the damped oscillator 
without disturbing force; it is given by (6.330) or (6.340), 
according as the damping is light or heavy. 

As for Xo, (6.346) is satisfied by the expre.ssion 


(6.347) 
where 

(6.348) E 


Xi — E cos ct -b F sin ci, 


k{p‘ - c^) 

_ c^y. + (2ncy 


F = 


2ixck 


( p -^ - c =)2 4 - ( 2 mc )2 


This solution is most easily found by replacing cos ct by e'^' 
in (6.346) and finding a comple.x con.stant G .so that Ge'‘* is a 
.solution; Xi will then be the real part of this solution. Alter- 
natively, we may substitute (6.347) directly in (6.346) to find the 
constants. 

If we define 


(6.349) 
cos T) = 



k 


,2 — 


c- 


\/(p2 _ c2)2 + (2 mc) 


--2pc 

sin v = — , ■ . , , => 

\/{p" - c’-y + (2^cy 


we may write (6.347) in the form 
(6.350) x-> = h cos (ct 4- 2 ?)- 


Thus the general motion of the damped oscillator under the 
influence of the disturbing force is 


(6.351) 


X = xi 4" 5 cos (ct -1- 7}). 
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As I—* — »(); tlius after a long time the motion tends 

to tlie forced oscillation 


((>.352) X = b cos (ct + v)- 

This is a simple harmonic motion of amplitude h and period 
(‘(jual to tliat of the disturbing force, but there is a difference 
in pliase. 

If tlie period of the disturbing force is ecjual to the free period 
of the oscillator, we have the case of resonance. Then c = p, 
7? = — yTT. and so 


(li.353) 


X = cos (pt — 2 X) = 

2np 2np 


sin pt, 


the disturbing force la*ing tnk cos pt. The dilYcrence of ^ in 
phase is interesting. 


6.4. GENERAL MOTION UNDER A CENTRAL FORCE 


Cartesian equations and the law of direct distance. 

Consider a particle of mass tn attracted toward a fixed point 0 
by a force inF. (We may include the case of repulsion by taking 
P negative.) For rectangular Cartesian coordinates Oxy, the 
ecpiations of motion are 




mPx inPv 

mx = — . mu = — } 

r r 


where = x'^ y'^. Wc refer to this as motion under a central 

force, because the line of action of the force passes through a 
fixed center O. 

As an application of ((>.401), let us consider the law of direct 
distance, meaning thereby that P is proportional to r. Let us 
confine our attention to an attractive force, putting 

((i.402) P = k^r, 

where k is a constant. 

Then (0.401) read 


(0.403) X + k-^x = 0, y -P k^-y = 0; 


these equations have the general solutions 


(G.404) 


X — A cos kt + B sin kt, 
y = C cos kt + D sin kt. 
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where the coeflicientf: are con.<(an{s. to bo fixed by the initial 
conditions. 

If we solve (0.404) for co.s k! and .sin A7, and eliminate / by ’ 
the identity 

cos^ kt + sin- kt = 1, 

we get 

(0.405) {Cx - AyY + {Dx - BijY = (BC - AD^. 

This is a central conic and nece.ssarily an ellipse since x, \j remain 
finite, as we see from (0.404). Thus Ihe orbit described under a 
central attractive force varying directly as the distance is an ellipse 
having its center at the center of force. This motion is called 
elliptic harmonic. 

To illustrate the .significance of the con.stants in (0.404), 
let us suppo.se that at time t = 0 the particle is nt x = a, y = 0, 
moving with velocity Cy in the direction of the y-axis, so that 
i: = 0, y = Vo. Putting this information into the equations 
(G.404), first as they stand and then in the form obtained by 
differentiation, we get 


a = .4, 

0 = B, 

and so the motion is given by 


0 = C. 

fo = Dk, 


(6.406) 


X = a cos kt, 



Vq . j. 
T Sin kt 

k 


Polar coordinates. 

Returning to the general problem of motion under a central 
force, we shall now obtain ecjuations easier to handle than 
(G.401). It is only in the case of the law of direct distance that 
(6.401) are convenient. 

Since the force on the particle passes through 0, it has no 
moment about 0. Hence, by the principle of angular momentum 
(5.214), the angular momentum about O is constant. We shall 
change slightly the notation of Chap. V, now letting h denote 
angular momentum per unit mass; then, by (5.106), 

(6.407) h = = constant, 

where r, 6 are the polar coordinates of the particle. An alter- 
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native expression for // is /k/, where p is the perpendieular from O 
on the velo<-ity vector q. 

If we follow the radius vector, drawn from O to tlie particle, 
we observe that when it turns throUKh an infinitesimal^ angle (16 
it sweeps out an area {r' tie. Thus the areol vclociUj A may be 

defined as 

((>.408) -i = 

.1 being, in fact, tiie total area swept out from some initial 
instant. We observe tluit h is twice the areal velocity, and by 
((>.407) we have the following important result: In motion vfuler a 
cmtrdl force, the areal vclocUy is conslaui. 

This fact is used to simplify the problem of determining the 

orbit. We define 


(6.409) 


u — 


1 




the reciprocal of the radius vector. Then, since (6.407) may bo 
written 

(6.410) 6 = hit-, 


we have 


(6.411) 



The vector e(iuation of motion is 

(6.412) mf = mP, 


where P is the attractive force per unit mass. Resolution along 
the radius vector give.s, by (4.107), 


(6.413) f - r^- = -P, 

where P is the inward component of P. By (6.411), we obtain 


(6.414) 


dhi , ^ P 

dd^ ” hhP 
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This is the differential equation of the orbit of a -particle moving 
under an attractive central force P per unit mass. If we can solve 
this equation, obtaining u as a function of 6, we have the equation 
of the orbit in polar coordinates. 


Henceforth, let us suppose that P is a function of r only. It 
% work done in j)assing from one position to 

another is tlien independent of the path described. Thus the 
system is conservati\-e, and we may use the principle of energy. 
Let 7\ V, E be respectively the kinetic energy, potential energy, 
and constant total energ\’, all per unit mass. Then 


(0.415) 


T + r = E. 


Now, by (6.411), 


(6.416) 



^(/•2 d - = W 



The potential energy per unit mass is such that 


P = — grad V, 

so that, since P is the inward component of P, 
(6.417) P = y=f[Pdr, 


where ro is some constant. Hence, (6.415) gives 


(6.418) 



This equation is reall3' equivalent to (6.414), as may be seen on 
differentiation. We are, of coui-se, to remember that V , being a 
function of r, is also a function of u. 


Apsides and apsidal angles. 

An apse is a point on an orbit at a maximum or minimum 
distance from the center of force. The condition for an apse is 
f = 0, or, equivalently, 


(6.419) 



From (6.418) it follows that, at an apse, 


(6.420) 
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Since V is a function of u. tliis is an equation to determine the 
values of u at the apsido.s, supposing the constants E and h 

known. 

As an illustration, let us return to the case P = k^r. Then 

(0.421) y = hk'r- = 5 

and so ((>.420) may he written 

(0.422) (Ey- - W) = 0- 

'rhis (piadratic equation in u- yields roots u?, wf. which will 
1)0 tlie scpiares of the reciprocals of the semiaxes of the elliptical 

orl)it. 

By a study of apsides, we may obtain a general description of 
an orbit without actually .solving the differential equation (6.414). 
To establish an important feature, let us temporarily forget the 
dynamical problem and think of a differential equation 

<l^u . 

(6.423) = m. 

to be solved under the initial conditions y - yo, dy/dx = 0 for 

j- = 0. These initial conditions de- 
termine a unique solution. Since the 
transformation x — —x' leaves the 
form of the differential equation and 
the initial conditions unaltered, it is 
evident that the cun'e J/ = F(x), which 
satisfies (6.423) and the initial condi- 
tions, is symmetric with respect to the 
i/-axis. 

Since P is a function of iq it is clear 
that (6.414) and (6.423) are equations 
of the same form, with the correspond- 
ence u y, d —* X. If we measure B 
from an apse, the initial conditions 
for (6.414) are the same as those for (6.423). Hence, a central 
orbit is symmetric with respect to the line drawn from the force 
center to an apse. 

This result throws much light on the general structure of a 
central orbit. Let A and B (Fig. 79) be consecutive apsides, and 



Fio. 79. — Symmetry of n 
central orbit with respect to an 
apse line. 
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lot US suppose that the portion .1/^ of the orbit is known. The 
orbit is symmetrical about 07? ; hence, we may obtain some more 
of the orbit by folding the portion .1^ over the line OB, obtaining 
BC, with an ap.se at C by symmetry. The ap.sidal distance OC 
is ecpial to the apsidal distance OA. Again, folding BC over OC, 
we get CD with an ap.se at D, and OD = OB. 

The following fact.s are now clear: 

(i) Any central orbit lias only two apsidal distances. The 
orbit is a curve touching two concentric circles, the radii of whieli 
are the two apsidal distances. 

(ii) Once the orbit between two con.secuti\-e iipsides is known, 
the whole of the orbit may be constructed by operations of fold- 
ing over apsidal radii. 

(iii) The angle subtended at the center by the arc joining 
consecutive apsides is a constant. It is called the apsidal 
angle. 

In some cases, (i) may I)e violated. The radius of the inner 
circle may be zero, or that of the outer circle mav lie infinite. 
But those arc to be regarded as exceptional cases. 

Let us now consider how the apsidal angle i.s to be found. 
When u is increasing, (6.418) gives 

(0.424) ^ = v/FR, 

where 


(6.425) F{u) = 

Thus 

lo 

dd = — — : 

V^) 

and .so, if ui, Ws are the reciprocals of the apsidal distances (with 
< wa), the apsidal angle a is 


(6.426) «= f"‘“’da= 

ju=ui jui ^yF{u) 

As an illustration, let us consider the law of direct distance, 
where F is given by (6.421). Here F(u) is of the form 


F(u) = 1 (^ + - «*), 
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where A and li are constants. But F(u) = 0 at an apse; hence 
a = 7 / 1 , u = 7/3 are roots of r(u) = 0, and so 


F(u) = 



Thus, by (G.420), 


{(>.427) 



as we already knew from the fart that the orbit is a central 
ellipse. 


Stabiiity of circular orbits. 

In a circular orbit 7/ is constant. Hence by (6.414) the 
possible radii of circular orbits are determined by 

P(it) 

(6.428) w 1, 2,, 2* 


With an attractive force (P > 0), we can obtain a circular orbit 
of any radius, by projecting the particle at right angles to the 
radius vector with that velocity which makes 

(6.429) = 

But the question arises: Are these circular orbits stable or 
unstable? In other words, if slightly disturbed, will the resulting 
orbit lie close to the original circular orbit, or will it deviate far 
from it? This question is important physical^, becau.se in 
nature small disturbances are alway.s present, and they will 
destroy an unstable circular orbit. The only circular orbits we 
can hope to observe are those that are stable. 

Let u = Uq and h = ho in the circular orbit. Then, by (6.429), 

(6.430) hi = 

Uq 

To study the disturbance, we put 

(6.431) 7 / = 7(0 + I, 

where $ and its derivative.s are a.ssumed to be small. We also 
assume that h ~ ho is small. Substitution in (6.414) gives 
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(6.432) 


dH 


(Id 


2 + Mo -1- $ = 


P(Uo + f) 


hHu,y 4 - 


(6.433) 


Now, on expansion in powers of 
-^(mq + ^) ^ 

hHuo + f)- fP-ulV uj 

where P' = (lP/du, and the suhseript 0 indicates evaluation 
for u — Uo. 

Then, to the 6rst order in small quantities, (6.432) becomes 

dH 


(^0 + fP^ + • • • ) 


(6.434) 
where 

(6.435) 


de^ 


+ = B, 


A = 1 


_P 


oMo \^0 Mo/ 


= 3 - 


MoPo 

Po 


by (6.430); B is another constant who.se value doe.s not interest 
us. The solution of (6.434) is 

(6.436a) f = ^ + Cl cos {\/~A ■ 0) A- Cz sin (y/^ ■ 6), 

(6.4365) ^ ~ ~A cosh {-s/ — A ' 0) A- Cz sinh A ■ 0), 
(6.436c) ^ c,e + Cz, 

according as A > 0, /I < 0, or .4 = 0. 

Of these .solutions, onlj' (6.436a) remains permanently small; 
the others increase indefinitely wuth 0. Hence the circular orbit of 
radius 1/uo is stable if, and only if. 


(6.437) 


MoPo 

Po 


< 3. 


In particular, let us consider the case of a force varying 
inversely as the nth power of the distance, so that 


(6.438) 

Then 


P = ^ = fcu" 


uP' 
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and so circular orbits under the attractive force (6.438) are stable 
if, ami only if, 

(6.439) « < 3. 

Thus the law of direct distance (n = —1) and the law of the 
inver.se square (n = 2) give .stable circular orbits; the law of 
the inverse cul)c (a — 3) give.s un.stable circular orbits. 


6.6. PLANETARY ORBITS 

The law of the inverse square. 

As already remarked in Sec. 3.1, Newton’s law of gravitational 
attraction state.s that two particles of mas.ses m, m', at a distance 
r apart, attract one another with ecjual and opposite forces of 
magnitude 

Gmm' 

(6.501) - i —> 


where G is the gravitational constant. 

Coulomb’s law of electrostatic attraction states that two 
particles carrying electric charges c. e' (in electrostatic units), 
at a distance r apart, repel one another with equal and opposite 
forces of magnitude 

cv' 

(6.502) 


If c and c' have opposite signs, this force is a force of attraction. 

Here we have two examples of the law of the inverse square. 
The law (6.501) governs a.stronomical phenomena — in particular, 
the motion of a planet round the sun. The law (6.502) governs 
atomic phenomena — in particular, the motion of an electron in 
an atom about the central nucleus. In this case, of course, the 
charges c, e' ha\’e opposite signs, so that the force Ls one of 
attraction, as in the gravitational case. It is remarkable that 
the same form for the law of attraction should hold on such 
different scales. 

The expres.sions (6.501) and (6.502), combined with Newton’s 
law of motion, constitute two hypotheses regarding phenomena 
in gravitational and electrostatic fields. For a long time, they 
were accepted as completely valid from a physical point of view, 
but that is no longer the case. The modern astronomer knows 
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tliat gia\‘itational atlrartion should ho discu.^.socl in torms of tlu' 
gonoral theory of relativity, and the physicist insists that })rol)- 
leins on the atomic scale belong to quantum mechanics. It. 
would, however, create a completely false impressicjn if we wen* 
to say that the law of the iiu'erse sijuare has disappeared from 
modern science. Nearly all the calculations of astronomers 
are still bas(*d on (ti.oOI) and gi\'e results in excellent agreement 
with observation. Moreover, the phy.sicist often falls back on 
the simple atomic picture based on (6.502) and Newton’s law 
of motion. 

In what follows, we shall iliscuss the motion of u planet 
attracted by the sun. Obviously, by a mere change of con.stant, 
the same reasoning will apply to the motion of an electron in 
an atom. 

Determination of the orbit. 

The sun and a planet are regarded as particles, of mas.ses 
M and m, respectively. The attraction of the sun on the planet, 
given by (6.501), produces an acceleration GM/r-] and the 
attraction of the planet on the sun produces an acceleration 
Gm/r"^. These accelerations are in the ratio M/m^ which is 
actually a ^’ery large number. Hence, without any serious 
departure from reality, we may neglect the acceleration of the 
sun and treat it as if it were at rest. Later we shall see how to 
treat the problem exactly. 

We consider then the case of a particle attracted toward a 
fixed center by a force P per unit mass, where 

(6.503) P = 

fi being .some positive constant. The differential equation 
(6.414) for the orbit now reads 

(0.504) 

The general solution is 

(6.505) w = p + C cos (^ — ^o), 

where C and 0o are constants of integration. This is, in polar 
coordinates, the equation of the most general orbit descHbed under 
a central force varying as the inverse square of the distance. 
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'I’lio })ot(‘nti:»l oiioikv jx'r unit nuiss is 

(fi.r.oti) r = J /"'/'■ = - ^ = 

tiir constant of intoKration being chosen to make \ vanish at 
infinitv. 

bet us now substitute from {().505J in ({).418), the equation 
t)f energy, in order t(j express th(* constant C in terms of E and h 
(the total energy and angular momentum per unit mass). We 
get 

r- + + 2C cos (e - do) = p [^ + P + nC cos (d - do) , 


so tliat 
(0.507) 



By rotating the luise line 0 = 0. we can make 0o = 0 and 
C > 0 in (ti.oOS) ; this we shall suppose done. Then the equation 
(().505) for the orbit reads 


0).508) 




cos 0^- 


From the focus-directrix property of a conic, we know that 
its ecjuation in polar cooixlinates may be written 


(0.509) 



+ c cos d), 


where I is the semi-latus-rectum (i.e., half the focal chord parallel 
to the directrix) and e the eccentricity; d is measured from the 
I)erpendicular dropped from the focus on the directrix. The 
conic may be of any of the following types: 

ellipse (c < 1), 
parabola (e — 1), 
hyperbola (c > 1). 

In the case of the hyperbola, (6.509) gives only the branch adja- 
cent to the focus. 

Comparing (6.508) and (6.509), we note that it is always 
possible to bring the equations into complete agreement by 
choosing for / and e the values 
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(6.510) 




= V' + 


2E}P- 


M \ M 

Accordingly', we may say; The orbit dvacribed by a particle, 
attracted to a jixed center by a force fary}ng as the inverse syiiare 
of the distance, is a conic having the center of force for focus. The 
serm-latus-rectum and the eccentricity are given by ((>.510) in terms 
of ike angular momentum and energy per unit mass. The orbit 
may be of the following types: 


ellipse (E < 0), 
parabola (E = 0), 
hyperbola (E > 0). 

The fact that orbits may be classified thus in terms of the total 
energy is remarkable. 

The most important orbits in astronomy (those of the planets) 
are ellipsc.s. Recurring comets describe orbits which are elon- 
gated ellipses, approximating to parabolas. A body with a 
parabolic or hyperbolic orbit would pass out from the solar 
system, never to return. 

Constants of the elliptical orbit. 

Let us now confine our attention to the elliptical orbit. Since 
the orbits of the planets are of thi.s tyj)e, a great wealth of 
technical detail has been developed about the elliptical orbit. 
We sliall here give only a brief treatment. 

It is e\'ident from (0.509) that the shape and size of an orbit 
(but not its orientation in space) are determined by the two 
constants I, e. 9’hese are related to the constants E, h by 

(6.510) . Thus, of the various constants which appear in our 
equations, we are to regard y (the intensity of the force center) 
as given once for all, whereas the constants I, e, E, h take differ- 
ent values for different orbits. On account of (6.510), only two 
of these constants are independent. We may use as an inde- 
I)endent pair any two which prove convenient. 

Instead of using (/, e) as fundamental constants, it is better 
to use {a, e), where a is the semiaxis major of the orbit. Now, 

(6.511) ; = !(! = <,(1 - 

a '' 


b being the semiaxis minor. We shall refer to (a, e) as the 
geometrical constants of an orbit and {E, h) as its dynamical 
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(‘onstaiits. 'I'lif formulas of 
the other are as follows: 


(t).5l2) 



transformation from one set to 



'I'here is a simple formula giving the speed q at any point 
of the orbit in terms of the radius vector. By the equation of 
(‘iiergy, we have 




- tt = E. 

r 


Substituting for E from (0.512). we obtain 

(0.513) 9" = ^ 

The periodic time. 

We now ask: How long does the particle take to describe the 
elliptical orbit? This time is called the periodic time (r). We 
seek an expression for r in terms of the fundamental constants. 

The periodic time cannot be obtained from (0.414), because 
the time has been eliminated from this equation. We refer 

instead to (6.408), which gives for 
the areal velocity 

A = Vi. 

If F is the focus at which the cen- 
ter of force is situated, it follows at 
once that the particle describes an 
arc VP, starting from the vertex* 
V nearer to F, in a time 2A/h, 
where .4 is the area of the sector subtended at F by this arc 
(Fig. 80). Following the point P right round the orbit, we get for 
the periodic time 


P 



SO.— Tltc rat^ of increase of A 
is constant. 



(0.514) 


T 


2A 

-h’ 


* The vertex V is called perihelion — the point closest to the sun — the 
other vertex being called aphelion — the point away from the sun. 
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where .4 is now the total aiea of the ellipse. We might sub- 
stitute A = Trab; but, to be systematie. we should expre.ss r 

in terms of either the geometrieal constants or the dynamical 
constants. Since 


b = a y/l — e~, 

we obtain, by some easy calculations, 


(6.515) 



(We remember that E <0 for the elliptical orbit.) 

It is remarkable that the formula involves only one geometrical 
constant or one d.^■namical constant. All orbits with the same 
semiaxis major have the .same periodic time; so also have all 
orbits with the same total energy. 


Kepler’s laws. 

Before the mathematical theory given above had been devel- 
oped by Newton, Kepler deduced the following laws of planetary 

motion from a careful study of the results of a.stronomical 
observations: 


I. Each planet describes an ellipse with the sun in one focus. 

II. The radius ^-ector drawn from the sun to a planet sweeps 
out equal areas in etpial times. 

III. The .s(iuares of the periodic times of the planets are 
proportional to the cubes of the semiaxes major of their orbits. 

Starting from Newton’s law of gravitation, we have shown 
that all these statements are true. But it is interesting to adopt 
the historical point of view and face the problem as it presented 
Itself to Newton: Given Kepler's laws as a statement of fact, what 
is the law of gravitational attraction? 

Law II tells us that A— the angular momentum per unit mass— 

IS constant, and hence that the force must be directed toward 

the sun. From Law I, we know that the equation of an orbit 
may be written 

w = Y (1 + c cos d). 

Then by (6.414) the force per unit mass is 
(6.516) P = ^ h^. 
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rims for each planet tlie force varies inversely as the square of 
the distance. But it remains to prove that the force is of the 

form 


(G.517) 


mF = 


n 

r- 


where m is tlio mass of tlie planet and a a constant, the same for 
all the planets. To show this, wo appeal to Law III. \\ c 
know that for an elliptical orbit, described under a central force 

directed to a focus, 


2ira6 


T = 


and so 

~ h-a h'^ 

But. by Law III, this is a con.-^tant, the .same for all planets. 
Thus h-/l is the same for all planets; and so, by (b.51G),P = fiu-, 
where n is the same for all planets. Hence {G.517) is true, and 
Newton’s law of gravitation is thus deduced as a conseciuence 

of Kepler’s laws. 

If Kepler’s laws were accurately true, we should have to 
regard the sun as fixed and the planets as attracted only by 
the sun. More precise measurements show that Kepler’s laws 
are only an approximation and that the inverse-square law of 
attraction holds for every pair of bodies. It is fortunate that 
the observations of Kepler’s time were crude, because otherwise 
the simplicity of the law of gravitation would have been obscured. 

The two-body problem. 

An accurate dynamical treatment of the solar system involves 
complexities far greater than those encountered in the above dis- 
cussion. First, the sun is accelerated by the attractions of the 
planets; secondly, the mutual attractions of the planets influence 
their motions. A full treatment of the problem belongs to the 
subject of celestial mechanics, and we make no attempt to discuss 
it here. 

We may however ask: What is the behavior of two bodies which 
attract one another according to the law of the inverse squaref This 
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problem presents itself in nature in the ease of a double star and 
in the problem of the moon’s motion relative to the earth, th(> 
attraction of the sun being neglected. 

We showed in See. 5.2 that, if there are no external forces, 
the mass center of a system moves in a straight line with con- 
stant velocity, relative to a Newton- 
ian frame of reference. We can then 
take another Newtonian frame in 
wliich the mass center C is at rest. 

We suppose this done for tlie two-body 
problem in Fig. 81. 

Let m, m' be the masses of the par- 
ticles, r, t' their position vectors rela- 
tive to C, and i a unit vector drawn parallel to the line joining m' 
to m. Then the equations of motion are, in vector form, 



Fig. si . — T he t w o - b o <1 y 
problem. 


/ ♦♦ 
I niT 


Gmm' . 


i m'r' = 


(0.518) 

i ... fiif 

Now, from the definition of mass center, 


(6.519) 


7n 


771 

r 


771 -f TTl' 

r H- r' » 


hence (6.518) may be written 


(6.520) 


mr = — 


G7nM' . 


1, 


Ar = 


TTl 


f3 




m T 


Gm'M . 




h 


M = 


(m + ni'y 

7/1^ 


(rn -H m'y 


But these equations have the form of eiiuations of motion under 
central forces varying as the inverse square of the distance. 
Therefore, each body r/ioves about the fixed mass center as if attracted 
to it by the gramtatiofial force due to a mass M’ in the first case 
and a 7nass M in the secoTid case. 

To find the motion of m relative to m', we note that the relative 
position vector is 


(6.521) 


R = r - r'. 
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n'hus, by (6.518), 


(6.522) 


Gm{jn + in') . 

mR = wr : r — ~ r.o 


m 


R- 


siiu-e R = r r'. i- / 

'I'liis result mav be expre.sscd a-s follows; Ihe motion of one of 

the bodies (m) relative to the other (m') Hikes place precisely as if 

the latter were fixed and its mass increased from m' to m + »( . 

It is evident from symmetry that, when a particle is attracted 
hy a fixeti center O. its orbit lies in a plane, i.e., the plane contain- 
ing O and the initial velocity vector. In the case of the two-body 
problem, the orbits both lie in one plane when viewed in a frame 
of reference in which the mass center C is fixed. But in any other 
Newtonian frame the motion appeai-s very complicated. 

6 6 SUMMARY OF APPLICATIONS IN PLANE DYNAMICS— MOTION 

OF A PARTICLE 

I. Ballistics. 

(а) No resistance; the trajectory is a parabola. 

(б) Resistance independent of height [/? = wff<i>(9)l; Ihe 
trajectory may be found by cpiadratures when the following 
differential e<iuation of the hodograph has been integrated: 

1^^ _ My) + sin 6 
q do cos Q 

(c) Resi.stance proportional to q^\ (6.G01) may be integrated 
in terms of elementary function-s, but the complete determination 
of the trajectory is very complicated. Motion in a vertical 
line is easily determined. 

(d) Resistance proportional to q\ the trajectory is easily 
found. 

11. Harmonic oscillators. 

(а) Simple harmonic oscillations: 

(6.602) X p-x = 0, 

(6.603) X = A cos pt B sin pt, or x = a cos {pi + e); 

(,=1-2. for simple pendulum^. 

(б) Oscillations with disturbing force mX: 

(6.604) X = constant; center of oscillation displaced. 


( 6 . 601 ) 


= tanh i/- -b <^>(9)- 

q dyk 
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(6.(505) X = A- cos d; j = a cos {pi + e) + , , cos ci. 

p- — C' 

(c) Oscillations with damping ( — 2wjux): 

(i) Light damping (/x < p) or oscillatory; 

((>.606) X = ac-"' co.s (// + e), / = -y/p 2 _ 

(Ratio of .succe.ssivc .swings to opposite sides = c-'** 

(ii) Heavy damping (fi > p) or deadbeat: 

((>.607) X = .-Ic-***-'" + I = y/]i^ — p2_ 

{(i) Forced oscillations (periodic disturbing force mA-cosd): 
after a long time the motion approximates to 

(6.(508) X = b cos (ct + v), 

where b and rj are independent of the initial conditions. 

ni. General motion under a central force (mP toward center), 

(a) Equations of motion; 

r ' - r 


(6.(509) 


• • 

X = — 


Py 

y = - 


(6.610) 


(6.611) 


( dhd P 1 

) ~7X7 + U = 


u = 

r 


.(id^ ' " 

\h — r‘d = pq = twice the areal velocity 


h'^ 


(E = constant total energy). 


(b) Orbit symmetric with respect to apse line. 

(c) If P = AV, the orbit is a central ellipse. 

IV. Planetary orbits. 

(а) The orbit under an attraction m/x/r* is a conic section with 
one focus at the center of force; ellipse for E < 0, parabola for 
E = 0, hyperbola for E > 0. 

(б) For elliptical orbit 


(6.612) 

(6.613) 


I 


- = 1 + e cos f = a(l - c*); 

^ ^ ~ ^ ^ V7a(l - e*), 


periodic time = r 


- - jf ■ 
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V. Two-body problem. 

Itclativc motion is tlic same as if one body were 
its mass increased to the sum of the two masses. 


held fixed and 


EXERCISES VI 

1. A partii-lc is pruiec-ted npuard in a direction inclined at 60" to the 
iK.rizontal. Show that its velocity when at its greatest height is half its 

initial velocity. (Neglect the resistance of the air.) 

2 V particle of mass moves on a straight line under the influence of a 
force directed towanl tlie origin O on the line and proportional to the dis- 
tance from O; the force at unit distance is of magnitude wk-. 1 he particle 
passes () with a velocity ». If x is its coordinate at time ( and v its velocity 

at that instant, show that 4- A:-x* = i i / 

3 Prove by a general argument, not involving any particular law of 

resistance, that a hmly thrown vertically upward in u ro.si.stiiig medium will 
return to the point of projection with a velocity less than that with which it 

4 . A gun is mounteil on a hill of height h above a level plain. Show 
that if the rc.sistancc of the air is neglected, the greatest horizontal range for- 
given muzzle velocity 1' is obtained l.y firing at an angle of elevation e such 

that 

cosec* 0 = 2(1 + I *). 


6. Fiml the greatest distance that a stone can 
zontal tunnel 10 feet high with a velocity of project 


be thrown inside a hori- 
ion of 80 feet per second. 


Find also the corresponding time of flight. 

6 In a resisting mediuni two identical bodies are let fall from the same 
position at instants separated by an interval t. Show that the distance 
lietween them tends to the limit vl, where c is the limiting velocity. 

7. C'alculato the rate of lo.ss of energy (kinetic + potential) for a damped 

liarmonic oscillator vibrating as in (0.330). 

8. A spring with compression modulus X supports a mass ni. Show' that 
tlic period of vertical oscillations under gravity is 2»r V nil/\, where I is the 
natural length of the spring. (The compression modulus is the ratio of the 
force producing compres.sion to the compre.ssion per unit length.) 

9. A particle moves in a plane, attracted to a fixed center by a force 
varying as the inverse cube of the di.stance. Find the equation of the orbit, 
distinguishing the three different cases which may arise. 

10. .V particle is attracted toward a fixed center by a force per unit 
ina.ss, p being a constant and r the distance from the center. It is projected 
from a position P with a velocity of magnitude making an angle a with 
OP. .Assuming that OP < 2p 'ql, show that the orbit is an ellipse; determine 
(in terms of m, g,., a and the distance OP) the eccentricity of the orbit and 

the inclination of the major axis to OP. 

11. A particle moves under the influence of a center which attracts with a 
force ((6/r*) -f- (c/r«)), b and c being positive constants and r the distance 
from the center. The particle moves in a circidar orbit of radius a. Prove 
tliat the motion is stable if, and only if, a-b > c. 
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12. .V juirticle of ina.vs m moves iti a c<‘iilr:il fielil of attractive force of 
which the intensity is 

mkr 

whore k is a constant. Prove that a circiiljir orl>it of ratlins r is stable if, and 
only if, f* < i. 

13. Deduce the followiny relations for an elliptieal orbit under the New- 
tonian law of attraction; 


r = o(l — e cos E), 
M = E — e sin E, 


where r is the radius vector drawn from the center of attraction, a the 
seiniaxis major of the orbit, E the occoitrie anomaly, and M the mean 
anomaly. (These auoinalus are an^'les, defined as follows. Let O be the 
KOtmietrical center of the orbit, V its perihelion, and P the jm.sition of the 
particle at time 1. Then E is the eccentric anjile of P — vanishing when P 
is at V. To define M, wo <‘oiisi<ler a point moving on the orbit with con- 
stant angular velocity about (), starting from P with P and completing the 
circuit in tlie actual perhidic tiim*. If Q is the position of thi.s point at time 
t, then the value c*f M correspoiuling to P is the angle QO}’.) 

14. .\ simple pendulum of ina.-is m and length a i.s hanging in etiuilibrium. 
.•\t time / = 0 a small horizontal disturbing force A' comes into operation and 
continues to act, varying with time according to the formula 

X — mb sin 2pl, 


where p* = g /a. Find a formula giving the position of the pendvilum at any 
time. 

16. X body of mass m is jjrojectcd vertically upward in a medium for 
which the resistance is If the initial velocity is t>o, show that the 

body returns to the point of projection with a velocity ai such that 

g + k^vi 

16. .Mud is thrown off from the tire of a wheel (radius a) of a car traveling 
at a speed V, where V* > ga. Neglc<-ting the resistance of the air, show 
that no mud cun ri.se higher than a height 

. y* ^ 9a- 

" 2F* 


above the ground. 

17. The motion of an oscillator may be represented graphically in a plane, 
X being shown as abscissa and x as ordinate. The history of the oscillator 
is then a curve. Show that for an undamped harmonic oscillator this 
curve is an ellipse, and for a lightly damped oscillator it is a curve spiraling 
in to the origin. Investigate the curve for a heavily damped oscillator, and 
show that it will be a .straight line through the origin for special initial 
conditions. 
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18. A pHrtuie of mass >u «l<>scriho.s an ollipticMl orbit of soniiaxis major o 
iindor a force mk 'r* rlirorted to a fo<-us. Prove that 


and deduce 



^vhere q is the speed; the integrals are evaluated for a complete revolution. 

19. A bomb is dropped from an airplane flying horizontally at a height h 
with speed ( Assuming the linear law of resistance li — mgCq&s in (6.225), 
ami further as.suming that this resistance i.s small, show that the time of fall 
is approximately 

Vf + V|)' 


Show also that the horizontal distance throxigh which the bomb falls is 
approxini.ately 



20. In the problem of two bodies, there are four orbits: the orbits of either 
body relative to the other and the orbits of either body relative to the 
mass center. Show that all four orbits have simultaneous apsides and the 
same eccentricity. 

21. Two particles of masses in, in' distant a apart are projected with 
velocities q, q', respectively; the directions of projection and the line joining 
the particles are mutually perpendicular. Find the condition that the 
relative orbits under their mutual attraction may be ellipses; assuming the 
condition to be satisfied, And the periodic time. 



CHAPTER VII 


APPLICATIONS IN PLANE DYNAMICS— MOTION OF A 

RIGID BODY AND OF A SYSTEM 

7.1. MOMENTS OF INERTIA. KINETIC ENERGY 
AND ANGULAR MOMENTUM 

Definition of moment of inertia and some direct calculations. 

The moment of inertia of a particle about a line is defined 
as / = where m is the ma.ss of the particle and r its per- 
pendicular distance from the line. The moment of inertia of a 
system of particles is defined as the sum of the moments of 
inertia of the separate particle.s. Thus, 

(7.101) ^ = X 

»Ti 

if the system consists of n particles of masses mi, mo, • • ■ m„, 
situated at distances ri, r^, • • ■ r„ from the line about which the 
moment of inertia is taken. 

It is evident that the method of decomposition is applicable 
to moments of inertia. Thus, if a system is .split into two parts 
with moments of inertia Ii and /j, the moment of inertia of the 
complete system is 

(7.102) 7 = /i + /o. 

It is convenient to define a length k called the radius of gyration. 
If a svstem of total mass m has a moment of inertia 7, the radius 
of gyration k is defined by the equation 

(7.103) mr- = I. 

When the system consi.sts of a single partiele, it is evident that 
the radius of gyration about any line is simply the distance from 
the line. 

In the case of a continuous distribution of matter, the definition 
(7.101) passes over into 

(7.104) 7 = fr-dm, 
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whore* tlu* intojirfitioii sign iiulioatos the limit of a process in 
which the s\ stern is ilivitlecl into a great number of very small 
parts, and the sum taken; dm is the mass of an infinitesimal 
element, and /• is its distance from the line about which the 
moment of inertia is to be found. 

l.et us now calculate some simple moments of inertia. 

Huop. It is evident that the moment of inertia of a thin 
hoop of mass m and radius a about a line through its center 
perpendicular to its plane is ma-. 

Rod. Let us calculate the moment of inertia of a uniform rod 
of mass m and length 2a about a line through its center per- 
pendicular to its length. Taking the rod for j--axis, with the 
origin at the center of the rod, the mass of an element dx is 

m dx 


dm = 


2a 


Hence, by (7.104), we have 


(7.105) 




., m dx , 

X' — — = gma- 


2a 


Rectangular plate. Consider now a uniform rectangular plate 
'of mass m and edges of lengths 2a. 2b. We wish to calculate 
the moment of inertia about the line in its plane passing through 
the center and parallel to the edge 25. We imagine the plate 
split into thin strips parallel to the edge 2a. Let dm be the 
mas.s of a strip. Then the moment of inertia of the strip is 
^ 0 - dm, by (7.105), and hence the moment of inertia of the whole 
plate is ^aiaC 

Circular disk. We wi.sh to find the moment of inertia of a 
uniform circular di.sk of mass m and radius a about a line through 
its center perpendicular to it.s plane. We imagine the disk split 
up into thin rings by a great number of circles concentric with the 
boundary. If r. r 4- dr are the inner and outer radii of a ring, 
the area of the ring is 2Trdr, and its mavsy is 

j 2Trr dr 

dm = tn • 

Tra* 

The moment of inertia is 



r2 dm 



r^ dr = ^ma-. 


(7.106) 



Sec. 7.1) .U0770.V OF .1 liODY ASI) OF A SYSTEM iSi) 


Circular cylinder. 'Fhe moment ol' inertia of a .^iolid circular 

cylinder about its axis follows immediately from (T.KHi). For 

we may imagine the cylinder split up by planes perpendicular 

to its axis into a great number of thin disks. When we add 

together their moments of inertia, we 

get I — ^ma-, where 7n is the mass of 

the evlinder and a its radius. The 
% 

length of the cylinder docs not appear 
explicitly in the formula. 

Sphere. To find the moment of in- 
ertia of a .solid sphere of mass in and 
radius a about a diameter, we imagine 
itsplit into thin circular disks by plane.s 
perpendicular to the diameter in ques- 
tion. Figure 82 shows the section of 
the sphere by a plane through the di- 
ameter (Ox) about which the moment is to be calculated. If p is 
the density of the material, the ma.'^s of the disk between planes 
at distances x, x d- dx from tin* center is 

p ■ 7rj/2 (lx, 

where y is the radius of the disk. By (7.10G), the moment of 
inertia of the disk is 

dl = ^piC dx. 

But y'^ = — X-, and so 

I = ^p (a- ~ x^)- dx = 

But 



Fi(i. 82. -Solid sphere split 
into thin circular disks for the 
calculation of inoinent of 
inertia. 


m = ^pa®, 

and so the moment of inertia of the sphere is 


(7.107) / = |ma2. 

Theorem of parallel axes. 

The theorem of parallel axes gives us an easy method of cal- 
culating the moment of inertia of a system about any line, 
when the moment of inertia about a parallel line through the 
mass center is known. Figure 83 shows a projection onto a 
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plaiu' perpendicular to tiu* two lines. O' being the projection of 
Ilie line throiigli the mass center and O the projection of the 

other line. Introducing parallel co- 
ordinate axes as shown, let (a, h) be 
the coordinates of O' relative to 0. 
If X, y arc the coordinates of any 
point relative to the axes Oxy, and 
x', y' the coordinates of the .same 
point relative to O'x'y' , then 

= x' + a, 

+ 

With the notation used at the 
beginning of this section, the moments of inertia about the lines 
through O and O' are. respectively, 


0 


x' 

,x 


O 

Fui. S3. — Coordinates for tlie 
proof of the theorem <jf parallel 
axes. 


(7.108) 


fx = x' 

ll/ = / 


n 


(7.109) / = X = X 


I - \ 

'I'hcn, by (7.108). 


n 


(7.110) 


/ = X + Wi + m 

= 7' + m(a= -h 62), 


wliere m is the total raa.ss of the system, since 



n 


n 


X = X ^ 

»■ = \ 


from the definition of mass centers 
We may state (7.110) in words as 
follows: The moment of inertia of a 
system about an axis L is equal to the 
moment of inertia of the same system 
about an axis through the tnass center 
parallel to L, together u'ith the moment 
of inertia about L of a particle with a 
mass equal to the total mass of the sys~ 
tern, placed at its mass center. 

As an application of this theorem of parallel axes, we note that 
by (7.105) the moment of inertia of a rod of length 2a about a 
line through one end. perpendicular to the rod, is \ma^. 


Fio. S4* — Rod and ephore: 
the moment of inertia about L 
is required. 
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As another application, suppose \vc wish to find the moment of 
inertia about the line L of the apparatus shown in Fig. 84. 
{•onsisting of a rod of mass m and length 2a, \\ith a sphere of mass 
.1/ and radius h attached to the end of the rod. From (7.105) and 
(7.107), combined with the theorem of parallel axes, we obtain 
at once 

(7.111) I = + (2a + by-]. 

Theorem of perpendicular axes. 

The theorem of perpendicular axes is u.seful for the calculation 
of moments of inertia of plane distributions of matter, het 
Oxyz be rectangular axes, and let there be a distril)ution of 
matter in the plane z = 0. Denoting by A, B, C the moments 
of inertia about the three axes, we have 

(7.112) .1 = T m.y?, B = ^ m.j:;, C = 2 

I = 1 iTj i B I 

Obviously, 

(7.113) C = A-\'B; 

this result constitutes the theorem of perpendicular axes. 

As an application, suppose we wish to find the moment of 
inertia of a rectangular plate of edges 2a, 26, about a line through 
its center perpendicular to its plane. Taking the oi-igin at the 
center, the axes Oxy parallel to the edges, and the axis Oz per- 
pendicular to the plate, we have, as already established, 

(7.114) A = B = ^ma^. 

Hence the required moment of inertia is 

(7. 115) C = A A- B = im(a2 -|- b^). 

More information about moments of inertia will be found in 
Sec. 11.3. 

Exercise. The inontcnt of inertia of a hoop of mass m and radius a 
about a diameter is and that of n circular disk of the same ma.s.s 

and radius about a diameter is \ma^. Verify these statements. 

Kinetic energy and angular momentum. 

As we have seen in Sec. 5.2, kinetic energy and angular momen- 
tum play an important part in the dynamics of systems. We 
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sliall now i^how how thc.se quantities are to be calculated when 
the system is a rigid body moving parallel to a plane. 

Let us first suppose tliat the rigid body is rolating about a 
fixed axis. Let u> be the in.stantaneoiis value of the angular 
velocity. Then the kinetic energy of a particle of mass mi 
situated at a distance r. from the axis i.s and so the kinetic 

eiiergv of the rigid l)ody (.supposed to consist of n particles) is 

n 

(7.1 Hi) T = h^‘ X ^ 

i * I 

where / is tlie moiiu’nt of inertia ai>out the axi.s. The angidar 
momentum of a particle' about the axis of rotation is /rt,r?u>. and 
so tlu* angular momentum of the rigid body is 


(7.117) = u> X 

I » 1 

L('t us now suppo.se that the rigid body no longer rotates about 
a fixed axis but moves in a general manner parallel to a fixed 
fundamental plane (cf. Se‘c. 4.2). Let us imagine an observer 
traveling with one of the particles (.4) of the rigid body and 
observing the motion of the particles relative to him. He can 
compute a rvlatire kinetic energy and a relative angular momen- 
tum about a line througli A perpendicular to the fundamental 
plane, using in the.se computations the velocities of the particles 
relative to him. Since relative to him the body rotates with ang- 
ular velocity w about a fixed axis through A, the formal calcu- 
lations are precisely a.s above and lead to formulas (7.116) and 

(7.117) for the relative kinetic energy and angular momentum. 
Although this is true for any particle A of the body, the results 

are most useful when .1 is the mass center. Let us restate them: 
The kinefie. energy and angular momentum, both relative to the 
mans center, of a rigid body moving parallel to a plane are 

(7.118) T = h = Iw, 

where w is the angular velocity of the body and I its moment of 
inertia about an axis through the mass center perpendicular to the 
plane of motion. 

The following theorem of Konig enables us to complete the 
calculation of the kinetic energy of a rigid body moving parallel 
to a plane. We shall prove it in general three-dimensional form. 
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Theohem of Komg. The kimlic energy of a moving ayatcm is 
equal to the sum of (i) the kinetic energy of a Jidilious pariieh 
moving with the mass center and having a mass equal to the total 
mass of the system ami (ii) the kinetic energy of the motion relative 
to the mass center. 

Let Oxyz be fixed axes and O'x'i/z' parallel axes tlirough tlio 
mass center. Let x, y, z be the coordinates of the mass centei- 
referred to Oxyz. Then, for any particle, we have 

(7.119) Xi = X x'i, y. = y + f/iy 2 i = z + z\. 

The kinetic energy of the system is 


h 


(7.120) 




I » I 


Let us differentiate (7.1 19) and substitute for x„ iju Zi in (7.120). 


Certain terms vanish on account of the relations 


(7.121) 




w.i' = 0. 


which are consequences of the definition of mass center given in 
Sec. 3.1. We obtain 


(7.122) r = + r + 2-) + i X 


I « 1 


where the total mass of the system. Thus the 

theorem is proved. 

It is convenient to refer to the kinetic energy of the fictitious 
particle as the “kinetic energy of the mass center/’ so that 
our result reads 

(7.123) r = r„ + 7”, 

where To is the kinetic energy of the mass center and T the 
kinetic energy relative to the mass center. This general result 
holds even though the system is not a rigid body. 

In the case of a rigid body, we have the important formula 


(7.124) 


T = -h 
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^\1K‘IT m = mass of body, 

U ~ spcM'd of mass center, 

I = moment of inertia al)out mass center.* 
oi = angular \ elocity. 

Exirvim-. Kind tlio kinetic fiuTKy of a disk of mass in and radius a, 
rolling along the ground with speed q. 

7.2. RIGID BODY ROTATING ABOUT A FIXED AXIS 

General methods. 

In Sec. 5.2 we developed the principle of angular momentum 
(5.21 4) and the principle of energy (5.223). Let us insert in these 
etpiations tlie values of h and T given in (7.117) and (7.116); 
then we have 

(7.201) 16) = N (i)rinciple of angular momentum), 

(7.202) 5 / 0 )'^ + V - E (principle of energy). 

'I'he.se et|uations represent the two fundamental methods of 
finding the motion of a rigid body which turns about a fixed 
axis. Let us recall the meanings of the terms: 

/ = moment of inertia about the fixed axis, 
w = angular velocity, 

N = moment of external forces about the fixed axis, or torque. 
V = potential energy, 

E = total energy (a constant). 

It must be remembered that (7.201) is always valid; (7.202), 
on the other hand, holds only when the sy.stem i.s conservative. 
It would not hold, for example, if there were a frictional torque. 

Flywheels. 

Let us consider a flywheel rotating about a fixed axis which 
pa.Sxses through its ma.s.s center. Gravity contributes nothing to 
the moment about the axis and so does not influence the motion. 
We sujjpose the torcpie N supplied by a motor or brakes. Since 
the forces involved here will not, in general, be conserx'^ative, we 
u.se (7.201) as the equation of motion; .so we write 

(7.203) 16} = N. 

We may note the resemblance between this equation and the 

• More precisely, the moment of inertia about the line through the mass 
center perpendicular to the plane of motion. 
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equation of motion of a particle moving on a straiglit line, 

m u = X ; 

ma^NS corresponds to moment of inertia, linear velocity to angular 
\-elocity, force to torque. This mathematical similarity may be 
used to solve a problem in the dynamics of a rotating flywheel, 
when the solution of the analogous problem for a particle moving 
on a straight line is already known. 

If the torque N is constant, (7.203) gives 

V 

(7.204) o) = y / -b .4, 


where -4 is a consjant of integration; hence, if 6 is the angle 
turned through, we have 6 = o} and 

(7.205) 0 ^ r- + .U + /#, 

where B is another constant of integration. 1 his motion i^ 
analogous to tlie motion of a particle under a constant force. 

The importance of the flywheel in machinery lies in its capacity 
to smooth out motion. In a steam or gasoline engine the torque 
is not uniform, and without a flywheel (or something equivalent) 
the motion would be jerky. As an illustration, let us work out 
the case where a flywheel of moment of inertia I is under the 
action of a torque with a fluctuating part, 

N = No + Ni cos ct, (No, Ni constants), 

and a load proportional to angular velocity. The equation of 
motion is 

(7.206) fw = No + Ni cos ct - Lo>, 

the la.st term corresponding to the load; thus 


(7.207) w + ^ oj = j (A^o + A'l cos ct), 

« 

This is a standard type of differential equation, which has the 
integrating factor the solution is 


^Lt/J 


r 




1 ^ 


where A is a constant of integration. Using R to denote “real 
part of,” we have 
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(*)(» 


(7.2(H)) r dt 


(L//+>CW 




(/>//) + ic 

{LID - ic 


(cos ci 4* i sin ct) 


{LID- + c2 

_ , 

{(lhy + c^]i 

where e is a constant; its value is of no present interest. Hence, 

cos {ct + €). 


(7.210) W - Ar '-'-' + ; 4- /[(^lID- 4- c-]! 


ri»e first term dies awav as t increases. The ratio of the ampli- 

% 

tilde of tlie third term to the second term is • 

. 7211 ) 

A’„ /((/.//)- + c4* 

Ry increasinj; tlie moment of inertia of the Hywheel, we can make 
iliis ratio as small as we please and so approximate to the steady 

motion w = NolL, even though the fluctu- 
ating part A^i cos ct may be greater in mag- 
nitude than the steady torque No. 

The compound pendulum. 

In Sec. 6.3, we discu.ssed the small oscil- 
lations of a simple pendulum, consisting of 
a heavy particle attached to a fixed point by 
a light string. We shall now discuss the 
compound pcrululum, which is a rigid body 
free to oscillate under the influence of grav- 
ity about a fixed horizontal axis. We shall 
% 

use the equation of energy (7.202), but the 
results may be obtained with equal ease 
from (7.201). 

In Fig. 85 the plane of the paper is the plane through the 
mass center C perpendicular to the axis of suspension. The axis 
cuts it at O, which is called the point of suspension. We shall 
use the following notation: 

a = OC, 

m = mass of pendulum, 

kf — radius of gyration about C, 

ka ~ radius of gyration about O. 



Fi<i. 85 .— A rorn pound 
ponduluni. 
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If 8 denotes the inclination of OC to the vertical, the potential 
energy is 

y = — niga cos 0, 

and (7.202) gives 

(7.212) ^mkl8~ — mga cos 8 = E, 

where £’ is a constant. 

This equation gives the angular velocity at any position, 
when E has been found from the initial conditions. 

For example, if the pendulum starts with C directly below O 
and with angular velocity coo, we ha\’e 

E = 

equation (7.212) gives 


(7.213) 



This will vanish when 8 takes the values ±a, where 


sin 2 



and so the pendulum oscillates through the range ( — a, a). 

Since sin^ ^8 cannot exceed unity, it is evident from (7.213) 
that ^ never vanishes if 



if started with such an angular velocity, the pendulum travels 
right around. 

Differentiation of (7.212) gives 
(7-214) kl8 -f ga sin 8 = 0, 


as an alternative form for the equation of motion of a compound 
pendulum. Had we used (7.201), we should have obtained this 
equation directly without differentiation. 

For small oscillations, we replace sin 8 by 8 and obtain the 
solution 


(7.215) 8 = a cos (pi 4- e), 

where or, e are constants of integration and = ga/kl. This 
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is a simple harmonic 
(7.2U») 


motion with periodic time 

“ y Vga 


'I'hc simple pendulum is a si)eeial ease of the compjound 
pemlulum; for a simple pendulum of length /, we have kf> = I, 


n 


= (. and .so (7.214) gives 


(7.217) le + g sin 0 = 0, 

as the general ecpiation of motion of a simple pendulum. The 
e(iuation (0.304) was valid only for small oscillations. 

If we compare the motion of a compound pendulum, given by 
(7.214), with the motion of a simple pendulum, given by (7.217), 
we note that the two equations are mathematically identical 

provided that 

. n 

(7.218) ^ = zr 


Thus corresponding to any compound pendulum, we can con- 
struct a simple pendulum of length given by this formula, which 
will oscillate in unison with the compound pendulum; it is called 
the equivalent simple pcmiuliim. 

Extrrise. Show that a square plate of side 2b suspended from one corner 
oscillates in unison with a simple pendulum of length (4 y/2/3)b = 1.89b. 

Let us now suppose that a rigid body is given, with a number 
of thin parallel holes drilled tiuough it. We can form a com- 
pound pendvdum hy passing an axis of suspension through any 
one of the holes. How does the periodic time of small oscillations 
depend on the position of the hole chosen? 

To answer this question, we note that, by the theorem of 

parallel axes (7.110), 

(7.219) 

Hence the formula (7.216) for the periodic time may be written 


(7.220) 



If we change the position of the point of suspension in the bod> , 
a olianges hut kr does not change. We see that r tends to 



Sec. 7.3) .V077O.V OF .1 UlGli) BODY .WO OF A J^YSTEM 199 


infinity if a tond.s to zero or if a tends to infinity. Tlin.s, we 
can ol)tain very slow oscillations by moving the point of sus- 
pension clt>se to the mass center or far from it. 

On difi'erontiating (7.220) with respect to n, we get 



Thus the periodic time is a minirnum when the point of suspension 
is at a distance from the mass cen- 
ter equal to the radius of gyration 
about the mass center. 

We now ask whether it is pos- 
sible to shift the point of suspen- 
sion from a position O to a new 
position O' (Fig. 86) on the line OC without changing the periodic 
time. With OC = a, CO’ = b, the condition for ecpjality of 
periodic times is, by (7.220) , 

Z-2 Z-2 

“ + a‘ = '' + F 
or 

(7.221) ab = kl 

The point O', related in this way to the point of suspension 0, 
is called the center of oscillation. 

7.3. GENERAL MOTION OF A RIGID BODY PARALLEL 

TO A FIXED PLANE 

General methods. 

Probably the most useful principle available for the solution 
of problems in mechanics is the principle of energy in the form 
(5.223), namely 

(7.301) 7’ + T = E. 

One must of cour.se make sure, before attempting to apply 
this principle, that the system is conse^^'ative, i.e., that it has 
a potential energy V. 

When the system consists of a single rigid body moving parallel 
to a fixed plane, we may write (7.301) in the form 

V ^ E, 



Fi<i. 80, — The periodic time is llu* 
same whether O nr O' is used lus 
point of suspension. 


(7.302) 
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wliero ni = mass 

q = sp(“(‘(l of mass (‘(‘utor, 

I = nioinciit of inertia about mass center, 

u) = velocity <»f l)o(iy- 

However (7 302) is onlv one e(|uation. Sometimes we require 
,n,„o o.iuaii....s. a.id then wc may employ the principles of 
linear aiul angular momentum in the forms (5.209) and (5.219). 
If ().ry are fixed axes in the fundamental plane, we have 

(7.303) "f-r = -V, my = 

where x y are the coordinates of the mass center, X, Y are the 
t„tal components of external forces in the directions of the axes, 
and N is the total moment of external forces about the mass 

center. Of the four equations 
(7.302) and (7.303), at most (Arec 
are independent. 

Cylinder rolling down an inclined 
plane. 

Consider a cylinder of mass m 
and radius a, rolling down a plane 
inclined at an angle a to the hori- 
zontal (Fig. 87). We wish to de- 
termine the motion, and as an il- 
lustration wc shall do so by two methods, first using the principle 
of energy and then the principles of linear and angular momen- 
tum. We assume the mass center to be situated on the geo- 
metrical axis of the cylinder. 

Let X be the displacement at time t of the center of the cylinder 
from its initial position at rest at t = 0, and 9 the angle through 
which it has turned. Then, by the condition of rolling, 

(7.304) X = ad. 

If k is the radius of gyration of the cylinder about its axis, its 
kinetic energy is 

(7.305) T = ^mr- + 
or, by (7.304), 



(7.300) 


T = im .f=. 
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The potential energy is 

(7.307) r = —mgxsiiicx. 

Hence, by (7.301), 

(7.308) i- — mgx sin a = E, 

where E is the constant total energy. Actually E = 0. since 
X = .r = 0 for ( = 0. Differentiating (7.308) with respect to 1. 
we obtain 


(7.309) 


g sin a 

1 + (kya^y 


Thus the cylinder rolls down the inclined plane with a constant 
acceleration. 

A particle would slide down a smooth plane of inclination a 
with an acceleration g sin a. The value given b^" (7.309) is 
always less than g sin a, except in the limiting case k = 0. 
which corresponds to a concentration of all the mass of the 
cylinder on its axis. If the cylinder 
is a thin shell, we have k = a, and 
hence 

(7.310) X = -^g .sin a 

If the cylinder is solid and uniform, 
we have k- = ^a-, and hence 

(7.31 1) -c = ^3 sin a. 

Fio. 88. — External forces actini; 

The method of energy does not pyimder. 

tell us the reaction between the cylinder and the plane, or how 
rough tlie plane must be in order that slipping may be avoided. 
To find out these things, we tui n to the principles of linear and 
angular momentum, using (7.303). 

The reaction of the plane on the C 3 dinder ma^' be resolved into 
a normal component N and a component F in the plane (Fig. 88). 
These forces, with the weight mg, form the complete system of 
external forces. Thus, we have 

mx = mg sin a — F, 

0 = mg cos a — N, 
mk'^d = Fa, 




(7.312) 
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the i^eooncl e(iuation coming from resoUition perpendicular to the 
plane. Using (7.304) and eliminating t\ we get 

(j sin a 

(7.313) X = 


as in (7.309). Hence the components of the reaction are 

r- ■!! 11 F - m X = '»»*■"’ .V = mg cos a. 

(<.3 14) t - m ^.2 

In order that rolling may occur without slipping, we must have 
F/N < M. or 

k- tan a 

(7.315) 




a- -h k- 


where n is the coefficient of static friction as in (3.202). 


Self-propelled vehicle. 

Consider an automobile (Fig. 89). The external forces acting 

on it are 

(i) gravity, 

(ii) the reactions of the ground on the wheels, 

(iii) resistance of the air. 

Witliout knowing any further details, we can apply the principle 
of linear momentum in the form (5.209) to the complete auto- 



Fio. 89. — Automobile. 


mobile. If its mass is m and it is traveling on a horizontal road 
with acceleration f, then mf equals the total horizontal component 
of ground reactions and air resistance. The total vertical 
component of gravity, ground reactions, and air resistance is 
zero. 

Application of the principle of angular momentum in the 
form (5.219) requires a little care. For simplicity, we shall 
suppose that the wheels have no mass and hence no angular 
momentum. The angular momentum of the automobile about 
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its nia.'vs (‘(‘liter is then zci'o. Hf'iico liio tola! inonictit ahout tiu* 
mass (‘(Miter of gi-ouiu! |•(Ml(•tions and air re.^istance is zimo. 

We can use tfie above ivsults to find tlie great('st possible 
ae(‘eleration of an automobile on a street for whicli the coefficient 
of friction between ground and tire is Since, by hypotlu‘sis, 
the mass of each wlieel is zero, the rate of change of angular 
momentum of a wh(‘el about its center is zero; hen(‘e the total 
moment of external forces on a wheel is zero. These forces 
consist of a force exerted liy the axle, a couple due to engine or 
brakes, and a ground r(*action. If the couple is absent, the 
ground reaction can have no momiMit about the center of the 
wheel. In fact, in the case of a wheel without mass, umiriven arui 
unbraked, the ground reaction has no frictional component. 



Fig. 90. — External forces acting on automobile. 

Figure 90 shows the external forces acting on an automobile, 
driven through the rear wheels on the right, air resistance being 
neglected. 

Let h = height of mass center above ground, 

b\ = distance of front axle in front of mass center, 

62 = distance of rear axle behind mass center, 

A^i = resultant of vertical reactions at two front wheels, 

N-i = resultant of vertical reactions at two rear wheels, 

F = resultant of frictional forces at two rear wheels. 

1 'hen, 

mf = F, 

(7.316) ^ 0 ^ Ni N 2 - mg, 

0 = b2N2 - biNi - hF. 

Solving for A^i, N 2 , F, we obtain 

(7.317) N, = m N, = m F = mf. 

bi + O2 hi + 62 


By the law of static friction (3.202) F/N 2 ^ n, and so 
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(7.318) 
or 

(7.319) 


f{hx + h.>) < 
gh\ 4- fh 


f ^ 




6i + 62 — 


'I'his I'raction reproj^ents the greato.st acceleration possible 

without .clipping. . , 1 r 

The maximum negative acceleration obtainable by the applica- 
tion of brakes, without slipping between the tires and the ground, 

inav be found in a similar way. 

% 


Internal reactions. 

The principles of linear and angular momentum do not involve 
the internal reactions between the particle.s of a rigid body. 
Nevertheless those reactions exist, and when they become 
exce.ssi\ e the body may break. As we shall now see, the prin- 
ciples of linear and angular momentum may be used to find the 
reactions. D’Alembert’.s principle (cf. Sec. 5.2) may also be used. 


S 



The e.ssential point to note is that, when internal reactions 
are sought, the dynamical system considered is only pari of the 
rigid body. We shall illustrate the method with an example. 

Figure 91a shows a uniform rod OA, rotating about O with 
angular velocity w, which we shall first suppose to be constant. 
B is any point in the rod. We seek the reaction across the section 
of the rod at B. As in Sec. 3.3, the reaction exerted by OB on 
BA consists of a tension T, a shearing force S, and a bending 
moment M (Fig. 916). Let us regard gravity as non-existent. 
Then 7*. S, M constitute the whole system of external forces 
acting on BA. 

Let OA = ly OB = r. The acceleration of the mass center 
of BA is of magnitude 4- r)cj^, directed along -45. If in 
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i.s the mass of the rod. the mass of BA is m{/ - r)/L Hence the 
principle of linear momentum, applied to BA as a dynamical 
system, gives 

(7.320) 7- = (/■-•- ,-0, S = 0. 

The angular momentum of BA about its mass center is constant. 
Hence, by the principle of angular momentum, .1/ = 0. Thus, 
when o) is constant, the reaction in the rod at B is a tension, as 
given by (7.320). As a check, we note that T = 0 for r = /. 
and T = for r = 0. 

Let us now consider the more general case where co is a vanable 
function of t. By (4.107) the acceleration of the mass center of 
BA has components 

(7.321) ^(i + r)w“ along .4 2 (/ + r)w perpendicular to Afi. 

Hence. 

(7.322) T = (t- - S = \ - )'2). 

If k is the radius of gyration of BA about its mass center, the 
angular momentum of BA about its mass center is mk-<j3{l — r)fl. 
Hence, by the principle of angular momentum, 


(7.323) 

iM - 

■ - 

mk‘6} . 

r) - ^ (/ r). 

Thus, 




(7.324) 

M = 

7noi{l — 

- r2)l. 

1 

But 


= 


and so 




(7.325) 

M 

j mio 
" « / 

(1 - r)H2l + r). 


The greatest value of M occurs at O and so the rod is most likely 
to break at O. 

7.4. NORMAL MODES OF VIBRATION 
Degrees of freedom. 

The position of a simple pendulum is determined by the value 
of one variable, namely, its inclination to the vertical, or the 
horizontal component of the displacement of the bob. A system 
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whoso position may be specified by one variable or coordinate 

is saiil to be a system with one degree of freedom. ^ _ 

A rod which can move in a plane, with one end constrained to 
move on a fixed line, can be described as to position by two vari- 
ables namely, the distance of the constrained end from a fixed 
point on tlie constraining line and the inclination of the rod to 
the line. Each of these variables can take arbitrary values. 
A system whose position may be specified by two arbitrary and 
independent variables or coordinates is said to be a system with 

two degrees of freedom. ^ , , 

Similarly, there are systems with n degrees of freedom, wheie 

n = 3 4 • • •• 

In Sec. 0.3 we di.^cussed the oscillations or vibrations of a simple 
pendulum and in Sec. 7.2 those of a compound pendulum. Each 
of these is a system with one degree of freedom. We now proceed 
to discuss systems with two degrees of freedom. 


Particles on a stretched string. 

Let there be a light elastic stnng of length 3a, stretched 
between points A. B. Let two particles, each of mass m, be 



attached to the string at the points of trisection. For simplicity, 
we shall neglect gravity; or, equivalently, we may suppose the 
particle.s supportetl on a smooth horizontal plane. 

Initially the particles are at rest and the tension in the string 
is a constant (S) throughout. The particles are given small dis- 
placements perpendicular to the string and then released. We 
wish to investigate the resulting oscillations. 

Figure 92 shows the situation at time t. The particles are 
at C and D, their displacements from the positions of equilibrium 
being denoted by x and y, which are small quantities. The 
inclinations of the portions of the string to AB are small, of the 
same order as x and y. Hence, since the cosine of a small 
angle differs from unity by a small quantity of the second order, 
it is seen that the lengths AC, CD, DB are each equal to a, to 
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the first order of small (juantities inclu.sive. Hence the t(‘nsions 
ill these portions are eijual to *S' to tliis order. 

Resolving forces in the ilireetion pcapendieular to AB, \V(^ 
obtain the following e(juations of motion: 


(7.401) mx = -S- - S- 

Q a 


„„j = _ .s » 

a a 


Writing 

(7.402) 




ma 


we simplify these eciuations to 

(7.403) X + 2A--J- - khj = 0, -k'^x + y + 2A'V = 0. 

We try solutions of the form 

(7.404) x = A cos {ni + «), ij = li eos {nt + «), 

where -4, R, n, t are constants. The equations (7.403) are 
satisfied provided .4. B, n satisfy the equations 

•") - Bk'^ = 0, 

+ 2A-2) = 0. 

Elimination of .4 and B give.s the determinanta! eciuation 

/|2 - 2 A -2 k '^ 

k- - 2k^\ 


(7.405) 


( .!(-«= + 2A-*^) 

) -.4A-2 + B(-fo 


(7.40G) 


= 0 . 


or 


(7.407) 


n* - 4k-^n^ + Sk* = 0; 


the solutions are ni, n-i, where 


(7.408) 


„2 = k\ nl = 


When n is known, either of the equations (7.405) gives, for the 
ratio B/A, 


(7.409) 


B_ 

3 - ^ “ F 


Thus for n = rii, B/A = 1; and for n = n?, B/A = — 1. 

Hence if Ai, €i are arbitrary constants, the following is a 
.solution of (7.403); 

(7.410) z = Ai cos (kt + €i), y = Ai eos (kt + ti). 
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Als.). if .1-.. e* arc arbitrary coiistaiits, tlic followinR a solution 
of (7.-103): 

(7.-H1) X = .1-.COS ikt -s/S H-c,), if = -J 2 COS {kt V3 + € 2 ). 

'I'lius. (7.410) ami (7.411) represent possit)le vibrations of the 
particles. 4’he most Kt'nernl \-ibration is given by adding these 
ex[)ressions, thus: 

i X = A \ eos {kt + € 1 ) + -42 cos {kt \/3 + e>), 

I y = -4, eos {kt 4- €i) — .42 cos {kt \/3 + td- 

We know that this is the general solution, because it contains four 
constants of integration, which may be chosen to satisfy initial 
conditions corresponding to given positions and \'elocities of 
the particles at t = 0. 

bet us suppose, for example, that when f = 0 we have 


j- = y = X = 0, y = c. 

'i'his corresponds to the case where the motion is started by 
giving a blow to D. Putting i = 0 in (7.412) and the equations 
obtained by dilTerentiating (7.412), we obtain 


(7.413) 


A I cos Cl “h .42 cos €2 = 
,4 1 cos €i — .42 cos €2 = 

— 4i .sin Cl — .42 "s/S sin = 

— .4 1 sin ei + 42 a/ 3 sin €2 = 


0 , 

0 , 

0 , 

V 

V 


which are four equations for .4i, 42, € 1 , « 2 . The solution is 
(7,414) = = = 


SO that the motion of the particles is given by 

j^sin kt — — ^ sin {kt \/3)l' 

j^sin kt 4- .sin {ki -\/3) 

This motion is complicated, but the simple harmonic motions 
of which it is composed are easy to describe. These simple 
harmonic vibrations are called normal modes of vibrations. They 



(7.415) 


.r = 


V 


V 


y = 


2k 
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inj; system when the initial conditions 

are properly chosen. 

^ The vibration kivcii in (7.115) is not a normal mode of vibra- 
tion, nor in pf^neral is that given by (7.412). But if the initial 
conditions arc cliosen so that .l-j = 0. we liave the normal mod<' 
of vibration (7.410), whereas, if the initial conditions are chosen 
so that .4 1 = 0. we have the normal mode of vibration (7.411). 


The periodic times and freciuencies of normal modes are called 
normal periods and normal frequencies. In the abo\'e proldem 
the normal periods are 


2ir 


2ir 


k -s/3 


^^"hen a system is e.xecuting a normal vibration, its configura- 
tions are usually simple to describe. Thus, in the mode (7.410). 
we have x = y; and, in (7.411), we have x = -y. Typical 
configurations for the normal modes are shown in Fig.s. 93a and 6. 




(6) 


Fio. 93. — (a) Loaded string vibrating in first normal mode. (6) Loaded string 

vibrating in second normal mode. 


We have been discus.sing the vibrations of a particular system 

two particles on a taut .string. All problems of vibration have 
certain features in common; and although we shall not attempt 
here to prove these facts, it will be useful to sum them up: 

(i) A vibration may be regarded as a superposition, or addi- 
tion, of simple harmonic vibrations. 

(ii) Each simple harmonic vibration is called a normal mode of 
vibration. It is possible to make a system vibrate in a normal 
mode by starting with suitable initial conditions. 

(iii) The periods and freciuencies of the normal modes 
called the normal periods and freciuencies. 


are 



210 


PLAXE MECHAXICE 


(Sec. 7.4 


(iv) The number of normal modes is equal to the number of 

(Ic'-rees of freedom of the system. 

(y) The normal periods are found by solving a determmantal 

equation, e.g., (7.40G). 

Vibrations of a particle in a plane. 

anotlier e.xample of a vibrating system ^vith two degrees of 
lot vis consklor a partiolo which moves m a plane m 
a Hold of force such that the potential energy per unit mass is 

(7..n(i) r = 

where «. h, h are eonstants. The foree components per unit 
mass are then 

(7.417) A' = —(.nxA-hy), 1 = —{hx + by). 

q'hese vanish at the origin, which is therefore a position of 

equilibrium. 

The e(iuations of motion are 

(7.418) j — ^y< y ~ 

Trying a solution 

(7.419) X = .4 cos (/d + e), y = ^ cos (nt + e), 
we see that (7.418) are satisfied provided .4, B, n satisfy 


(7.420) 


( .4(h" - a) - Bh = 0, 

\ ^Ah + H{n- - 6) = 0. 


Hence, n must satisfy the determinantal equation 


(7.421) 


n 


2 

-h 


a 


-/i 

n- — b 


= 0 , 


or 

(7.422) — «■(« + b) + ab — h- = 0; 

the solutions are ni. n^, where 

n| = ^[(a + 6) + — h)^ + 4ft“], 


(7.423) 


( i 

I = T 


[(a + 6) — \/(« “ by + 4^1. 


If one of these values should be negative, the corresponding n 
would be imaginary, and the solution (7.419) would contain 
hyperbolic instead of trigonometrical functions. This case will 
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be discussed iu Sec. 7.5; for tlie present, we as.sumc that n,, 
arc real. 

Then the normal i)eriods are 27r/n,, 27r//io, and the normal 
modes of vibration are 


(7.424) X = Ai cos (nU + €,), 
and 




A 1 cos (rot + 



(7.425) X = A 2 cos (n-J + 




.42 cos (n2/ + €0), 


where Ai, As, ti, 62 are arbitrary constants. The general motion 
i.s found by adding the solutions (7.424) and (7.425), ju.st as we 
added (7.410) and (7.411). 

The preceding discussion is actually more general than might 
appear. Let us again suppose tliat a particle moves in a plane 
under a conservative force .system, with potential energy V per 
unit mas.s; but in.stead of assuming the .simple e.xpression (7.410) 

for V, we shall merely assume that it is a function which can be 
expanded in a Taylor series. 

Let xo, yo be a position of equilibrium. Since the components 
of force must vanish there, we have 


©. - Ct). = «. 

the suffix zero indicating evaluation at x = Xo, y = yo. If we 
expand F in a Taylor series about Xo, ya, two terms in the expan- 
sion vanish on account of the.se equations, and so 


V - + i (g)_ 

+ 2b - (^)_ + 1 , - + , . . , 

the terms not written being of a higher order of smallness if 
^ y ~ yo are small. 

Now V is always undetermined to wdthin an additive con- 
stant; there is therefore no loss of generality in putting Fq = 0 

If we shift the origin to the position of equilibrium (xo, yo) and 
define a, h, b by 
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(7.428) 


” = (s). 


= 

\ax dy/a 


- 

\dyyo 


the principril part of V for small values of x and y is 


(7.429) 


V = 4(a.r- + 2hjy + by-). 


whi< l. is formally the sanm as {7.110). The deduotion.s ha.sed on 
(7 110) were exaet ; the same formal deduetions hold apP””''- 
matelv for small vibrations about any i>osition of equilibrium. 
The normal modes of vibration are given by ((.424) and ('-4^0 . 
where a „ »- are given by (7.423), a,h,b having the values (( .428). 


7.6. STABILITY OF EQUILIBRIUM 

A position of eciuilibrium for any .sy.stem is said to be stable 
when an arbitrary small disturbance does not cause the system to 
depart far from the position of eciuilibrium. Othcrwi.se, it is 
unstable. By “small disturbance" we mean that, at the initial 
instant, the' particles of the system are displaced from their 
positions of eciuilibrium through small distances and their 
velocities are small. The system is stable if in the resulting 
motion the particlc.s remain at small distances from their po.sitions 

of eciuilibrium. . • e 

Thus a compound pendulum hanging from its a.xis of support 

is in .stable equilibrium. If it is balanced with its mass center 

above the axis of support, the equilibrium i.s unstable, because a 

small disturbance will cause the pendulum to move right away 

from the position of eciuilibrium. 


Condition of minimum potential energy. 

Let a system have a potential energy V. We know by the 
principle of virtual work (cf. Sec. 2.4) that, for a .system in 
eciuilibrium, no work is done in a small displacement. Thus 
5L = 0 for any small displacement from a position of equilibrium, 
and so V has a stationary value there. 

Stationary values are of various kinds; the question of stability 
turns on the character of the stationary value of V. We make 
the following statement: //. in a position of equilibriuin, the 
potential energy is a tninimuni, then the equilibrium is stable. 

To prove this, let us recall the principle of energy, 

(7.501) T + V = E, 
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where E i.'; a con.^tant. Since potential enerj;y is always undeter- 
mined to within an atlditivo constant, there is no loss of generality 
in as.suniing V = 0 at the position of etiuilibrium. Then, since 
V' is a minimum there, we have T > 0 for all positions near that 
of equilibrium. The constant E is found from the small initial 
disturbance. Let 7’o, Vo be the initial kinetic and potential 
energies. Then E = To + Vo, which is small and positive. In 
the subsequent motion, 

(7.502) V = E - r < E, 

since T cannot be negative. Tims V alway.s remains less than 
the small positive constant E, and .so the ecpiilibrium is stable, 
since to escape to a finite distance from the po.sition of equilibrium 
the potential energy would ha\’e to become finite. 

As an illustration, consider a .simple pendulum of mass m and 
length a. At an inclination 6 to the downward vertical, the 
potential energy is 

V = — cos 0), 

if we choose V = 0 at the position in which the pendulum hangs 
vertically. Then V is a minimum for ^ = 0. Suppose that the 
pendulum is disturbed to an angle Oo and is given a kinetic energy 
To. In the subsequent motion, as in (7.502), 

7nga(\ — cos d) < To + fnga(\ — cos do), 

where the right-hand side i.s small. Thus cos 6 must remain 
nearly equal to unity, or, in other words, $ must remain small. 

If, on the other hand, we con.sider that position of equilibrium 
in which the pendulum is balanced directly above the point of 
support (the string being replaced by a light rod) and measure 6 
from this position, we liave 

V = mga(cos 6 — 1). 

Then V is a maximum for 0 = 0. Our inequality (7.502) is still 
valid; it reads 

mga(cos 6 — 1) ^ To 7nga(cos 6 q — 1), 

where do, To refer to the initial disturbance. But this inequality 
is not violated as d increases from do to tt, and so it does not 
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rostnct the motion. The position of equilibrium is actually 
unstable, but this iiietjuality shows only that it may be .so. 

The following statement is true for a system with any number 
of degrees of freedom, but we shall prove it here only for systems 

with one degree of freedom: If the 
potential energy at a position of 
equilibrium is not a tninimum, then 
the equilibrium is unstable.* 

Let X be the variable which fixes 
the position of the system. Con- 
sider the graph of the potential 
energy V against x (Fig. 94). 

By the principle of virtual work, 
we have bV = 0 for an infinitesi- 
mal displacement 6x from a position 
of equilibrium. In fact, at a position of equilibrium 





O X 

Fui. 114. — Graph of 
energy against position; stable 
e<iuilibriurn at A and D, unstable 
equilibrium at li and (\ 


(7.503) 


dx 


= 0 , 


so that the po.sitions of equilibrium correspond to those points 
on the graph wliere the tangent is parallel to the j'-axis, i.e., the 
points /I, B, C, D. At A and £), V is a minimum, and hence we 
know that equilibrium at .4 or D is .stable. 

Let us now con.sider the position corresponding to B. Suppose 

the system is displaced to a neighboring po.sition B' and is then 

released from rest. Since the tangent at B' i.s not parallel to the 

x-axis, the .system cannot remain in equilibrium at B'. It mu.st 

start to move; and .since its kinetic energy (being positive) must 

incrcjuse in comparison with its initial zero value, V must decrease. 

and so the .system must move still farther away from B. It ean 

come to rest only when V takes the same value as at B' . Thus it 

cannot stop moving until it has passed the position corresponding 

to .4. Clearly, this is a case of instability. 

% 

At C the potential energy has a stationary value, but it is 
neither a maximum nor a minimum. By considering an initial 
displacement in the direction of Z), it is seen that the equilibrium 

• In the particular case where V is constant (as for a sphere resting on a 
horizontal table), the equilibrium is often called neuUal. Actually, it is 
unstnble in the sense of our definition* 
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is unstable. Tins completes the proof of the italicized statement 
on the opposite page. 

To sum up: A position of equilibrium is stable if. ami only if, tfu 
potential energy is a minimum. 

Hence, in the case of a system with one degree of freedom, the 
necessary and sufficient condition for .stabilitj' is 

(PV 

(7.504) Yx, ^ 
at tlie po.sition of equilibrium. 

It is clear from Fig. 94 that between any two positions of stable 
equilibrium there must be at least one position of unstable equi- 
librium. Points such as C, where a point of inflection on the 
graph coincides with a tangent parallel to the x-axis, are excep- 
tional. In general, po.sitions of stability and instability alternate. 

Stability of equilibrium of a particle in a plane. 

It was shown in (7.429) that, near a position of equilibrium, the 
])otential energy per unit mass of a particle in a plane may be 
written 

(7.505) r = i(«x2 -h 2hxy -|- hy^-), 

where a, h, b are constants. It is known, from the analytical 
geometry of conies, that we may choose new rectangular axes 
Ox'y' such that 

(7.506) ax- -1- 2hxy -p by'^ = «'x'- -f- b'l/-, 
where a', b' are new constants. 

Let us recall how a', b' are found. For any constant value of X, 

(7.507) 0x2 + 2hxy -h by^ - X(x2 + 

= oV2 + b'y'^ - 

If X = a' or X = b', the light-hand side is a perfect square. For 
either of these values of X, the left-hand side must also be a . 
perfect square. Thus, if X = o' or X == b', 

(7.508) (a - X)(6 - X) - = 0, 

or, in determinantal form, 

(7.509) ^ _ X ^ 

In fact, o' and 5' are the roots of this quadratic equation. 
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Suppose the transformation carried out, so that, near the 
position of equilibrium, 

(7.510) V = i(aV2 + 

The o<iuations of motion are 


(7.511) 



or 

(7.512) j:' + aV = 0, if + h'y' = 0. 

\'arious cases have now to be distinguished: 

(i) a' > 0, x' = .1 cos {\/a' ■ t) B sin {\/a' * t), 

(ii) a' =0. y = At + B, 

(iii) a' <0. x' = + Be-^^’K 

Tliese are the solutions of the first of (7.512), according to the 

sign of a'. The solutions of the second equation for y' may be 
similarly classified according to the sign of b'. 

The solution for case (i) indicates that x' remains permanently 
small, so that there is stability as far as x' is concerned. The 
.solutions for cases (ii) and (iii) indicate instability. Thus, there 
is stability if. and only if. both a' and 1/ are po.sitive; since a', b' 
arc the roots of (7.509), we may state our result as follows: 

When the origin is a position of equilibrium, the potential energy 
for adjaeent positions is given by (7.505). The equilibrium is 
stable if, ami only if, the two roots of the determiimntal equation 
(7.509) are positive. 

It Is clear from (7.510) that F is a minimum at the origin if, and 
only if, the roots of (7.500) are positive. Hence, we have a direct 
proof in this case that minimum potential energy is the condition 
for stability, both necessary and .sufficient. 

In the case of stability, oscillations along the axes of 
i' and y' are normal modes and that the normal periods are 

2ir 27r 

where Xi, X 2 are the roots of (7.509). 
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Problems of balancing. 

’rhoorotically it is possible to balniicp a needle on its ptnnt, but 
in practice it is extremely difficult to do so. There is a position 
of e<iuilibrium witii the needle vertical, but it is un.stable. The 
instability is obvious in view of the Rcneral test given above, 
because the height of the center of gia\ ity is decreased as the 
needle is displaced from the vertical po.sition, and so the potential 
energy is a maximum for the vertical position. 



(<o (t') 

Fui. 95.— Cyliiidi'iciil hotly rollinj; ott a lH)rizontal jilane: (a) j)o.sition of 

li)>riuiii, (/») tlisplufCtl position. 


If. in.stcad of a needle, we try to balance a body with a rounded 
base, it is not immediately evident whether the equilibrium in the 
position of balancing is stable or not. But the condition of 
minimum energy gives us an easy test. We shall confine our 
attention to cases where the possible motion of the body is 
two-dimensional. 

Figures 95a and b show end views of a cylindrical body in 
contact with a rough horizontal plane; the lower part of the 
section is a circular arc of radius a. In equilibrium (Fig. 95a) 
the center of gravity C must lie vertically above the point of 
contact, since the body is in equilibrium under two forces (the 
weight and the reaction), and their lines of action must coincide. 
Let h be the height of the center of gravity above the point of 
contact. 

Figure 955 shows a displaced position, in which the body has 
been turned through an angle 6. If W is the weight of the body, 
the potential energy is 

(7.613) V = TF[a — {a — h) cos B]. 


Hence, 
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'I’lius tlie cfniililn'ium is stalilr if. aiut only if. <i > fi, i-f'-. if 
conttT of gravity lios below the contor of tlu* cirr-Ic. 

Lot us now oonsidor a inoregonoral |>robl<-m, wliioh incliidos tlio 
prooodiiig as a special case. Lot .1 bo a oylindor of any sootioii, 
balanooa on a fixed cylinder A', the contact being rough and the 
coinmun tangent horizontal {Fig. 9G«). C is the center of 
gravity of .1. O. D' are tlie centers of curvature of tlie sections 
of the cylinders at tlie point of contact, and p, p are the radii of 
curvature; the height of C al)ove the point of contact is h. 



D 



(»0. — One cyHiuler rolling on another: (a) position of e<|uiUbriuin» (6) did* 

placed position. 

Figure 906 shows a displaced position, in which the point of 
contact has moved through a .small angle 6' about D', and the 
lim* DC now makes a small angle d with DD'. Since we are con- 
cerned only with small values of 6 and it is legitimate to regard 
the .sections in the neighborhood of the point of contact as circular 
arcs of radii p and p. Then, by the condition of rolling, 

(7.515) pd = p'6'. 


If ir is the weight of A, the potential energy is 
(7.516) V = W[(p' + P) cos - (p - h) cos (d -h 6')], 
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or, since d, 6' are small, 


(7.517) V = ^W[(p - h)(e + d'y - (p' + p)d'2] + C, 


approximately, where C is a constant. By (7.515), this may be 
written 


(7.518) V = 


(p 


— h) — (p' + p) + C. 


The condition that this .shall be a minimum for 0' = 0 is 


(7.519) 


(p - h) 



— ip' + p) > 0, 


or, equivalently, 
(7.520) 


h < 


PP 


P + P 


This is the condition of stability. On letting p' — » «, it reads 
h < p, agreeing with the result established earlier. If on the 
other hand we let p — > », we get A < p' as the condition for the 
stability of a body with a flat base balanced on a cylinder with 
radius of curvature p'. 


7.6. SUMMARY OF APPLICATIONS IN PLANE DYNAMICS— MOTION 

OF A RIGID BODY AND OF A SYSTEM 

I. Moments of inertia. 

(a) Definitions: 

(7.601) / = ^ m,r? or I = Jr^ dm = jjjpix^ + y^)dxdydz; 


= I. 


(6) Devices for calculation: 

(i) Theorem of parallel axes (all moments of inertia follow 
immediately when those for axes through mass center 
are known). 

(ii) Theorem of perpendicular axes (for a plane distribution, 
the moments of inertia about axes perpendicular to the 
plane follow immediately when those for axes in the 
plane are known). 
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(c) Starulard re.^ults: 


Body 

.\xis 

1 

k-‘ 

1 lofip of ru<iius <7 

Pcrpotulicular to plane at 
center 

a* 

Circular disk of ra<lius a 

IVrpondic'uhir to plane at 
c<*nter 

W 

{'ir«’ulnr cylitulcr <if railius a 

(iOonu‘trical axis 


Uod of longth 2n 

Perpendicular to ro<l at 
center 

w 

Itcctaiigular plate of c<lgos 2a, 26. . 

Through center parallel 
to edge 26 

\a^ 


Perpi’n<lieular to plate at 
center 

i(a* + 6q 

Sphere of radius a 

Diuineter 

■UC 

u 


II. Kinetic energy (7’) and angular momentum {h). 
(a) Rigid body turning about fixed axi.'C 


(7.002) r = h = /«. 

(6) Rigid l)ody in general plane motion: 

(7.()03) T = itncf- -b Uw-, h = 7<j (/i, / about mass center). 

III. Motion of a rigid body. 

(a) Rotation about fixed axi.'C 

(7.004) = A" (angular momentum), 

(7.000) + V = E (energy). 

(h) (’ompound pendulum: 

(i) Exact equation of motion: 

(7.000) + ga sin 0 = 0. (k relative to axis). 

(ii) Periodic time for small oscillations: 


(7.007) 


T = 


27rA* 



(iii) Equivalent simple pendulum: 



(7.608) 
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(<-•) General motion parallel to plane: 

(7. 009) mi' = A, tni/ — ) . loj = jW {inomenluin) ; 

(/.OlO) ^"'9* + + I’ = A’ (energy). 

IV. Normal modes of vibration. 

(o) A vibration is in general not periodic; it is composed of 
simple harmonic vibrations with different frecpiencies. These are 
the normal modes. A system vibrates in a normal mode if 
started under special initial conditions. 

(6) The normal frequencies are found by assuming a simple 
harmonic solution of the equations of motion and solving a 
determinantal equation obtained on this assumption. 

V. Stability of equilibrium. 

Necessary and sufficient condition for stability: the potential 
energy is a minimum. 


EXERCISES VII 

1. A uniform rod of length / and niass M is free to rotate in a vertical 
plane about an axis at a dLstanco a from its center. If it is released from a 
horizontal position, find its angular velocity when passing througli the 
vcrticjil position. 

2. A bucket of mass .1/ is fastened to one end of a light rope; the rope 
is coiled round a windlass in the form of a circular cylinder (radius a) which 
is loft free to rotate about its axis. Prove that the bucket descends with 
acceleration 


g 

1 + (//.Ua*)’ 

where I is the moment of inertia of the cylinder about its axis. 

3. Throe uniform rods, eaclj of mass ni, form an equilateral triangle of 
side 2a. The triangle is suspended from one corner. Find the lengths 
of the equivalent simple pendulums for oscillations under gravity 

(i) when the triangle oscillates in its own plane; 

(ii) when the plane of oscillation is perpendicular to the plane of the 
triangle. 

4. A wheel consists of a thin rim of mass and n spokes each of ma.ss 
which may be considered as thin rods terminating at the center of the wheel. 
If the wheel is rolling with linear velocity v, express its kinetic energy in 
terms of M, m, n, v. 

With what acceleration will it roll down a rough inclined plane of inclina- 
tion a? 

6. A buoy is formed by joining the edge of a thin metal conical shell to 
the edge of a hemispherical shell of the same material and thickness. The 
radii of the hemisphere and of the mouth of the cone are each equal to 5 ft., 
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.,vi- is vorti<s,l. If sliBli'ly .l.su.rl.<-d, .Ipfrinino whether or not 

"'''e"<^;'::n:'::l":',:rv‘::;>nn is ....nehed .o n dr,,.., nnd the ei,ai„ is 
wrapped aronn.l tl,e dm..., .....ki..K " eo.nplele turns, w.th .i small p.cee of 
I I frno TUo <lrutu inouiite<I on a smooth horizontal axle, 

low..,l t„ ....wr..,. itselt. Ap,dv the pri.„.iplo of e..erRy m 
Z he ,« .l..r .el.„ itv of the .Ir...., at the i.,»tant whe,. the eha.n .s <o.n- 
p;::,..K„.,wrapp..,l, ... .er.ns of the ...a.s,s of the eha... (m), the rad, us of the 

tlr.itii (r) and tho inoiinMit of iiiortia of the drum (/)- 

7 Z.-,da„u,.l:,r plate swings ». a ver.ieal plane about one of ,ts eorners. 

If it*; m-ruMl 1 sec. fiiul the lenuth of the dniKoiud. 

Z!\ parti. d,. of mass ...oves in a plane un.ler the aet.on of a foree 

with eoiiiponents 

X = -kH2x + !/). = -A-Mx + 2;/), 

where h U a eonstnnt. Whnt is the potenthd enerK.v? Find the normal 

periods of oseillation about the position of e<,mhbrium. , , „ 

9. \ uniform eireular plate of radius n and mass -U is dragRed along 
smootli sheet of iee bv means of a long string attached to a point .4 on tl 
rim of the plate. The tension 7' in the string is kept constant throughout 
If initially the plate is at rest and the diameter through d makes a sn a 
angle with the string, show that this <liameter oscillates about the direction 

of the string with a perioil cipial to 


2t 


4 


Ma 

2T 


10. A particle A hangs from a fixed point by a light string, and another 
particle H of the same mass hangs from .4 by a second light string of tic 
same length. Find the normal periods of oscillation, and sketch the normal 

""iZ A ImmuKcneous solid cylimk-r, whoso section is n sc.nicirolc of rndius u, 
rests wdl. its fi..t f,toe horirontsl u.id in contort with n fised rouKh c.rcu or 
..yli.„lor of mdius b. the generators of the two cylinders hemg parallel. 
Find the greatest value of a. b for which there is stability. 

12. Find the radius of gyration of a uniform semicircular plate about a 

line through the mass center perpendicular to the plate. 

13. A ladder (length 2a) rests against a smooth vertical wall and a smooth 
horizontal floor, the inclination to the floor being initially a. Find the 
inclination of the !a<ldcr to the floor at the' instant when the upper end 
leaves the wall as it slides down under the action of gravity. 

14. A pendulum consists of a bob of mass m at the end of a light rod of 
length 3a. It is suspended from the point of the rod distant 2a frorn the 
bob. A horizontal force mb cos nt (where b and n are constants and b is 
small) is applied to the rod at its upper end. Find the angular amplitude 
of tli6 forced oscillations of period 2 x^/ 1 . 
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16. A uniform solid ellipsoid of revolution of semiaxes a, b (the axis of 
revolution being 2a) is cut in two by a plane through the center j)crpcndicular 
to the axis of revolution. If either half will balance in stable equilibrium 
« ith its vertex on a horizontal plane, prove that 


16. When a ship rolls through a small angle, the upward thrust of tlie 
water intersects the central plane of the .‘^hip at a point called the nulaciuUr. 
Find a formula for the periodic time of rolling of a ship in terms of h, the 
height of the inetacenter above the ina.ss center of the ship, and k, the radius 
of gyration of the ship about a fore-and-aft axis through the mass center. 

Is the periodic time increa.*sed or <leiTea.sed by .shifting cargo horizontally 
from the center of the ship to the side.-^, this shift being done .symmetrically 
with respect to the central plane of the ship? 

17. .\ square frame, consisting of four equal uniform rods of length 2a 
rigidly joined together, hangs at rest in a vertical plane on tw«> snmoth 
pegs A*, at the same level. If FQ = c aiul the pegs are not both in contact 
with the same rod, show that there are three positions of equilibrium, pro- 
vided o < c \/2. 

Of these positions, show that the only unstable one is the symmetrical 
position. If, however, a > c %/2. show that the only possible position of 
equilibrium is stable. 

18. .\ particle is suspended by a light siring of length a from the lower 
<‘nd of a rod of the same mass and length 2a, which is free to t\in» about its 
upper end. For vibrations about c<iuilibrium in a vertical plane, show that 
the two normal frequencies are given by 



where p satisfies 


4/)» - 2bp 4-9 = 0. 

19. A rod of length 2a hangs from a support which is given a small hori- 
zontal displacement ? varying with time according to the equation 
f = 6 sin pt, where 6 and p are constants. Find the equation of motion 
for small oscillations. Integrate the equation, obtaining a result with two 
arbitrary constants. Find these constants on the assumption that when 
t = 0 the rod is hanging vertically and has no angular velocity; hence 
show that the inclination 6 of the rod to the vertical is given by 




(n sin pi — p sin iit), 



20. Two simple pendulums, each of mass m and length a, hang from a 
trolley of mass M which can run without friction along horizontal rails. 
.\ small impulse, parallel to the rails, is applied to one of the pendulums and 
imparts to it an angular velocity w, the other pendulum and the trolley 
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h.viuK no volnn.tv n. Ihn. in..nn,. Inv^tigntn the resulting motion and 
express the displaeement of tl.e trolley ami the inelinations of the ponduhims 

to tho vortir.il us funrtions of the tiino. 

Show thal. if the ratio m M is small, the motions of the pendulums 

relative to the trollev may he regarded as simple harmome motions uith 
slowly varying amplitudes, the am,.litudes hemg given by the absolute 

values of 


ti) mpl 


« . mpt 

- sin vTTf 
p 2M 


whore 
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PLANE IMPULSIVE MOTION 

8.1. GENERAL THEORY OF PLANE IMPULSIVE MOTION 

The concept of an impulsive force. 

For a particle moving in a plane under the action of a force 
with components X, Y, the equations of motion are 

(8.101) mx = A", my = 

Multiplying by dt and integrating from to C, we obtain 

(8.102) A(mi-) = £' X dt, A(m.v) = V di, 

where A denotes an increment during the time interval (<o, fi). 
'I'he vector with components 

(8.103) £x.n, I'^Ydt 

is called the impulse on the particle during the time interval 
{to, ii). We may state (8.102) in words as follows: Theincrement 
in momentum is equal to the impulse. 

The preceding argument involves no new concept.s. Let us 
now suppose that a particle of ma.ss m can move along the 
x-axis. At time i = 0, it is at rest at x = 0. At this instant a 
force 

(8.104) X = A sin y 

commences to act and acts until t = t. (A and r are constants.) 
During this time the etiuation of motion of the particle is 

(8.105) rtix = A sin 

and so 

At ( ttA 

•u = X = — I 1 — cos — J» 

7rm \ T / 

Art At- . irt 

X 5 — sin — > 

irm TT^m r 
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tlio con.<taiit:< of intoRration haviiiR been chosen to fit tlic initial 
cotuiiti(jns. Tluis in the time interval (0, t) the particle receives 
incjenuMits in velocity and position given by 


(S.lOb) 


Sn 


2 At 

» 

irrn 



• 

irm 


'I'he mean value of the force is 

o 1 4 • ii 2/1 

(8.107) X = - t A sin - dl = — » 

T JO T IT 


and so (8.106) may be written 

AV , Xr= 

(8.108) A« = — » Ax = i 

d'he experiment may be repeated using different values of 
.1 jind r. We note that as long as the product Xt remains 
unchanged the value of A« remains the same. If we let A (and 
therefor<‘ .V) tend to infinity and let r tend to zero in such a way 
that A't maintains a fixed value C, we have 

C 

(8.109) Au-*-. Ax-»0. 


Wo note that, in this limiting case of “an infinite force acting for 
an infinitesimal time,” there is an instantaneous change in 
velocity but no change in position. 

Returning to the general equations (8.102), we may let the 
force components (A”, 1') tend to infinity and the time interval 
f\ — tf) to zero in such a way that the integrals remain constant or 
approach finite limits. Under these circumstances a particle 
moving in a plane experiences (in the limit) an instantaneous 
change of velocity. Since the velocity remains finite during this 
change, the displacement is zero in the limit. The instanta- 
neous change in momentum is given by 

(8.110) A(m.r) = lim f' X dt, A(m)/) = liin f' Y dt. 


Have we here introduced a new ingredient or concept into 
mechanics? It must be admitted that we have, because no 
huce, however large, can produce an instantaneous change in 
momentum. To place our new ideas on a secure foundation, we 
admit the concept of an impulsii'c force, wdth components denoted 
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by X, Y'. it is such that, when applied to a particle, the impul.sive 
force causes an instantaneous change in momentum given by 

(8.111) A(/hjc) = X, A(my) = Y. 

We must, however, regard the impul.sive force, not as something 
absolutely new, but as connected with the ordinary force (A*^, }') 
by the relations 

(8.112) .V = lim f" X , It, Y = Urn f" Y dl, 

obtained by comparison of (8.110) and (8.111). 

On account of this connection, it is unnecessary to repeat for 
impulsive forces results already obtained for ordinary forces. 
We draw attention to the fact that impulsi\'e reactions betweeri 
the particles in a rigid body obey the law' of action and reaction. 
The theory of moments applies to impulsive forces, and we may 
speak of an impulsive couple. The idea of equipollence may also 
be used. 

It is clear from (8.112) that forces w’hich remain finite as 
(e.g., gravity) contribute nothing to the impul.sive force. 
An impulsive force is the product of an ordinary force and a 
time and is equal to a change in momentum. Hence, its mag- 
nitude is expressed in dyne sec. or gm. cm. sec.“‘ in the c.g.s. 
system and in poundal sec. or lb. ft. sec.”‘ in the f.p.s. system. 

Principles of linear and angular momentum. 

We expressed in (5.206) the law' that, for any system, the rate 
of change of linear momentum is equal to the sum of the external 
forces. If Mx, are the components of linear momentum in 
the directions of axes Ox, Oy, and X, Y the total components of 
external force in those directions, then 

(8.113) Mx = A^ = r. 

Let us multiply by dt, integrate from i = ta to I = t\, and then 
proceed to the limit t\ —* U, supposing the forces to tend to 
infinity. Then 

(8.114) = X, = Y, 

w’here X, Y are the sums of the components of the external 
impulsive forces. In w'ords, the s^idden change in the linear 
momentum of a system is equal to the total external impulsive force. 
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'I’hesc ecjuations may be writteu in vector form; 


(8.115) 


AM = F, 

wlu-re F i.s tlio vector sum of the external impulsive forces. 
Similarly, we obtain from (5.209) the vector etiuation 

A 

(8.110) mAq = F. 

where rri is the mass of the system ami Aq the sudtlen change in 
tlie velocity of the imuss center. 

If tliere are n<) external impulsive forces, we have F = 0, and 
hence Aq = 0. Thus, when the impulsive forces are purely 
internal, there is no sudden change in the velocity of the mass 

centi'r. 

This result is of interest in connection with colli.sions and 
explosions. Here, in physical reality, we find large forces acting 
for short inter^'als of time, ami wo ma\' treat the phenomena 
mathematically by means of impulsive forces. Thus, if a 
shunting locomotive strikes a car. the mass center of the'system 
“locomotive + car” has the same velocity just before and just 
after the collision. The hunting of a shell in the air produce.s a 
set of fragments, the ma.ss c(‘nter of which has the same velocity 
as the mass center of the slu'll before bursting. 

Consider now the change in angular momentum about a fixed 
line due to the action of impulsive forces. liquation (5.214) 
applies. Multiplying by dl. integrating over the range (to, <i) 
and proceeding to the limit as usual, we find 

(8.117) A/i = lim f '‘ N (it = N. 

ri— »« dta 


In words, the sudden change in angular momentum about the fixed 
axis is equal to the motnent of the external impulsive forces about 
the axis.* 

We may treat similarly the equation (5.219) which concerns 
motion relative to the mass center, ^^"e find that the sudden 
change in angular momentum relative to the mass center is equal 
to the moment of the external imprdsive forces about the mass center. 

If the system is a rigid body with a fixed axis, (8.117) may be 
written 

(8.118) lXai = N, 

“ It is onsily proved that dcfinoil .as the limit of the time integral of the 
inonuMit, is equal to the moment of the impulsive forces. 
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wliere I is the moment of inertia about the fixed axis, Aw tlic 
change in angular velocity, and N the moment of the impulsive 
foroe.s about the axis. 

For a rigid body which can move parallel to a plane, (8.118) 
hold.s, jn-ovided we understand I to bo the moment of inertia 

about the mass center and .V the moment of impulsive forces 
about the mass center. 

We have now coii\‘erted the principles of linear and angular 
momentum into forms applicable to the case where impulsive 
forces act. Since the application of impulsive forces leads to 
sudden changes in velocity, we may call the theory’ of impulsive 
motion a discontinuous theory, re.serving the word continuous 
for those ca.ses in which no sudden changes in velocity occur. 

In the continuous theory the princii)le of energy is useful for 
detertnining motions, either completely or in part. But it must 
be used with great caution in the discontinuous theory, because 
we find in general that when impulsive forces act the law of 
conservation of mechanical energy does not hold. Actually, 
the energy is not lost; it i.s converted into heat or employed to 
deform the bodies on which the impulses act. But mechanical 
energy disappears, and it is with mechanical energy alone that 
we are concerned in this book. 

Exercise. An iinpril.sivc force P is applied at one end of a bar of ina.ss m 
and length 2fi, in a direction perpendicular to the liar. Find the velocity 
imparted to the other end of the bar, assuming (i) that the center of the 
bar is fixed, (ii) that the bar is free. 

8.2. COLLISIONS 

As remarked above, a collision between two bodies gives rise 
(in physical reality) to large reactions acting for a short time, 
and so we treat the problem of collision mathematically by means 
of impul.sive forces. 

The collision of spheres and the coefficient of restitution. 

As an illustrative example, we shall discuss the problem of 
the collision of two spheres which are moving along the line 
joining their centers (Fig. 97). 

Taking the axis Ox along the line of centers, let us use the 
following notation: 
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mi. mj = masses of the spheres, 

^2 = velocities of centers before collision, 

Mj = velocities of centers after collision, 

P = magnitude of impulsive reaction. 

\\\' have then 

(S.201J mi((/; - »i) = -P, m2(u2 - »:) = P, 

and so 

(8.202) fniu\ + mm, = yniUi + 

as indeed we might have deduced directly from the fact that 
there is no external impulsive force. 

Our problem is to find the result of the collision, i.o., to find 
ii\, when i/i, u-i are given. But for this we have only one 
etpiation (8.202), and that is not enough to give two unknowns. 
We can proceed no further without an additional hypothesis, 
and here we introduce the idea of the coejjicient of restitution. 



Consider the problem of collision as it might occur in reality, 
say between two tennis balls. Actually the balls would become 
distorted during the collision and then would bound away from 
one another, regaining their spherical shapes. This is a com- 
plicated proce.ss which we cannot follow through mathematically, 
and we are obliged to substitute some simple hypothesis based 
on experimental results. 

We introduce the expressions speed of approach qa and speed of 
separation q,. For a general collision, these speeds are calculated 
for the particles of the two bodies at the point of contact, com- 
ponents of velocity along the common normal at that point being 
used. In our problem of colliding spheres, we have 


(8.203) 



q<t = U\ — u-i, 
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Tlio following gcnt'ral hyiiotlic.'^is i.s atlo])t(Hl: The 
seporation and approach arc connected by the relation 


s l)eed!i 



(8.204) 7, = e</a, 

where e is a positive number, called the coefficient of restitution. 
The value of e depend.s on the materials of which the bodies are 
composed and also on their shapes and .dzes; it never exceeds 
unity in value. When e = 1 the bodies are said to be perfectly 
elastic, and when e = 0 they are said to be perfectly inelastic. 

In the problem of the sj)heres, we now have 


(8.205) 

Hence, 


( 8 . 201 )) 


{ miu\ + m>U 2 = in\Ui + W2U2, 
W2 — w'l = e(wi — M2). 



mi — em -2 , , \ 

■ M, H- (1 -h e) 

mi m-2 

(1 + 0 


m •_> 


nil + m2 


W2, 


mi 


mi + ni-2 


. m 2 — enii 
M I -h : M •} 


m 1 -h m-i 


• } 


and so the problem is solved. 

In the case of perfectly inelastic spheres (c = 0), we have 
u[ = Mj; there is no rebound. 

If the spheres are of the same mass (mi = m-j) and there is 
perfect elasticity (e = 1). we have 

(8.207) w'l = W2, W 2 = ui; 

this means that the spheres exchange velocities. This case Ls 
particularly interesting because, in the kinetic theory of gases, 
the mathematical model represents the molecules by perfectly 
elastic spheres. 

Compression and restitution. 

The hypothesis (8.204) appears artificial; we generally prefer 
to adopt hypotheses which have some plausibility. The hypoth- 
esis may however be put in another form, which suggests 
rather better its connection with physical reality. To do this, 
we return to the physical picture of the collision of two tennis 
balls. At first the centers of the balls are approaching one 
another, and the balls are being distorted. Then they start to 
regain their spherical shapes, pressing against one another until 
they separate. Thus the whole period of collision is divided 
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into u period of coinpre.ssiofi and a pcrioil of realitution . We 
may adopt, iii.^tead of {8.204). tiie followinj; hypothesis: The 
impulse during restitution hears to tlie impulse during eom- 
prt'ssion a definite ratio c. Or. passing tt) the limit of infinite 
forces and vanisliing time, we may make tlie following formal 
statement of our hypothesis: If P\ is the magnitude of the impul- 
sive reaction of compression Required to reduce the speed of approach 
to zero, then the magnitude P-i of the impulsive reaction of restitution 


IS 


(8.208) P-. = fPi 

where e is the coefficient of restitution . These two impulsive reactions 
act in the some direction. 

It is hy no means obvious that (8.208) is eriuivalent to (8.204), 
hut it can he proved without much difficulty. We shall here 
merely establish the CHpiivalencc for the problem of the spheres. 
We have, for compre.ssion, 

(8.209) «<ii/ — wiiMi = —P\, fn->u — m^Ui = Pi, 


when' II is the common \elocity when the speed of approach is 
zero. For restitution, we ha\'e by (8.208) 


(8.210) miu\ — WiM = —ePi, m-i\d — m-^u = ePi. 

W’e have here four equations, which can he solved for a',, Wjt 
To prove that we get the same result as that given by (8.204), 
we eliminate u from (8.209) and also from (8.210); we obtain 


( 8 . 211 ) 



///iWofWl 



(m, + fn.f)Pj^, 
e{mx + mf)Pi, 


from which (8.204) follows at once. 


Motion relative to the mass center. 

The mathematics of discontinuous motions is much simpler 
than that of continuous motions, because the equations to be 
solved are algebraic, not differential. But the algebra may 
become complicated, and it is .sometimes advisable to use a 
special Newtonian frame of reference. Thus, in the case of the 
two spheres considered above, we may use a frame of reference 
in which the mass center is at rest before collision. It is, of 
course, at rest in this frame after collision also. We have then 
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(8.212) 


vt\U\ + ni»u<> = (), 4* tn->U 2 — 0, 

— u\ = e{ui — ii-i); 


lienee, 

(8.213) = -CM,, - -eHs- 

A.s a result, of the eolU.'^ion, the components of velocity are 
reversed in sign and multiplied by the coefficient of restitution. 

If the kinetic energy is T before collision and T’ after collision, 
we have 


r = + m-M)r T' = = e^T, 

and .so the los.s of kinetic energy is 


(8.214) 



Since c < 1, kinetic energy is lost in every case except that of 
perfect elasticity (c = 1). 

Wo have discu.ssed the collision of spheres in the case where 
their centers move along the line joining the centei-s. Provided 


tlie spheres are smooth, the extension to the ease where the 


spheres have general motions is immediate; the 
components of momentum (and hence velocitjO 
in directions parallel to the common tangent 
plane of the spheres undergo no changes, and 
the components of velocity' along the common 
normal change as described above. 

8.3. APPLICATIONS 

We .shall now illustrate the application of the 
principles of linear and angular momentum by 
two examples. 

The ballistic pendulum. 

Consider a rigid body, hanging in equilibrium 
from a horizontal axis O (Fig. 98). A bullet, 
traveling horizontally, strikes the body at A and 



becomes embedded in it. As a result of the pendulum 


impact, the body swings as a compound pendulum, rising through 
an angular displacement a before coming to rest. On account of 
its importance in ballistics, the apparatus is called a ballistic 
pendulum. From the angle a and the constants of the system, 
we can compute the velocity of the bullet, as we shall now show. 
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Lot us tako as dynamical system tlu* body and the bullet. 
'I hon the forces between the body and the bullet are internal. 
During tlie brief interval of impact the only external forces 
acting are (i) gravity and (ii) the reaction at O. The force of 
gravity is a finite force and .so contributes no impulsive force. 
Since the reaction at O has no moment about 0, it is evident that 
the principle of angular momentum enables us to state that 

angular momentum of system about O before impact 

= angular momentum of system about O after impact. 

Let ON be tiie vertical through O, AN being horizontal. 
Lot m be the mass of the bullet, q its speed. I the moment of 
inertia of the body about O, and w the angular velocity immedi- 
ately after impact. Then the angular momentum of the system 

about 0 is 

l)efore impact: mq • ON, 
after impact: {m • AO- /)«• 

If the ma.ss of the bullet is very small in comparison with that of 
the body, we may neglect m ■ .40- in comparison with I ; thus we 

iiavc 


(8,301) 


mql = I(j), 


where / = ON. 

Although we cannot apply the principle of energy during 
impact, we can apply it in the subsecpient motion. Thus, 
again neglecting the mass of the bullet in comparison with that 
of the body, we have 

(8.302) - fo-'' «). 

wlu're M is the mass of the body ami h the distance of its mass 
center from O. Hence, from (8.301), 

(5.303) q = 

which gives the speed of the bullet in terms of a and constants 
of the system. 


Linked rods. 

Two uniform rods AB, BC. each of ma.ss rn and length 2a. 
are connected by a smooth joint at B and lie in one straight line 
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on a smooth horizontal table (Fig. 99ri). A horizontal blow P 
is struck at C, in a direction perpendicular to BC. We wish to 
find the motion generated. 

Let us draw a schematic diagram (Fig. 995), separating the 
rods in order to repre.sent the reactions without confusion. 

A B C 

p 

Fig. 99a. — A pair of rods, linked at B, receive a hlow at f'. 


y 


Fig. 99f>. — Diagram of velocities and impulsive forces. 

Taking rectangular axes Oxij, with Ox parallel to ABC and Oy 
in the sen.se of P, we shall use the following notation: 

ni, ei = components of velocity of center of AB, 

= components of velocity of center of BC, 

0)1 = angular velocity of AB, 

0)2 = angular velocity of BC, 

Xy }' = components of reaction on BC at B, 

— X, —Y = components of reaction on AB at B. 

Since the rods are joined at B, this point must have the same 
velocitv whether considered as a point of AB or of BC. ^hu.s, 

(8.304) »i = U2, I’l + “ 0^2- 

The principle of linear momentum applied to each rod gives 



(8.305) 


{ mui = —X, mu2 = ^ 

\ mvi = —Yf mvi = K + P; 


the principle of angular momentum gives 

(8.306) mk^wi = —aY, = —aY + aP, 

where k is the radius of gyration of each rod about its center, 
so that 
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From the first (Kiuatioii of (S.^iOt) and the first two of (8.305). 
«(• s(‘(‘ tliat 

(8.307) »i = **• 

'I'licro now rrmain in (8.304), (8.305), and (8.306) five equations 
for the followinp: five unknowns: 

>’j. <’2. Wl, to-,*. J • 

It is most symmetrical to find i first by suostitution in (8.304) 
from the other eiiuations; we find 

(8.308) y = T^. 


and hence 

(8.309) 

'Phe velocity of B is P/m, downward in the diagram. 

8.4. SUMMARY OF PLANE IMPULSIVE MOTION 

I. Components of impulsive force. 

(8.401) X = Urn r‘ A' fit, Y = lim f “ Y di. 

II. Instantaneous change in motion. 

(a) Particle: 

(8.402) A(mi-) = X, Xinuj) = Y. 

(h) Any.sy.stem: 

(8.i03) A.l/x = A, A3/„ = F. Ah = N. 

(A. y, N = total components and moment of external impulsive 

forces.) 

(c) Rigid body with fi.xed axis: 

(8.404) / Aw = A. 

(d) Rigid body moving parallel to a fixed plane: 

(8.405) m Am = A’, m Ac = F, 7 Aw = A. 

(u, c = components of velocity of mass center; N — impulsive 

moment about mass center.) 
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Kx. VIIIl 

III, Collisions. 

Either 

(8.406) q, = eqa 
or 

(8.407) P., = cP,. 

{e = copflfic’iont of rostitntion; p < 1.) 

EXERCISES Vm 

1. \ hnr 2 ft. lonn. of mass 10 lb., lies <iii a .snioolh liorizorital tabic. It 

aiicc of 0 ill. from one cml, tlic blow being 
perpendicular to the bar; the magnitude of the blow is such that it would 
impart a velocity of 3 ft. per sec. to a mass of 2 lb. Find the velocities of 
the ends of the bar jii.st aft<>r it is struck. 

2. .\ uniform rod of mas.s tn and length 3o hangs from a pin passing 
through it at a distance a from the upper end. Find in terms of m, a, g the 
magnitude of the smallest blow, .struck at the lower eml of the rod, which 
will make the ro<l describe a complete revolution. 

3. ball is dropped on the floor from a height h. If the coeflicient of 
restitution U e, find the height of the ball at the top of the nth rebound. 

4. \ bar, 6 ft. long, i.s swinging about a horizontal axle pa.ssing through 
it at a distance of 1 foot from one end. .\t what point must a blow be 
struck to bring it to rest without cau.sing any iinpul.sive reaction on the 
axle? (This point is called the center of percussion.) 

6. .\ particle moving with a speed of 30 feet per second in a direction 
making an angle of liO'’ with the horizontal strikes a smooth horizontal 
plane and rebounds, the coefficient of restitution being Find the speed 
and the dlrciftion of motion of the particle immediately after impact. 

6. A uniform s(pmrc plate of mass M and side 2a rests on a smooth 
liorizontal table. A horizontal impulsive force of magnitude P is applied 
at a corner in a direction perpendicular to the diagonal at that corner. 
Show that the angular velocity generated by this impulsive force is 

3 \/'2 P 

2Ma 

7. A tug of mass m tons is attached to a barge of mass M tons by a cable 
the muss of which may bo neglected. The cable is slack. The tug moves 
and has acquired a speed of v ft. per sec. when the cable becomes taut and 
the barge is jerked into motion. .\s.suming that the cable has a coefficient 
of restitution J and neglecting the impulsive resistance of the water, find 

(i) the speed imparted to the bai^e; 

(ii) the mean tension (in tons wt.) in the cable during the jerk, supposing 
thus to take t sec. 

8. A billiard ball o6 radius a and mass M rests on a horizontal table. 
In a vertical plane through the center of the ball there is applied a horizontal 
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, * •» .,i„ p If the lino of action of the impulse is at a 

vo.oe;.. or po.. or rne ... 

which is in contact with the table. moments of inertia /„ />. 

r™.: .io,^ j" - 

aVe «Xlv on^agea, ana the angular velocity 

■'^'^^.“^nriOO an a« 6_.. Iran. ^ ^ 

throunh It at a distance of 1 ft^ stopped dead at the lowest point 

::r :t ::::: .i" a - 

its lower end. What is the impulsive reaction on the axle, expr 

"mmsmmsm 

"or lengn. 20 ana nnn« a/ rears on a l.orizo.aal ^a.^ 

^ sniai, iroay or ...ass a, .noves all::"™ 

„„„i..ea .0 .l.e roa ,.t an .he r„a an.l ,l.e 

ll' VXnrVhe "..g..lar volociry or rhe roa a..a ,l.e velocity ol ,he boay 

'‘^W^'irflvwdieel whoso axial moment of inertia is 200 

•u. aiiKular velocity of 300 revolutions per mmute. Find in ^ • 

'the "neulHr impulse which would be required to bring the flywheel to rest. 
Hence find the frictional torque at the bcarmgs, if the flywheel comes 

resjt in 10 iniimtes under friction alone. ; 

'l4. One end of each of four equal uniform rods is Jf ^ 

rircuinference of a uniform disk of radius a and mass M. The length o a 
rod is 2a and its mass is m. The points of attachment are at equal angular 
intervals Initially the svstem is at rest on a smooth horizontal plane wd 
each rod lying along a radius of the disk produced. horizontal impuls 

force of magnitude P is applied to the outer end of “ diiris 

perpendicular to it. Show that the initial angular velocity of the disk 

P 

n{M + 2m)’ 

in H sense opposed 

16. A uniform rod of mass m and length 2a is moving on a smooth hon 
zontal plane. At a certain instant, its center h,^ velocity components u 
along the rod and v perpendicular to it. and the rod has an angular velocitj «. 
Wliat impulsive force must be applied to a point of the rod at a distance b 
from the center, in order to bring that point to rest instantaneously. 

16. Two uniform circular plates A and B, each cif radius a and mass m 
are connected by a rod of length 2a and mass m. each end of which is linked 
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.smoothly to a point on the cirfumfercncc of one of the plates. The system 
is at rest on a smooth horizontal {)laiie witli the centers of the plates in the 
lino of the rod produced. .\n impulsive couple .C acts on the plate A. 
Determine the initial motion of tlic plate H. 

17. AB, BC, CD arc three equal rods, smoothly liinged to one another 
at B and C. They lie on a smooth hori/ontal plane, forming throe sides of 
a square. AB can turn freely about A, which is fi.\ed. An impulsive force 
applied to I) .sets D in motion with a velocity v directed away from A. 
I^rove that the initial velocity of B is opposite in direction to that of D and 
equal in magnitude to 

18. F ‘or the collision of two smooth laininas moving in a plane, prove that 
the assumption that the impulsive reaction of restitvition is equal to e times 
the imptilsive reaction of compression loads to the result that the ratio of 
the speeds of separation and approach is c. 

19. On a straight line L, there arc situated n particles all of the same 
niiiss. Initially the particles are at the points A 2 , • ■ • A„ where 
OAi < OAt < • • • < 0,1 O being a fixed point of L, and the velocity of 
the rth particle is in the direction O.lr and of magnitude Ut. 

If ui > 1/2 > • • • > u„ and the particles arc all jjerfectly elastic, find the 
final velocity of each ]>article. What would be the result if all the particles 
were perfectly inelastic? 

20. .\ number of eqtuil uniform rods are smoothly jointed together to 
form a chain which hang.s at rest under gravity. The iipper end A of the 
chain is free to slide on a smooth horizontal axis. If an impiilsive force is 
applied to A along the axis, show that the initial angular velocitic.s of the 
last three ro<ls are in the ratios 1 1 : —3: 1. 
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CHAPTER IX 
PRODUCTS OF VECTORS 

Up to the present, our development of mechanics has been 
restiicted, for tlie most part, to two dimensions. We now come 
to tlie systematic treatment of mechanics in space. Here we 
must make a decision as to notation. On the one hand, we have 
the ordinary notation of coordinates; on the other hand, the 
vector symbolism. Each has its advantages, but on the whole 
the vector notation has proved more useful on account of its 
coinpactne.ss. W e shall therefore use it extensively (but not 
exclusively) throughout the rest of the book. The present 
chapter, together with Sec. 1.3, explains the mathematical 
language to be employed later. 

9.1. THE SCALAR AND VECTOR PRODUCTS 

In developing the theory of vectors, we try to extend to 
x'ectors the operations of ordinary (scalar) algebra, as far as 
possible. In Sec. 1.3, this was done successfully for the addition 
and subtraction of vectors and for the multiplication of a vector 
by a scalar. W'^e now con.sider the multiplication of vectors by 
one another, and here the methods of ordinary algebra are not 
so easy to generalize. Actually, we define two types of product — 
the scalar product and the vector product. 

As in Sec, 1,3, we use Pi, P^, P 3 to denote the components of 
a vector P on rectangular axes Ox, Oy, Oz, and P to denote its 
magnitude. 

Scalar product. 

The scalar product of two vectors P and Q, written P • O 

is defined bv ’ 

% 

(9.101) p. Q = PQ cos e, 

where B is the angle between P and Q. Since Q cos 0 is the 
component of Q in the direction of P (cf. Sec. 1.3), it is clear 
that P • Q is equal to the magnitude of P multiplied by the 
component of Q in the direction of P. 
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ISec. 0.1 


M /V SrACt: 

.1 -. P i-; the of a \octor P in the 

In parti.-iilai, a • ^ p 

tlircetioii of a unit \ * ^ t ; . Uv t2 401) 

,„ nn infinilnsin.al displacement ^ 6s .s, 1» (2.40 ). 

6U' = P • A 5s- 

Since tl.e .liceCinn cosines of P -e PJP. P-JP- P^IP ‘-a 
,l,„se of Q a.e Q, Q. Q./Q. Q-'Q- "<■ h*"' 

p,Qi + ±£jQj. 

PQ 


cos 0 — 


u n innt f<) ion we have the followins expression for the 

™'..- i« ™” 

(,, ,02) P . Q = P,Q. + P-Q. + ^^03. 

From tire definition, it is clear that the scalar product of two 

pcrpcntlicAilar Victors vani.-^hcs. /o 1091 it follows 

Kither from the definition (fhlOl) «r from (9.102). it folkms 
thl; the order of the faetors in a sealar product is immaterial. 

'I'hus, 

p. Q = Q . P; 

in fact, scalar multiplication is commutalicc. It is also d,s- 
irihutivc; that is. 

p . (Q + R) = P • Q + P * ^ 

To show this, we .call that the compoirents of Q + R are 
Q,. + R,. Qn -t- Pz-, a»‘> therefore, by (J.102). 

p . (Q + R) = PdO. 4- /f .) + PMz + P^l + 

= (P,0, + PzOz -h PzQz) + (PzPz -h PzRz -t- PzPz) 

= p. Q + p. R. 

A third law governing the operation of multiplication in 
ordinary algebra, namely, the associative law, doe.s not concern 

us here since we attach no 1 ^ p 

have defined .such quantities as (P • Q)R and P(Q • R), each 

being the product of a vector by a scalar. These 

are. of course, quite different, one being a vector with the direc- 

tion of R and the other a vector with the direction of P. 

EzerctV. A vector has eo.nponents (1. 3. -2) in the direcdons of rec- 
tangular axes Oxyz. What is its component along the line x - y - z. the 
positive sense being that in which i increases? 
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Positive rotations. 

Before defining the vector 
convention concorning the 
sign of a rotation. 

A rotation about a directed 
line L is .said to be positive if 
it bears to the direction of L 
tlie same relation as the rota- 
tion of a right-handed screw- 
bears to its direction of tra\-(*l 


product, we sliall introduce a 



Fi<i. KK).— A positive rotation. 


(Fig. 100). Thus a rotation from south to east is a positive 
rotation about the upward vertical; the earth’s rotation about 
its axis drawn from south to north is also positive. 


Right-handed triads. 

Consider three non-coplanar vectors. These three vectors, 
taken in some order, form an ordered triad. Since all the triads 
(jf which wo shall speak are ordered, the adjective w'ill be under- 
stood in future, and a triad will mean an ordered triad. Let 
P, Q, R be an orthogonal triad, the order being as indicated. 
This triad is .said to be nght-hamied if the rotation through a 
right angle from P to Q is a po.dtive rotation about R. Any 
other triad is said to be right-handed if it can be deformed con- 
tinuously into a right-handed orthogonal triad without its 
vectore becoming coplanar at any stage in the deformation. 

If the triad P, Q, R is right-handed, then the triad Q, P, R 
is said to be left-handed. 

If the triad of unit coordinate vectors i, j, k, introduced in 
Sec. 1.3, is a right-handed triad, the axes Oxyz are said to be 
right-handed. We shall ahvaj's use right-handed axes for the 
sake of consistency. 

Vector product. 

Given two vectors P and Q, we draw the unit vector n per- 
pendicular to both P and Q, such that the triad P, Q, n is a 
right-handed triad. We define the vector product of P and Q, 
written P X Q, by 

(9.103) P X Q = PQsin0n, 

w'here B is the angle between P and Q (Fig. 101). 
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It is .-Icar fn.in tl.o definition tl.at a rotation from P to Q, 

tfirouirlt an an.lo less tht.n two riRfit angles, is a "’f;?" 

about P X Q. ^^c note that the 

magnitude of P X Q is PQ sin 6; this 
is etjual to the area of the parallelo- 
gram whose adjacent .<ides are P and 

Q 

The vector product P X Q of two 
non-zero vcctoi-s vanishes if, and only 
if, P and Q are codirectional or oppo- 
site; in particular, 

P X P = 0. 

Let us now find the components 
of P X Q. If we denote this vector by R. then R is perpendic- 
ular to both P and Q, and we have 

PiPi + = 0. 

PiQ\ 4* P:Qi + — fl- 

/e., = kiP,Qy - P.Qa), 

= k{P^Q, - P.O.), 

where k is an undetermined factiir. Now, 

= R\+Pl^Pl ^ 

= k-[iP'Q3 - P3Q2)- + (P3O1 - P1Q3)- + iQi ~ 1 

= k-^[(P] + PI + Pl)(Q\ +QI + Ql) 

— (PiQi -h P 2 Q 2 PaQs)"! 

= k'^P'^Q- sin2 d. 


( 9 . 104 ) 


But, liy definition, 
and hence 


R — PQ sin 6, 
fc = ±1. 


From considerations of continuity, it is evident that k is to 
have the same sign in all cases. This sign may therefore be 
determined by considering the particular case where P and Q 
are unit vectors directed along the positive axes of x and y, 
respectively; then, 

P, = 1 , Po = 0, Pz = 0. 

Ql = 0, Q 2 = 1, Qz = 0, 
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and hence, by (9.104), 

= 0 , /?2 = 0 . 7^3 = k . 

But P X Q is, in this case, a unit vector directed along the po.siuve 
axis of z, so that /fa = 1- Hence, /: = +1 here, and so in all 
cases. Thus, quite generally, the components of R = P X Q are 

i Tfi = P 2Q3 — P 3Q2, 

(9.105) < It. = P3O1 - P1Q3, 

(/fa = P1O2 - PuQi. 

Note that the number descril)ing the componenf and the sub- 
scripts in the leading term of the expre.ssion for that component 
are a cyclic permutation of the numbers I. 2. 3. 

From the definition (9.103), it is evident that 

(9.106) P X Q = -Q X P. 

Again, using (9.105), it is easily .shown that 

(9.107) PX(QH-R)=PXQ+PXR. 

Thus, vector multiplication is not commutative but doe.s obey 
the usual distributive law for multiplication. 

For the unit coordinate vcctoi*s i, j, k, it is easily seen that the 
following relations hold: 

/i.i = j. j = k.k = 1, 

(9.108) /j.k = k-i = i.j = 0, 

( j X k = i. k X i = j, i X j = k. 

If we assume the distributive law for .scalar and vector products 
and the formulas (9.108), we can e.'stablish (9.102) and (9.105) 
directly. Thus, 

P - Q = (P,i + Paj + Pak) . (Q,i + + Qak) 

= PiQi P iQ-i 4 “ P 3Q3. 

and 

P X Q = (Pii + P^j + Pak) X (Qd + Q^j + Qzk) 

= (Pi<?.3 - PaQa)! + (PaOi - P,Q.i)j + (P.Q, - P,<?.)k. 

If we multiply a vector by a scalar m, we do not alter its 
line of action; we merely change its magnitude, and reverse its 
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.liroction if m is negative. From this fact and the definitions 
of tlie scalar and vector products, we see that 

. Q = P . (/«Q) = m(P • Q) ; 

(mP) X Q = P X (mQ) = m(P X Q)- 


(i) 

(ii) 


Hence, if a scalar factor appears in a product of vectors 
its position is actually of no importance; it may be shifte 
to any position without altering the value of the product as a 

whoh‘. 

If P X Q - R ....'t p X R = Q, the. the vectors Q end R 

Ixith vanish. 

Differentiation of products of vectors. 

The derivative of a vector with respect to a scalar has been 
defined in Sec. 1.3. We saw tliere that the derivative of the 
sum of two vectoi-s is etpial to tlic sum of their derivatives, as 
in ordinary calculus. The ordinary rule holds also for the 
d(‘rivativcs of tlie scalar and \ ector products. This is shown as 

follows: 

(P + AP) ■ (Q + AQ) - P ' Q 


(9.109) 


du 


(P-Q) 

= lim 

^u-»0 


= lim 


.iu— 0 


dP 


du 

riling “ 

cross” 1 


Au 

AP • Q + P • AQ + AP ■ AQ 

Au 

dQ 


Q + P 


du 


(9.110) 


j^(PXQ)=f XQ + PX!^ 


It is important to prescr\'e the order of P and Q in (9.110), 
but not in (9.109). 


9.2, TRIPLE PRODUCTS 
Mixed triple product. 

Let us consider three vectoi'S P, Q, and R. From them we can 
form the product P • (Q X R). called their mixed triple product. 
This is the scalar product of P and the vector V = Q X R, and 
so is a scalar. We shall now express it in terms of the com- 
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ponoiits of the tliroo vectors, 
have 


rroin (9.102) and (9.105), we 


p. (Q X R) = P- V 

= PlVl + 2 ■+■ 3 

= PiCfMs - Q3/«*2) + - Qt^a) 

d" /■*3(0l^l’2 — 


or, in deterrninantal form, 


(9.201) P • (Q X R) 


Px Qx Px 

Pi Qi Pi 

,P 3 Qi /^s! 


From the rule governing tlie intercliange of columns 
determinant, it follows that 

p . (Q X R) = Q • (R X P) = R • (P X Q), 



a 


and 

P . (Q X R) P • (R X Q) Q * (P X R). 

Thus a mixed triple jiroduct is not changed by a cj'clic jjei muta- 
tion of the vectors; its sign is reversed wlien two of the vectors 

are interchanged. 

We may interpret the mixed triple product geometncally as 
follows: As we have seen, the magnitude of Q X R is ecpial to the 
area of the parallelogram whose 
adjacent sides represent Q and R. 

Now P • (Q X R) is the product 
of the magnitude of Q X R by 
the component of P in the direc- 
tion of Q X R (that is, per- 
pendicular to the plane of Q and 
R). Hence the magnitude of 
P . (Q X R) is equal to the vol- 
ume of the parallelepiped whose 
adjacent edges represent P, Q, and R (Fig. 102). The sign 
of P • (Q X R) is also significant; it is positive or negative 
according as the angle between P and Q X R is acute or obtuse, 
i.e., according as P, Q, R form a right- or left-handed triad. 

From the geometrical interpretation, it is obvious that 

p . (Q X R) =0, 

if the vectors P, Q, R are coplanar. 



Fic. 102. — TIu* mixed triple product. 
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Vector triple product. 

From the veetoj-s P, Q, R, we can form another product, 
namely, P X (Q X R); this is evidently a vector and is called 

the I'fclitr inplc product. 

We shall now express this product as the dilTerence of two 
vectors. Denoting it by U and writing V = Q X R, we have 

U = P X V; 

hence, using (9.105), 

r. = PzW - /M'o 

= PiiQyPi - Qj<\) - PiiQiPi - 

= (Pi/^ + PJii + PzP3)Qi - (PiQi + + P-iQs)^! 

= (P.R)Q, - (P-Q)Pi. 

Similarly, 

To = (P-R)Q2 - (P-Q)R2, 
r, = (P.R)Q3- (P-Q)/?3. 

These three expressions for Ui, t/s, f /3 can be combined into the 
vector ecjuation 

(9.202) U = P X (Q X R) = (P • R)Q - (P * Q)R- 

The following remark is an aid in remembering this expres- 
sion: since Q X R is perpendicular to the plane of Q and R, the 
\ ector P X (Q X R) mu.st be in this plane; hence, 

P X (Q X R) = r/Q + rR, 

where q and r are .sealaiN. 

Exercise. Fvahmte iill the vector triple products of the unit coordinate 
vectors i, j, k, includiiiK those in which one of the vectors is repeated. 

9.3. MOMENTS OF VECTORS 

The moment of a vector about a line was defined in Sec. 2.3 
as a scalar. There we spoke also of “the moment of a vector 
about a point .4,“ but only as an abbreviation for “the moment 
about a line through A perpendicular to the plane containing ..4 
and the vector.” Now that we are in possession of the powerful 
vector notation, we shall make a fresh start. We shall define 
the vector moment of a vector about a point, and (in terms of it) 



Sec. 9.3] 


PRODUCTS OF VECTORS 


251 


the scalar moment of a vector about a line; this latter definition 
will be shown to agree with that given in Sec. 2.3. 

Moment of a vector about a point. 

Let P be a vector with ongin at B, and A any point in space 
(Fig. 103). We define the vector moment of P about .4 (or briefly 
the moment of P about A) as a vector M, given by 

(9.301) M = r X P> 

wlierc r = AB, the position vector of B relative to A. Thus M 


D C 



about a point. about A is required. 


i.s a vector perpendicular to the plane of r and P, \vith magnitude 
(9.302) 3/ - rP .sin 6 = aP, 

where 6 is the angle between r and P, and a the perpendicular 
from A on the line of action of P. 

As an illustration, let us calculutc the moment of a given force P about a 
point A. In Fig. 104, P is a force of known magnitude applied at H and 

acting along the diagonal //F of one face of the cube ABC • • •//. If i, j, k 

b a triad of unit orthogonal vectors at A (as shown), we have 

Aft = 6(i + k), 

P = -^ (j - k), 

V 2 

where 6 denotes an edge of the cube. The moment M of P about A is now 
easily calculated; it b 

M = 6(i + k) X (j - k). 

\/2 
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Hencp, by (9.108), 

M = (-i + j + k). 

V2 


Thus the moment of P about A is a vector with components {~bP/y/2, 
bP. \/2) in the diroctions of the edges AE, AB, AD, respectively. 


Ucturnini; to 
the efTect of s 


the situation slunvn in Fig. 103. let us investigate 
litling P along it.s line of action. It becomes 



Fkj. 105. The moment of a vector is unchnnged when wo slide the vector along 

its lino of action. 


(Fig. 105) a vector P at B', where AB' = r + ArP {k being some 
scalar). The moment about A is now 

M' = (r + A'P) X P. 

But P X P = 0. and hence 

M' = r X P = M. 

Thus the. moment of a vector about a point is vnallercd by sliding 

the vector along its line of action. 

We shall now make an important deduction from the above 
fact. Let P at B and -P at B' be two vectors with a common 
line of action L, and lot A be any point. Sliding — P along 
L until its origin is at B, we do not alter its moment about .4. 

Thus, if AB = r, the sum of the moments about A of P at B 
and — P at B' is 

r X P + r X (-P) = r X (P - P) = 0. 

In words, for two vectors in the same line, with equal magnitudes 
but opjiositc senses, the vector sum of moments about any point 
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is zero. In particular, by the fundamental larv of action and 
reaction (cf. Sec. 1.4), we have 

fq 303) The vector sum of momenis about an arbitrary point of 
the forces of interaction between two particles of any system is zero. 

By the distributive law for vector multiplication, we have, 
for any vectors, 

(9.304) r X P + r X Q + r X R^+ ^ q ^ r + 

T P O R ■ ■ • be vectors \rith common origin B, and let r 
L th; position vector of B relative to a point .4. Then, for 
vector moments about a point, wc have the theorem of 4 
fcf Sec. 2.3): The sum of the vector moments about a point A oj 
vectors P O R ' ' * common origin B, is equal to the vector 

momentaboutAofthcsin^leveclorV + Q^R+ ■ ' * 

B. 

Moment of a vector about a line. 

Let M be the moment of a vector P about a point A, and 
let L be any line through A. Of the two sense.s on L, we choose 

one as positive and distinguish it by z 

a unit vector lying on L. We 
definef/ic scalar moment o/P about L&s 
the component il/x of M in the posi- 
tive sense of L; expressed in sj'mbols, 

(9.305) Jl/x = M. 

We shall now show that the above 
definition is equivalent to that given 
in Sec. 2.3. We take special axes 
Oxyz as shown in Fig. 106; the oiigin 
O coincides with A, and Oz lies along 

the line L in the positive sense. ,,,,,,, , * * « 

Relative to these axes, P has components (X, Y,Z) and acts at a 
point B with coordinates (x, y, z). The moment M of P about A 

(or O) is 

(9.306) M = (xi + 2 /j + 2k) X (Xi -b Tj + 2k) 

= {yZ - zY)i A- {zX - xZ)j -b (xT - i/X)k, 
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whore i. j. k are the unit eoordinate vectors. Since X = k, 
we lia\’e 

(9.307) = k • M = j-r — yX. 


But tills quantity is precisely the moment as given by (2.303); 
the two definitions of the moment of a vector about a line are 
now completely reconciled. 

It might a[)pearthat the value of the moment d/x of P about L, 
as given by (9.305), depends on the choice of a point -4 on this 
line. Tliis is not actually the ease. For let .4' be any other 

point on L, so that AA' = kX, where k is some scalar. The 
moment about .4' of P at is 


M' = (-kX + r) X P. 

where r = .4B. The component of M' in the po.sitive sense of 
L is therefore 


d/i = l ((-A-X + r) X P] 

= - i-5. • (X X P) H- - (r X P) 

= X . M = d/x, 
since 5. • (5. X P) =0. 

The theorem of Varignon for scalar moments of vectors about 
a line follows directly from (9.304); we have merely to take the 
scalar product of each side with X. This very simple proof by 
vector metliods should be compared with tliat of Sec. 2.3, where 
only {'lemcntary metliods were used. 

There are occasions, however, where scalar method.s are more 
direct than vector methods. On such occasions, we require 
formulas for the moments of a vector about the axes of coordi- 
nate.s. These are, by (9.300), 

(9.308) yZ - zV, zX - xZ, xY - yX, 

where (X, Y, Z) are the components of the vector applied at 
(x, y, z). 


Exercise. A vector with components (1, 2, 3) acts at the point (3, 2, 1). 
What is its moment about the origin, and what are its moments about the 
coordinate axes? 
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9.4. SUMMARY OF PRODUCTS OF VECTORS 

I. Scalar product. 

(9.401) P • Q = Q • P = PQ fos d = P\Qi + PiQi + P 3 Q 3 . 

II. Vector product. 

(9.402) PXQ = -QxP=/^Q sin 6 n. 

(n a unit vector perpendicular to P and Q; triad P. Q, n riglit- 
handed.) 

III. Usual rules of algebra and calculus apply to products of 
vectors, if order in vector products is preserved. 

IV. The mixed triple product. 

P, Qi P. 

(9.403) P. (Q X R) = P 2 62 P 2 . 

Pa Qa P 3 

V. The vector triple product. 

(9.404) P X (Q X R) = (P • R)Q - (P • Q)**-- 

VI. Moment of a vector about a point. 

(9.405) M = r X P 

= (yZ - zr)i -h {zX - xZ)j + (xr - yX)k. 

VII. Moment of a vector about a directed line (X). 

(9.406) = >. • (r X P). 

EXERCISES IX 

1. Solve the equations 

2A + B = M, A + 2B = N, 

M and N »)oir)g given vectors. , , i- * 

2. Three vectors are reprcsento<l by the diagonals of three adjacent 
faces of a cul.e, all passing through the .same corner and directed away from 

it. Find their sum. 

3 What is the moment about the x-axis of a force of magnitude 3 applied 
at a point with coordinates (2. 3. 5). in a direction making angles of GO 

with the axes of y and z? , . , » 

4. A, B. C, D are any four vectors. Prove that there exist scalars < 1 , 0 , 

c, (I (not all zero), such that 

oA + + cC + dD = 0. 
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6. If A X B = A X C. show that B = C + kk, where k is some scalar. 

6. If A and B are any two unit vectors, prove that the moment of A 

alMtut B is c(jual t() the moment of B about A. 

7. I•'in(l tin? moments, about a corner of a cube, of three iinit vectors 

corjverKiuR on the opposite corner along three edges. Show that the sum 

of tiu* moments i.s zero. How could you obtain this result without 

calculation? 

8. A fon'c with comiM)uer>ts (A', V, 7j) acts at the point (n, b, c). What 
is it.s moment about a line through the origin with <lirec-tion cosine.s (/, m, n)? 

9. A force of magnitude P acts along the line joining opposite corners 
r)f a cube of edge 2u. Find the moment of the force about a line which is 
a diagonal of a fa<-e of the cube ami which does not cut the hue of action 
of the force. 

10. A directc<l line L pas.«es through the point (a, 6, c) with direction 
cosinc.s {I, m, n). Prove that the moment about L of a unit vector pointing 
along the x-axis is bn — ctn. 

11. Prove that the moment of a vector uboiit a line vanishes if, and only 
if, the vector cuts th<* line or is parallel to it. 

12. Pro\c the iilontitics 

(i) A X (B X C) + B X (C X A) + C X (A X B) = 0, 

(ii) A X [B X (C X D)) = tB • D)(A X C) - (B • C)fA X D). 

13. Oxyz, Ox'ij'z' arc two sets of rectangular (’artesian axes. P is a vector 
with components A', )’, Z on Oxijz and component.s X', Y’, Z' on Ox’y’z'. 
Show that 

A"^^ =“ fliiX d” nijl + 0]iZ, 

where un. uu, ou are the tliroction cosines of Ox' with respect to Oxyz. 
Develop similar formulas for Y' and Z'. 

14. Solve the differential equation 

•Pt 
(IP ~ 

NS here a is a constant vector. 

16. Show tluit the ditferontial eqnation 

where a and b are perpendicular constant vectors, has the general solution 

r = /(oa + (c + e - (a X b): 

here/(0 is an arbitrary function and c, e are arbitrary constant vectors. 



CHAPTER X 
STATICS IN SPACE 

10.1. GENERAL FORCE SYSTEMS 

Before proceeding to conditions of equililnium. let us rlevelop 
some results valid for any system of forces, whether they piodu.c 

eciuilibrium or not. 

The total force and the total moment. 

Let there be a system of parti.-les with posiHon vectors r„ 
r., ■ ■ • r„ relative to a point O. and let forces P,. P=, ' ' ' P. 
act on them. We define the Mai farce F of this system as the 

vector sum of the forces, i.e., 


n 


F = X P- 

t » I 


( 10 . 101 ) 

The moment of the force P* about 0 is r* X Po by (9.301) 
We define the total moment G of the force system about the. 

^asc point 0 as the sum of these moments, i.e., 


G = 2) ^ 

i - 1 


( 10 . 102 ) 

The scalar components of the total force and the total moment 
on axes Oxyz are easy to write down. Let i„ yn z< be the cooidi- 
nates of the fth particle and X.. Z. the components of P,. 

Then the components of F arc 


(10.103) X = g Xu y = X, 

and the components of G are 

(10.104) L = X (l/iZi - ZiYi), M = X 

n 
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Since- the scalar moiijcnt about Ox is the component aloiip; Ox of 
th(‘ N’cetor nioinciit about O, it is e\’i(lent that L, -1/, N are the 
total scalar moments about the axes Oxyz\ thus, for example, L 
is the sum of the scalar moments of all the forces about Ox. 

Change of base point. 

It is clear that F does not depend on the choice of base point O. 
On the other liand, G does depend on this choice. Let us see 
how G changes when we change the ba.se point from O to O', 

where 00' = a. 

If t\, Tj, • • • r'„ are the position vectors of the particles 
relative to O', we have 

(10.105) r. = r; + a. 

Then, if G' is the total monu-nt about O', we have 

G' = X X 

I » 1 

= ^ (fi - a) X P*; 

I = I 

nnd so, l)y (10,101) and (10. 102) » 

(lO.lOG) G' = G - a X F. 

This equation shows how the total moment changes with change 
of base point. 

Equipollent force systems. 

In Sec. 2.3, we gave the general definition of equipollence 
but used it only in the restricted sense of plane equipollence. 
We recall that two force systems are equipollent if (in the lan- 
guage used above) the total forces of the two systems are equal, 

and also their total .scalar moment.s about an arbitrarv line. We 

% 

shall now establish the following fundamental theorem: 

If iwQ force systems are equipollent, they have the same total 
force and the same total moment about an arbitrary base point — 
the same for both systems. Conversely, if two force systems have 
the same total force and the same total moment about some one base 
pmnt, then they are equipollent. 
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Let Si and S-. be two force systems and 0 any base point. 
The total forces of the two systems will be denoted by Fi, t 
and their total moments about O by Gi, Go, respectively. 

If Si and So are equipollent^ then Fi = Fo from the definition 
of equipollence. Further, the scalar moments of Si and 6. 
about any line through 0 are etiual, and so the vectors G, and Go 
have the same component along any line through 0; hence 
= Gj. Thus, for an arbitrary base point O, we have 


(10.107) 


Fj = Fo, Gi = Go, 


which establishes the first part of the theorem. 

To prove the conveise, we must show that >Si and *So aie 
equipollent if (10.107) hold for some one base point 0 The 
first condition of e<iuipoilence, namely, the equality of total 
forces is evidcntlv satisfied; it remains to prove that the scalar 
moments of Si and 5. about any line are equal. If the line 
passes through O, the equality of scalar moments follo^^ at 
once bv projecting the equal vectoi-s Gi, G., on tbe line_ If the 
line does not pass through 0, let 0' be any point on it The toUl 
moment G; of Si about 0' is expressed in terms of Fi and G, 
as in (10.106); there is a .similar expres.sion for the total moment 
G' of Si about O'. These vectoi-s are obviously ecpial by virtue 
oAi0.107), and so the scalar moments in que.stion are also equal. 

The proof of the theorem is now complete. 

If the total force F of a system is zero, and also the total 
moment G about some one base point, it follows that F and G 
are zero for all base points. We say then that the system is 

equipollent to zero. 


10.2. EQUILIBRIUM OF A SYSTEM OF PARTICLES 
In Chaps. II and V, we developed the general principles 
of statics and dynamics in a plane. In establishing these 
principles, we sometimes gave the results in three-dimensional 
form, where there was no particular difficulty involved, ^ow 
we have to develop general principles in three dimensions, 
and it might be thought that the new work would have to be 
built on top of the old. That is not the case. Since we are 
now in possession of the powerful vector method, it is on the 
whole simpler to establish the general principles directly from 
the basic laws of Sec. 1.4. That is what we shall do, except 
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in tliosc rases wliero the vector method offers no advantage. 
In the main, therefore, the rest of the book is logically inde- 
pendent of Part 1, except for the laws of Sec. 1.4. 

Necessary conditions of equilibrium. 

For a single particle, the condition of equilibrium is 

(10.201) P = 0, 

where P is the \’ector sum of the forces acting on the particle. 

het us now consider a .system of particles in equilibrium. 
Let P. denote the resultant of the external forces acting on the 
i\h particle. In addition to the external forces, there act on 
each particle a number of internal forces due to the other particles 
of the system. Let P.y denote the force on the ith particle due 
to the jth particle; by the law of action and reaction, these inter- 
nal forc(>s satisfy 

(10.202) P., + P,.- = 0. 

Since each particle is in e<|uilibrium, it follows from (10.201) 
that the external ami internal forces .satisfy the equations 


(10.203) 


P, -h 0 4- P,, + P,., + • • ■ + Pin = 0, 
P 2 4“ P 21 4" 0 4* P 2-1 4“ ■ ■ ■ 4“ P 2 r» = 0, 


Pr, 4" Pr.1 4" P|.2 4" • ■ ■ 4- Pn.r.-l 4" 0 — 0. 


W hen wv adil these etjuations, the internal reactions cancel on 
account of (10.202), and so 


(10.204) F = 0, 

n 

where F is the total force of the external force system, viz., ^ Pj. 

I - 1 

Lot r, denote the position vector of the I’th particle relative 
to a base point 0. If we multiply the equations (10.203) vec- 
torially by fi, r 2 , • • • Tn in order, we obtain 


ri X Pi 4“ 0 4“ Ti X Pi2 4” Ti X Pu 4“ * * ■ 

4- ri X Pin = 0, 

r 2 X P 2 4" Tj X P 21 4“ 0 4" Tj X Pea 4“ * * ■ 

4" r2 X P2n = 0, 


rn X Pn 4- r„ X Pnl + In X Pn2 4- • * * 

4“ r„ X Pn.n-l 4“ 0 = 0. 


(10.205) 
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Ti X Pj 2 “f" r 2 X P 21 — (fi — T") X P 12 — 0, 

since ii — and P 12 lie in the same line [cf. (9.303)). Hence, 
on addition of the equations (10.205), the terms symmetrically 
placed with respect to the line of zeros cancel in pairs, and we 
get 

(10.206) G = 0, 

where G is the total moment about 0 of the external force 

n 

system, viz., 2) *'» ^ P** 

*- 1 

Thus, for a system in equilibrium, F and G both vanish, and so 
(in the language of See. 10.1) we have the following general result:* 
If a system of particles is in equilibrium, then the external force 
system is equipollent to zero. 

In terms of the total force F and the total moment G about 
any base point O, the above statement is equivalent to the two 
vector equations 

(10.207) F = 0, G = 0. 

Resolving vectoi-s along rectangular axes Oxijz and using the 
notation of (10.103) and (10.104), we get the following six scalar 
conditions of equilibrium: 

(10.208) X = 0, T = 0, 2 = 0; 

(10.209) L = 0, M = 0, N = 0. 

In this form the conditions appear as generalizations of (2.308). 

The whole theory of statics rests on the equations (10.207). 
Most frequently, these equations are applied to a rigid body, 
treated as a whole. But they are valid for any system, which 
may be a part of a rigid body or a piece of an elastic material, or 
even a volume of fluid. As an example, we shall presently 
discuss the equilibrium of a flexible cable in space (cf. Sec. 3.4 
for the plane case). The equilibrium of a rigid body will be 
considered in more detail in Sec. 10.4. 

• This condition is equivalent to the conditions obtained in Sec. 2.3. 
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Curves in space. 

We require some elements of the geometry of curves in space; 
„,ey are Of i,nporta.,ce apart from the present connection and 

M-ili he used again later. T »t P he nn\' 

I.et C he a curve in space and .1 any point on C. l.et P be a 

other point on C. distant a from .1 (a being mea,sured a ong the 

,.„rve). The unit vector i, tangent to the curve at P, i.s death 

a vector function of s. Since i • i remains equal to unity along 

C, we have 

• n 

( 10 . 210 ) ^'Ts~ 

It follows that the vector tli/fh is normal to C at each point P. 
Ix't 1/P (p is the rarh'us of corraturc of C at P) denote the magni- 
tude of this vector. Then we may write 


(10.211) 


(I^ 

(Is 


m 

^ I 


where i is a unit vector normal to C; it is the unit prirunpal 
nornml mlor. The plane of i and j is called the osculating plane. 

Tlie unit hinormal rector k at P is de6ned as follows: It is 
„„nnal to both i and j and is so directed that (i, j, k) is a right- 

handed triad. , 

The cciuation (10.211) is the first of the Frenet-Serret formulas. 

The complete set of formulas is 


( 10 . 212 ) 


= i, = ^ - i, 

(is P (is T p 


(5 

(Is 


] 

T 


where r is a eertain scalar, called the radius of torsion.* 
formulas are easily proved. Since 


These 


i - 0 

^ • di “ 


, dk p, 


it follows that 
(10.213) 


= fli -h 6k, ^ = ai -h 

(Is ' ’ rfs 


* We note that p is necessarily positive, since it is defined as the reciprocal 
of iho maRnitude of di/ds] r may be positive or negative. 
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where a, b, a, 0 are sealai's. On ilitTerentiat ing the relation.^ 

(10.214) i-j=0, j • k = 0, k-i=0 

and using (10.211) and (10.213), we find 

(10.215) ° ^ a = 0, 6 + ^ = 0. 

Hence, writing h = 1/t, we obtain (10.212). 

For a curve C, drawn on a surface S, the vector i i.s necessarily 
a tangent to S. But the vector j is not necessarily normal to 
S; it may even be a tangent to S, as in the case where S is a 
plane. If j is normal to S at each point of C, the curve is called 
a geodesic on S. 

Flexible cables. 

Let us now consider a flexil)Ie cable in eciuilibrium under the 
action of known external forces and the tensions at its ends. 



Fio. 107. — Forces on nn olomont of cable. 

Figure 107 shows an infinitesimal portion PQ, P being at a 
distance s from one end of the cable. Let i, j, k denote the unit 
tangent, principal normal, and binormal vectors at P. The 
forces acting on the element PQ (length ds) may now be described 
as follows: 

(i) a force — Ti at P, where T is the tension at P\ 

(ii) a force (7’ + dT){i + di) = (T + dT)[i + (j/p) d-d at Q, 
where T dT is the tension at Q] 

(iii) a force R ds = (/?ii + + /^sk) ds, where R is the 

external force per unit length of the cable. (This force acts at 
some unspecified point of the element PQ.) 

The element PQ is a system in equilibiium under these forces, 
and so we may apply the conditions (10.207) to it. From the 
first of these conditions, we have 
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( 10 . 216 ) 


Vi + (V + ,ir) (i + I <1^ 

+ (Rii + R-2} + /?3k) = 0. 

Tl.e xe.-on.l i.f tlu- cmiditions (10.207) is .satisfied identically to the 
first Older in ,1s. From (10.210), we at once obtain the scalai 

r{|uation.s 

ilT 


(16.217) 


ds 

T 


+ /?i = 0, 


- + /?2 = 0. 
P 

lU = 0. 


These are the general equations of equilihrinm. They enable us 
u!’fi„d the form of the cable and also the variation m tension 
alons it. In partirular. tl.e la^^t of these e<,uations tells us that 
the oseulatiuR plane at each point contains the external force 

\'eetor. 

Example ,1 light mbit rest.<, in contact udth a s».oo/A surface S, under rw 
tHe rLuon of .S n,u, iHo ai Us n,Us. i ,s rr,u.re-t te 

,„ui (/.,■ rarer T io which Ihc rohlc rests. o,ul also the Icnstou at 
■ The extonm! force vector R d.t is the reaction of the surface S on the 
oleluent. Since this reaction is nor.nal to .S’, it is also uornial to C. and so 
— 0 Hut Hi = 6, by tlie last of (10.217), and so 

R = /eij. 

It follows that the principal normal vector j is normal to .S at each point of 
Hence C is a Reodesic on .S. Thus, to construct a geodesic ioiiimg tno gisen 
points on a surface, we have liicrely to stretch a light thread between these 
points. If S is a sphere, C is an arc of a great circle; if 6 is a cylinder, C is a 
curve on the cylinder which maps into a straight line, when the cylinder is 

cut along a generator and unrolled on a plane. 

Again, since H, = 0. the first ciiuation in (10.217) gives 


dT 




= 0 . 


'I'lius the tension T is constant; in particular the tensions at the ends are 
equal. 

10.3. REDUCTION OF FORCE SYSTEMS 

If we succeed in finding a simple force system S', equipollent 

to a given system S, we say that we have reduced the system S 

to the system S'. We shall presently consider, in some detail, the 

% 
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reduction of force systems; but. before doing this, it is convenient 
to have a vector de.scription of the particular force system known 

as a couple. 


Moment of a couple. 

As in Sec. 2.3, a couple is defined as a pair of parallel forces, 
etiual in magnitude but opposite in sense. Figure 108 shows a 
couple consisting of the forces P and -P applied at the points 
A and respectively; 0 is any point in space. The vcctoi 



Kio. lOS. — The moment of a eouplo. 

moment G of this couple about O is easily found; denoting OB by 
r and BA by p, we obtain 

(10.301) G = r X (-P) + (r + p) X P = p X P. 

This value of G is independent of the position of the point 0. 
In other words, a couple has the same moment about all points 
in space. Thus the vector G may be regarded as a free vector; 
it is perpendicular to the plane determined by the forties P, -P 
of the couple; its magnitude is p'P, where p' is the perpendicular 
distance between the lines of action of these forces (Fig. 108). 

Since two couples which have the same moment are equipollent 
force systems, a couple is completely specified (as far ^ equi- 
pollence is concerned) by its free moment vector, or, biiefiy, its 
moment. Thus, when we speak of a couple G, we have in mind 
any one of an infinite number of couples, each of which has 

moment G. .... 

To avoid confu.sion in diagrams, the arrowheads indicating 

couples may be marked with a crossbar, as in the figure. 
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Composition of couples. 

I.ot there be a system of forces consisting of a number of 

couples Gi, Gs. ■ • • - The total force of this system is zero, and 

the total moment 'about any point is cleaily 


(10.302) 


G = Gi + G2 + 


n’luis, a system consisthtg of couples is equipoUcrU to a single, 
couple; its moment is equal to the vector sum of the moments of the 
itulieiflual couples. In other words, couples are compounded 
by the parallelogram law. 


Exi-rcisf. Forcfs with components (2, 0, 0), ( — 1, 0, 0), ( — 1, 0. 0) act at 
the points (0, 0. 0). (0, 1. 0), (0. 0. 1), respectively. Show that they can be 
reduced to a couple, and find its magnitude and direction. 


Reduction of a force system to a force and a couple. 

Consider a general forces system iS, with total force F and total 

respect to a base point O. Consider also a 
second force system S', consisting only of a 
single force F applied at O and a single couple 
G. Obviously, 5' is equipollent to S. There- 
fore a general force system can always be reduced 
to a single force applied at an arbitrary base 
point, together with a couple. 

Just as we represent a single force by an 
arrow, so we can represent a general force 
system by a diagram such as that in Fig. 109; 
this shows a force F acting at a base point O 
and a couple G. Although the couple G is 
a free vector, it is convenient to draw it out from the base 
point 0. 

If we change the ba.se point from O to O', where 00' — r, we do 
not alter F, but the moment about O' is not G; it is found by 
adding to G the moment of F about O'; this gives [cf, (10.106)] 


moment G with 


G 



Fui. K)J». — Uojue- 
sontatioii of a gen- 
eral force systcni by 
a force F aiul a 
couple G. 


G' = G - r X F. 


Hence, under a change of base point from 0 to O', the force F 
and the couple G become F' and G', respectively, where 


(10.303) 


F' = F, 


G' = G - r X F. 
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We note that F' = F and F' » G' = F • G; in words, the scahns 
F and F • G are inrariant under a change of base point. If either 
of these invariants vanishes for one choice of base point, then it 
vanishes for all choices of base point. 

Reduction to a wrench. 

A wrench consists of a force F and a couple G with parallel 
representative line segments. This relation between F and G is 
expressed by the vector equation 

(10.304) , G = pF, 

where p is some scalar having the dimensions of a length. The 
quantities p and F are called the pitch and intensity of the wrench, 
respectively. The line of action of the force F is called the axis 
of the wrench. 

A general force system can always be reduced to a wrench. 
We shall now show how this is done. Let us first reduce the 
system in (luestion to a force F at a base point O and a couple G. 

Changing the base point to O', where 00' = r, we obtain a force 
F' and couple G'. These constitute a wrench if 

(10.305) G' = pF'. 

Since, by (10.303), 

F' = F. G' = G - r X F, 
the equation (10.305) is satisfied if r and p satisfy 

(10.306) G - r X F = pF. 

This is, in fact, a vector equation for r (the position vector of O') 
and p (the pitch of the wrench). 

Let us take 0 as origin of rectangular Cartesian coordinates, 
and let (^* 1 , Fj, Fa), (Gi, Ga, G 3 ) denote the components of F, G, 
respectively. The vector equation (10.306) is equivalent to the 
scalar equations 

Gi — yFz + 2 F 2 G 2 — zF \ + xFz _ G 3 — xF 2 + yF 1 _ ^ 

Ti Fa Fa 

where x, y, z arc the coordinates of O'. These equations show 
that F', G' constitute a wrench provided O lies on the straight 
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{10.307) 


R, _ + zF. __ a . - zl'\ + ^ 

-T, /■’= ^ = 

Wo note that, if (x, is any point on this line, then (x + W’. 
+ A-/.’., z + A/'-,), wltere A- is any scalar factor, is also on it. It 

follows that this lino has the direction of F; it is the axis of the 

wrench to which the .system is rodneed. , , . .Uo 

'I'ho pitch p is found by taking the scalar product of F and the 

vectors on the two sides of (10.30li). We find 


tlioroforc, 

(10.308) 


F. G = 7>^-; 


F«G 

V ~ 


It is, of cour.se, not accidental that the pitch of the resulting 

wion’ch is a function of the invariants F and F • G. 

If p = 0, the wrench degenerates into a single force; m tins 
case F • G = 0. If 7> is infinite, the wrench degenerates into a 
couple; in this ca.se F = 0. In each of these special ca.ses, we 
have a force .system ecpiipollent to a plane system of forces. 
Coniersoly, if the force system is equipollent to a plane system 
of forces, then one or other of these special ca.ses must arise. 

Kx, rri.,r. I n the re.luet ion of » give,, force system to a force and a eonple, 
tlic eonple G depends on the hasc point. For what bn.se points is C lea.,t . 

Reduction of a system of parallel forces. 

\ set of parallel forces is a system of particular importance 
in mechanics, e.g., the weights of a number of particles. 

Any n parallel forces may be denoted by fciP, k^P, • * * AnP, 
where A'l, fca, • • • A:„ are scalars. Selecting a base point O, we 
first reduce this system to a force F at 0 and a couple G. Let 
j. (g ^ I 2, • • • «) denote the position vectors, relative to O, of 

the points of application of the several forces. Then, 


n 


F = X (A,P) = AP 


8*1 


G = X (r. X = (X X P = r 
»=1 


= r X F, 


(10.309) 
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where 


(10.310) 


v = {Xk.r)/k 

,= 1 4=1 


This reduced system is clearly eciuipollent to the single force F, 
applied at the point C with position vector r. 

Thu.s a system of parallel forces can bo reduced to a single 
force, unless k = 0. If k = 0, it can be reduced to a couple. 

The point C, with position vector r given by (10.310), is 
called the center of the system of parallel forces. Its position is 
determined solely by the vectors r, and the ratios of tlie numliei-s 
ku ki, ■ • • kn. It is unaltered by turning the several forces 
about their points of application, provided they retain their 
magnitudes and remain parallel to one anothei. 

If the forces in question are the weights of the particles of a 
system, the point C is the center of gravity of the .system (cf. 

Sec. 3.1). 


The reduction of some special force systems. 

The force systems encountered in practical problems are often 
extremely complicated. However, the details of su(-h a force 
system arc relatively unimportant when it acts on a rigid body; 
if we know the total force and the total moment, we know all that 
is essential for the discu.ssion of equilibrium. 1 he total force 
and the total moment play an equally important part in dynamics 

(see Chap. XII). 


1. Analysis of forces on an airplane. 

Figure 110 shows an airplane in flight. C is the mass renter. The 
orthogonal right-handed triad of unit vectors i, j, k is fi-\ed in the airplane; 
j is perpendicular to tlie plane of symmetry and points to the riglit; i and k 
lie in the plane of symmetry. The direction of i is axed in some conven- 
tional way (e.g., parallel to the airscrew axis), so as to be nearly horizontal 
and point forward when the plane is in normal flight; k will then be directed 


nearly vertically downwanl. 

The forces acting on the airplane are as follows: 

(i) The weights of the various parts. These constitute a system of 
parallel forces and can be reduced to a single force W acting vertically down- 
ward through C; W is the total weight of the airplane. 

(ii) The thrust, or driving force, P due to the airscrew. This force is in 


the direction of the vector i or nearly so. 

(iii) Forces arising from the action of the air. These forces are due 
mainly to variations in pressure over the wing surface and in a lesser degree 
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to friction; they form a very complicated system. Reducing this system to 
a force F at C and a cotiple G, we resolve as follows: 

F = A'i + I'j + ^k. G = L\ + .Uj + A'k. 

l or normal flight, -A’ is the drag, -Z is the lifi, and M is the piUhiiig 
nwtiu ul: L, iV arc zero. Tlic preci.«e terminology of aerodynamic theory 

i.«i not (luite so simple as this. Under normal flight conditions, however, the 
iliffcn'iiccs are small. 

'Fhe tlu'oretical determination of the force .sy.«tem (F, G) is a very difficult 
problem in hydrodynamics; and, in practice, experimental methods are tised. 

model of the airplane (or the airplane itself) is mounted in a wind tunnel. 
Direct mea.«iurements arc then made of the force .system required to keep the 
model at rest in a .stream of air. 



Fio. 1 10. - Uoferonro vectors for an airplane. 

An analysis of the forces on a bullet or sliell follows the same lines. In 
this case, however, the driving force P is ab.scnt. 

2. Analysis of stresses in a beam. 

Consider a beam in equilibrium and let Ox be a line in the direction of its 
length. We inmginc the beam cut in two by a plane II perpendicular to Ox 
at A (Fig. 111). We shall denote by ft the part of the beam to the right of n, 
and by L the p.art to the left. 

The forces on L arc as follows: 

(i) Applied forces, such as gravity or external loads. These are equi- 
pollent to a single force F at A and a couple G. 

(ii) Forces exerted acro.«s II by ft on L. These arc internal forces for the 
whole beam, but external forces for the system L. They are called the 
stresses across the plane section II and are equipollent to a force S at /I and a 
couple M. Introducing the orthogonal triad of unit vectors i, j, k, as shown, 
we write 

S = S,i + St] + StK M = iV,i + + Mtk. 

The following terminology is used: 

S\ = tension, 

St, Si = shearing forces, 

= twisting couple, 

A/s, Ml = bending moments. 
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If the api)lio<I forces are known 
\Vc Imve merely to api)ly Die 
obtaininR 


titeu F, G are known and we can find S. M. 
i'oiulitions of ••(juilibriuni (10.20/) to T, 



If we ehango the section II by varying the distance x of A from 0, F ami G are 
known functions of z; hence. S and M are k.u.wn functions of x. In other 
words, there are two vector functions S(x). M(z) (or six sea ar functions 
-S,(x), S.ix), • • • d/,(x)] whicli give, for each value of x. a force system 
equipollent to the stresses across the correspoiulinK cross section of tlie beam. 

Failure in an engineering structure, such as a bridge, is due to excessive 
stress The engineer must know in advance if any given beam or girder 
is likelv to fail under the loads which it will l.e called on to .support. 



Although the values of S and M do not give a complete picture of the 
interna? stresse.s, they are the quantities which the engineer calculates 

in order to see whether or not a structuro is safe. 

The above analysis also applies in naval architecture. Regarding the 
hull of a ship as a beam, subject to known applied forces, we can aeterin.ne a 
force system (S. M) equipollent to the internal stresses across 
perpendicular to its length. A ship must be so construe ed that - 

Itand the action of stres.ses (S. M) arising from the apphed forces o ^^e gh 
and buoyancy. In a storm the ship may be supports by 
and stern; then the forces of buoyancy arc concentrated there, and the ship is 

in danger of “breaking its buck.” 


10.4. EQUILIBRIUM OF A RIGID BODY 

Necessary and sufficient conditions of equilibnum. 

In our mathematical model, a rigid body is a set of particles 
whose mutual distances are invariable. Let us now consider a 
rigid body acted on by external forces. Reducing the force 
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s\>l(Mn til :i siiiplo force F at a liasc point O anti a couple G, we 
know liy (10.207) that the conditions 

(10.401) F = 0. G = 0 

arc necessary for et|uilil)iium. We now make use of the rifridity 
of the liody to prove that these conditions arc also snjficient, so 
that the body must be in etiuilibrium if they are .satisfied. 

Let us .suppose that a ri^id body acted on by exttunal forces, 
satisfying (10.401), is not in etiuilibrium; then the particles 

of the body will be on the point 
of moving. This motion will be 
prevented by introducing the 
following coastraints (Fig. 1 12) : 

(i) The point O (taken in the 

body) is fixed; this leaves the 

body free to turn about 0. 

% 

(ii) With origin 0, we draw a 
unit vector i; the particle .4 at 
its extremity Ls constrained to 
slide in a smooth tube with axis 
in the direction of i. The two 
constraints now introduced fix 
all points of the body on the 

line OA, but still permit the body to turn about tliis line. 

(iii) With origin 0, we draw a unit vector j, perpendicular 
to i; the particle S at its extremity Is constrained to move 
between two smooth planes parallel to the plane OAB. If these 
planes are close to each other, this constraint will prevent the 
motion of B. 

^'hese thr(*e constraints together prevent any motion of the 
body, and so it must remain at re.st. It i.s therefore in ecpii- 
librium under the action of the given external force system and 
the reactions of the.se constraints. 

Now the reactions of constraint are equipollent to a force 
F' at 0 and a couple G'. Since the body is in equilibrium, 

F + F' = 0, G + G' = 0; 



and so, by (10.401), 
(10.402) 


F' = 0, 


G' = 0. 
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In view o! the .'*;rnootIiii(‘s.< of tli<‘ (•on.'itraints at .1 and B, wo 
so(‘ tliat tho forco.'>; of constraint arc* 


(i) a force P = + /'*J + B^k applied at (); 

(ii) a force Q = QJ + appli(*d at .1 (position vector i 

relative to ())\ 

(iii) a force R = /t’.ik api)lied at 7^ (position vector j relative* to O). 


The vector k is a unit vector completin{i the orthogonal triad 
i. j, k. On calculating F', G' in terms of Pi. P-.*, P 3 , Q 2 , Q:t. Bs, we 
find that the six .scalar eejuations contained in (10.402) imply 



Hence the constraints intioduced actually (*xert no reactions, and 
so tlie body remains in equilibrium even if they are removed. 
The sufficiency of the conditions (10.401) is now established. 

It is po.ssible to state the conditions of ecpiilibrium in forms 
other than (10.401). For example, it is easy to .see that, if the 
external forces have no moment about each of three non-collinear 
points, then the conditions (10.401) are satisfied. Con\’ersely, 
if the external forces .satisfy (10.401) for some particular base 
point, they have no moment aliout any point. Thus, if G, G', G" 
denote the total moments of the external force system about each 
of three non-collinear points, the conditions 


(10.403) G = G' = G" = 0 

are both neces.sarv and .sufficient for etjuilibrium. Occasionally 
the conditions (10.403) are easier to apply than (10.401). 

Applications. 

The conditions (10.401) will now be applied to solve two problems. 
Example 1. Figure 1 13 shows a pulley, with radius r and center A, rigidly 
attached to a horizontal .«huft BCD. This shaft is free to turn in smooth 
bearings at B and C; the end D projects beyond the bearing at C, and to it is 
rigidly fastened a crank DE with handle EH. Tlie angles BDE and DhH 
are right angles. A weight 11' Is attached to tho lower end of a cord pjussing 
round tho pulley, the other end of the cord being fixed to the pulley. To 
rai.se It', a man applies a force P at H in a direction perpendicular to BCD 
and making an angle 4> with the horizontal. 

It is reqtiired to find the magnitude of P and also the directions and magni- 
tudes of the reactions R and R' at B and C, respectively. 
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Tx-t i i k bo an orthcKcnal triad of unit vectors at A, i lying along AC 
..ni k omting verticallv upward. Lengths are denoted as follows: 
fi t = ir = «. C/) = 6. I>E = c. EH = d. Then, if PE makes an ang e 
with the vort.cal. the forces acting on the whole system can be desenbed as 
follows (position vectors being taken relative to d): 


(10.404) 


force P = /' eos <i> } - E sin <i> k 

at (a + 6 + dd + c sin 0 j + c cos e k, 

u — * U k fit 

a force R — fii) + nt —ni, 
a force = /^jj + ut oi. 



Ite<lucing this force .system to a force F at d and a couple G, we find 

F = (/* eos + Et + /fJlj + (-E sin </. - H' + /?i + 7?i)k, 

G - [(,j -I- i, + d)i + c sin 0 j + c cos 0 k] X (f* cos .#• j — F sm « kj 

+ rj X M k - ui X (Ri] + Kjk) + ai X 
* [UV - Pc cos (0 - + (/^(n + 6 + d) sin ^ 4- aRt — 

4- \P(a 4- 6 4- d) cos <t> — aRi 4 - a/?j]k. 


For eipiilibriuni, the.se vectors must vanish. Equating them to zero and 
performing some simple calculations, we find 


(10.40.')) 


P = 
R^ = 

K = 


ir 


-.sec (0 — <#), 


„ (2o 4* 4- d) 

-P Ya 


/?! « 4- - 


If 

2 




P ^ sin 

ir . ^ (2a 4- 6 4- d) . 

^4-P Ya 


'riie.so equations constitute the solution of our problem. 

The value of P given above is least when ^ i.e., when the force at // is 

pcrpcMulicular to the crank DE \ this may also bo seen quite simply by taking 
moments about the line liD. Thus, to raise the weight with the least effort, 
the man should push at right angles to the crank. \s far as the man is con- 
cerned, the actual position of the point H in the handle is of no importance, 
a change in d merely alters the reactions at B and C. 
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Mucli of the value of the vector method lies iu its capacity to replace a 
complicated space diagram by a set of forimdas. Once (10.404) were written 
down, the solution (10.405) was obtaineil witliout further reference to the 
figure. 

Example 2. Figure 114 shows a 
pole or lailder .4^, of length 2« ami 
weight ir. The end -4 rests on the 
ground, and tlie end E rests against 
a rough vertical wall. The per- 
pendicular from A to the wall meets 
it at M, and the angle BAM = a. 

The coefficient of friction between 
the pole and the wall is Find 
the inclination d of MB to tlie 
vertical, when B is on the point of 
sliding along the wall. (It is 
assumed that no slipping takes 
place at d.) 

I.KJt i, j. k be an orthogonal triad of unit vectors at A, i lying along MA 
and k pointing vertically upward. The forces acting on the rod arc 

(i) a force — Il k at —a cos a i — fl sin a sin 0 } + a sin a cos 0 k; 

(ii) a force R = /?ii + H 2 ) + /^jk at — 2u cos a i — 2a sin a sin 0 j 

+ 2a sin a cos 0 k; 

(iii) a force R' = Ii\i + H'^} + at 0. 

(Position vectors are taken relative to d.) 

Reducing the above force system to a force F at A together with a couple 
G, we have, for equilibrium, 

(10.406) F * 0, G = 0. 

Since F involves the unknowns R'„ lt[, in which we are not interested, we 
disregard the first of these equations and fix our attention on the second. 
simple calculation gives 



a wall. 


(10.407) G = a sin a (IF sin 0 — 2/(» sin 0 — 2/(s cos ^)i 

4- a(— ir cos a + 2Iii cos a 4- 2Ri sin a cos d)j 

4- 2a( — /?2 cos a A- sin a sin d)k = 0. 


Hence, 

! Gi = a sin a (IF sin 0 — 2/?j sin 0 — 2^j cos 0) = 0, 

Gi = a(— IF cos a 4- 2/?j cos a 4- 2Ri sin a cos e) = 0, 
Gi = 2a(—Rt cos a 4- sin a sin 0) = 0. 


The equations (10.408) contain all the information concerning 0 which can 
be obtained from the conditions of equilibrium. Since they also contain the 
unkno^vns Ri, Rt, Rt, we cannot solve for 0 from these equations alone. But 
B is on the point of sliding, and so the component of R along the wall acts 
in a direction opposed to that in which B will move, i.e., along the tangent at 
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H to the vertical rir<-Ie with eoiiter M tin<l ra.lius .U/i - 2a sin a, 
lunmiitn.le of thi.'^ n.iuponont is also known; it is m/^.- Hence. 

1 10.-109) /f-' = 

SuhstitutinK from i!O.H)9i in the hist of (10.40Si. we find 


The 


(10.410) 


tun (? * ;i cot rt, 


and so 0 is determined r *» r, 

In 110 408) and (10.400) we appear to have five equations for the four 
unknowns U. !<:. It.. &■ A<-tually. there are only two independent equa- 
tions in (10. 408). since the eompoiieiit of G m the direction AH, viz.. 

—Oi cos rt — 6*2 sin a sin 6 + Gi sin or cos d, 

vani.shes identically.* CombiniiiR any two of these erpiation.s with flO.409), 
we can find, not only 0, but also the eompoiients of the reaction R. 

If we modify the above problem and ask for the reaction R at B forro- 
snomliiiK to -I general value of 0. we cannot find a definite solution. The 
nrohlein is in>i,Ur,mm,lc (ef. See. 2.5). In this en.se friction is not limititiK. 
and the equations (10.409) are not valid; we have only the equations 
(10.408) from which to find Hu Hu Hu Hut these are only two independent 
euuations ami so admit a sinply infinite set of solutioii-s. 

Indeterminacy in a statical problem arises when the number of unknowns 
exceeds tlie number of imUpnidnit equations of equilibrium. Now. we eari 
have at most six independent scalar eipiations of equilibrium for a rigid 
body. Hence, a statical problem involving one rigid body is indeterminate 
if there an* more than six unknown scalars. In general, problems involving 
friction are indeterminate unless friction is limiting, i.c.. unless sliding is 

about to take place. 

10.6. DISPLACEMENTS OF A RIGID BODY 
Tlic .study of the disphiremcnts — finite and infinitesimal of 
i\ rigid body in .‘^pac-e constitutes an interestingbranch of geometry. 
As far as we are concerned infinitesimal displacements are of the 
greater importance in statics, in connection with virtual work, 
and in dynamics, in connection with linear and angular velocity. 
It is best, however, to approach the infinitesimal through tlie 
finite, and so wo shall now consider finite displacements of a 

rigid body. 


Finite displacements. 

To describe the position of a rigid body, we do not need to 
give the positions of all its particles. It is sufficient to fix three 

• This component is the total moment of the applied forces about AB; the 
fact that it vanishes is evident since the forcc.s all cut AB. 
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non-collinear particles, for it is iinpo.ssible to move tlic body with- 
out moving at Ica.st one of those particles. 

The di.splacement of a particle i.s described bj’ a single vector. 
The displacement of a rigid body as a whole is a much more 
complicated thing. It can be described by the vector displace- 
ments of three non-collinear particles, becau.se their positions 
fix the whole body. However, the.se three di.splacemcnts cannot 
be assigned indej)endentl> — the distances of the three particles 
from one another must remain unaltered. We can find a much 
simpler description of the general displacement of a rigid body 
in terms of translations and rotations (cf. See. 2.4 for displacements 
parallel to a plane). 

A translation is a displacement in which each particle of the 
body receives the same vector displacement. It can therefore be 

specified by a vector A A', representing the di.splacement of some 
one particle A. 

In a rotation about a line or axis, all 
the particles on this axis remain fixed. 

A rotation may be specified by a directed 
line segment, or vector n, lying on the 
axis. It has a magnitude proportional 
to the angle through which the bodj"^ is 
turned; its sense is such that the rotation 
is positive with re.spect to it (cf. Sec. 9.1). 

In making diagrams, we mark with a 
curved arc the arrow of a vector repre- 
senting a rotation (Fig. 115). A plain arrow represents a 

translation s. 

It is a remarkable fact (to be proved below) that when we 
move a rigid body, keeping one particle fixed, all particles on 
some line through this particle have returned to their original 
po.sitions on completion of the displacement. Thus the displace- 
ment might be produced by a rotation about this line.* This 
result is contained in the following theorem, due to Euler, which 
states: The most general displacement of a rigid body with a fixed 
point is equivalent to a rotation about a line through that point. 

• This fact is of interest in connection with the motions of the eyeball or 
of the stretched arm about the shoulder, since it shows that the displace- 
ment from one position to another may be carried out in one simple operation 


s 



Fio. 115. — Vector rep- 
resentation of a transla- 
tion s and u rotation n. 
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To prove this tlicorem, wc consider a rigid body with onc^ 
particle fixed at O (Fig. 116). Let S be a sphere of reference 
drawn with 0 as center. If any particle of the body he.s on S 
before displacement, it will remain on S. Consider any particle 
situated at .4 on 5 before displacement, and let it move to B. 
Further let that particle which was at B move to C. Draw the 
great circular arcs AB. RC on S, and also the great circles 

bisecting these arcs at right angles. Let J be one of the two 

points of intersection of these 

great circle.s. Join the points /t, 
B, C to ./ by arcs of great circles. 
/ From the construction, the arcs 

/ -7 \ 

/ \ \ y \ another; moreover, on account of 

X Uo \ J rigidity, the arc AB is equal to the 

\ A y / arc BC. Then the spherical tri- 

\ ^ 

\ / respects, and so the angles AJB, 

BJC are e<iual. Consequently, a 
^ rotation about OJ through the 

Vu.. lie.- Rotation of a tiKiU U.tiy ^ j ^ 5 j^^d B tO 

»V>out a point. ^ ^ ^ ^ , mi • 

n nnrJ IaavAQ f) fixMl. ThuS. thlS 


iMci. lir.,— Rotation of n ntficl Uniy 
»t>out a point. 


rotation move.s the three non-collinear particles originally at 0, 
A, B to the positions 0, B, C and so is equi\'alent to the displace- 
ment considered. The theorem is now proved. 

In view of this theorem, we may describe any di.splacement of a 
rigid body with a fixed point as a rotation n about that point; by 
this we mean a positive rotation, through an angle n, about the 
line through the fixed point in the direction of the vector n. 

Consider now a general displacement, in which the body i.s 
not constrained to turn about a fixed point. Let A, B, C be the 
initial positions of three non-collinear particles of the body. If 
A', B', C are the final positions of the.se particles, we see at once 
that we can bring about this displacement in two steps: 

(i) The translation which takes A to A'; this leaves B at B" 


and C at C", where BB" = CC" = AA'. 

(ii) The rotation about .4' which carries B" to B' and C" to C . 
Thus, the ynost general displacement of a rigid body may be 
reduced to a translation, followed by a rotation about some base point. 
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The base point is a point fixed in the body; in tlic above descrip- 
tion, it is that point of the body originally at d. but it is clear 
that \vc could have chosen any otlier. 1 lie translation invoh('il 
will bo altered by a change of base point. Since the changes in 
the directions of lines in the body are due .solely to the rotation, 
it is not difficult to sec that the rotation is independent of the 

base point. 

The above analysis of finite displacements* forms the basis 
of our description of infinitesimal displacements, to be considered 
in the next .section. 

Exerciitf. A man holds lu.s rifiht arm at his side with the palm inward. 
KeepinR the arm riRid, ho swinp-s it forward and upward throi.Rli 90", tlum 
outwanl through 90", and finally tlownwurd to his side. Fmd the single 
equivalent rotation. 

Infinitesimal rotations. 

Con.sider a rigid body with a fixed point O; let the body be 
turned through an infinitesimal 
angle about an axis through 0. 

We may represent this infinitesi- 
mal rotation by the infinitesimal 
vector 5n (Fig. 117). 1 his vector 

determines the displacements of 
all the particles of the body. 

We shall now show that, if r 
is the position vector (relative to 
O) of a particle A before displacement and r + 6r the position 

vector after displacement, then the displacement is 



Fiii. 117. — The displacement of 
,-l duo to the infinitesimal rotation 
5n is reciuired. 


(10.501) 5r = 5n X r. 

This Is proved as follows: In the rotation 6n the point A moves 
perpendicular to the plane containing the vectors r and 5n, in the 
same sen.se as the vector product 6n X r. 1 he magnitude 
of the displacement 5r is AM * where AM is th^ perpendicular 
from A to 5n. But AM = r sin d, where 6 = AOM, and hence 
the two sides of (10.501) agree in magnitude and direction. 

We shall now find the resultant of two infinitesimal rotations 


• For a more eomplele treatment of finite displacements, see H. Lamb, 
Higher Mechanics (Cambridge University Press, 1929). 
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5n and 5n', applied in succes:^ion about a.\es through 0. The 
position vectors of a particle A are as follows: 

(i) r. before displacement ; 

(ii) r + 6n X r. after the first rotation; 

(iii) r + 5 n X r + 5n' X (r + 6n X r), after the second rota- 

I'nlifinitesimals of the .second order are neglected, the resultant 
displacement is 

dn X r + 5n' X r = (5n + 5n') X r. 

But tins is the displacement arising from the single rotation 
represented by tlie vector 6n + 6ii'. Tims, thi- resultant of two 
injitutesimal rotations about the satne point is the vector of 

those rotations. In other words, infinitesimal rotations arc 
compounded by the parallelogram law.* 

Eiircixf Sniiill rotution.s of niajiuitiKlps h6,. 5$'. are applied to a 
ruhe about the iliaKonals of three faee.s meetiiiR at a corner. Find the di:^ 
placement of the opposite corner. What does it become if 80, = 85: - 85,. 


General infinitesimal displacements. 

W'e have been considenng the eomposition of infinitesimal 
rotations about axes pa.ssing through a point. Let us now di-scuss 
the composition of general infinitesimal displacements (i.e., dis- 
placements consisting of both translations and rotations). 

In a given displacement of a rigid body, the vector displacement 
of a particle with po.sition vector r i,s a vector function of r, say 
A(r). For another di.splaeemcnt. it will be a different vector 
function, say B(r). Consider now the application of the two 
displacements in succes-sion. The position vectors of a particle 

are as follows: 

(i) r, before displacement; 

(ii) r A- A(r), after the fii-st displacement; 

(iii) r + A(r) + B[r + A(r)). after the second displacement. 
The symbol B[r -h A(r)] means the vector displacement of the 
particle which is at r -b A(r) before the displacement B is applied. 
Now, if the displacements are infinitesimal, r -f- A(r) and r differ 
only by a small vector quantity of the first order. Hence, we 


• This is not true for finite rotations. Consider, for example, two rota- 
tions (each through a right angle) about two perpendicular intersecting 
axes. 
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commit only an error of 1 Ih‘ sim-oihI oi<U'r it \v(‘ write 

B[r + A{r)| = B(r). 

Tluis, to the first order of small (luantities. the resultant disphua*- 
ment of the particle is 

A(rj + B(r). 

If the displacements are applied in the opposite order, the 
resultant displacement of the particle is 

B(r) + A(r). 

Hence the order in which inJinitesinKtl displnccincnts ore applied 
to a rigid body does not affect the Jinol displacement. 

In finding the residt of the second displacement, we were able 
to neglect the fact that the particle had already been moved 
by the first. Thus, when a number of infinitesimal displacements 
are applied to a rigid body, the resultant displacement of any 
particle is found i>y the following rule: Add the vector displace- 
ments received by the particle when the displacements are applied 
separately to the body in its original position. 

It is important to have a simple formula for the vector dis- 
piacement of any particle of a body arising from a general 
infinitesimal displacement of the body. This formula will 
involve the following vectors: 

(i) r, the position vector of the particle relative to a base 
point O', 

(ii) 5s, the translation of the body (i.e., the displacement of O) ; 

(iii) 5n, the rotation of the body. 

AVe have seen that 5s and 6n may be treated separately. Hence, 
u.sing (10.501), we have, for the displacement of the particle, 


(10.502) 5s -H 5n X r. 

The formula (10.501) and the more general formula (10.502) are 
fundamental in statics and dynamics. 

The formula (10.502) involves the choice of a base point 0, but 
it is easy to change from one base point to another. The dis- 
placement considered above has been reduced to a translation 
5s and to a rotation 5n about O. We wish to represent the same 
displacement a.s a tran.slation 5s^ and as a rotation 5n about O . 
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I(‘ ()(}' = a, w(‘ liavo, in' (■(»mi)anng tlir ('xprt'ssions for (lu; tUs- 
placoincnt of O' in tlu? two schomos. 

(10.503) 5s' = 6s -1- 5n X a. 

\Vt' liave alroaOy mentioned that, oven in the ea.se of finite 
<li.splacoments. tlio rotation is independent of the ba.se point, 
l.et ns vt'iify this in tiie ease of infinitesimal displaeements. The 
tlisplaeeinent of any partiele is given tiy two equivalent expres- 
.sions. aeeoi'ding as the base point is 0 or O . liquating them, we 

have 

5s + 5n X (r' + a) = 6s' + 5n' X r', 


where r' is the position vector of the partiele relative to O'. Com- 
bining this result with (10.503), we have 

6n X r' = 6n' X r'. 


But r' is an arbitrary vector, and .so 

5n' = 5n. 

The simplc.st displacements of a rigid body are (i) a tramslation, 
and (ii) a rotation about an axis. Combining these two, we get a 
.screw displacement, consisting of a translation and a rotation 
about an axis parallel to the translation. (Thi.s is the displace- 
ment of a nut moved along a bolt.) It is remarkable that any 
displacement of a rigid body can be regarded as a screw displacement. 
We .shall prove this fact for infinite.simal displacements only. 
Consider an infinitesimal displacement specified by 5s. 6n for 

base point 0. Changing the ba.se point to O', where 00' = r, 
we have 

(10.501) 6s' = 6s + 6n X r, 6n' = 5n. 

If 5s' = p 5n', where p is a scalar, the displacement is reduced to 
a screw displaceriient; this reduction is achieved by choosing r 
.so that 


(10.505) 5s H- 5n X r = p 5n. 

This equation should be compared with (10.306). The argument 
used there leads us now to the following conclusion: We may 
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t^ati.sfy (10.505) by taking O' anywhere on a certain line which is, 
in fact, the axis of the screw displacement. 

The scalar p is called the pitch of the screw displacement. It 

is given by 

6n ■ 6s 

(10.506) P = 

There exists a striking analogy between force systems on the 
one hand and infinitesimal displacements of a rigid body on 
the other. This may be seen by comparing Sec. 10.3 with the 
present section. The analogies are shown in the following table; 




Infinitesimal 

♦ 

Force system 

(lisplacemcnt 

Fundamontid vectors 

Total force F 

Rotation £n 


1 Total moment G 

Translation is 

Invariants 

F 

hn 


F • G 

6n * is 

Simplest description 

Wrench 

/ F»G\ 

Screw <li.splacement 

/ ry- , 


(ri.ch - p. ) 

1 - (5n)^ ) 


It seems strange that the force F should be the analogue of the 
rotation 5n, rather than of the translation 5s. However, we see 
that F and 5n are alike in that they do not depend on the base 
point, whereas both G and 5s change with change of base point 
according to the same rule [cf. (10.303) and (10.504)]. 

So far we ha^■e developed the two theories separately. In 
Sec. 10.7, they will be brought together in the theory of virtual 

work. 

Exercise. A wheel rolls uloiig ii straight road. Find the axis of the screw 
displacement occurring in an infinitesimal time. 

10.6. GENERALIZED COORDINATES AND CONSTRAINTS 

When we wish to describe the position of a particle in a plane, 
we use two coordinates. These may be rectangular Cartesians, 
polar coordinates, or indeed any system of curvilinear coordi- 
nates. For a particle in space, we use three coordinates. To 
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dcscriho the position for conjigu ration) of a pair of particles in 
space (c.g., the earth and the moon), we use six coordinates, three 

for each. 

Generalized coordinates. 

'rurning now to a general system, containing a great number 
of particles, it ap[)ears at first sight that we must use a great 
numlior of coordinates to describe its configuration. This 
is not so. however, if the system is a rigid body or is composed of 
;i few rigid bodies. For wo have seen that a rigid body is fixed 
when three of its particles are fixed. Hence, nine coordinates 
would certainly suffice to describe its position; actually, as 

we shall see later, six arc enough. 

To describe the configuration of a system we select the smallest 
pos.sibIe number of variables. These are called the gencralizerl 
conrdinnics of the .system. Some examples arc given in the 
following table: 


System : 

1 

Ciencralizod eoorrlinatos 

.\ fl\'\vl>Cl-l. i 

• 

0 : tl»e .mule between a definite radius of the fly- 
wheel and a fixetl line perpeiidieulnr to the axis. 

A ro<l lyinj: on n plaru' 
surface, 

1 

$. T|. 0: n are Cartesian coordinates of one end of 
the rod relative to axes Oxij in the plane; 0 is the 
angle between the rod and Ox. 

A particle on the sur- 
face of a sphere. 

0 , </>:\he usual polar angles of a point on a sphere. 

A ptiir of scissors lyinn 
on u table. 

t, 0, 0; 5, t) are Carte.'sian coordinates (relative to 
axes fixed in the table top) of the pin or rivet 
which holds the blades together; $ is the angle 
between the x-axis and the edge of one blade; 
it> is the angle between the blades. 


The reader will readily verify that, for each system in the 
above table, the generalized coordinates satisfy the following two 
conditions: 

(i) their values determine the configuration of the system; 

(ii) they may be varied arbitrarily and independently without 
violating the constrainhs of the system. 
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A^"llon askod to soh'ct gen(Maliz(‘il coordinate's for a system, W(' s<'ck 
a set of variables satisfyiiiK thc.se two comlitions.* The number 
of such coordinates is called tlic number of degrccti of freedom 
of the system (cf. Sec. 7.4). In the table on the opposite 
page, the .systems have in order 1, 3, 2, and 4 degrees of freedom. 
There i.s, of course, no uniqueness in the choice of generalized 
coordinates. Thus, in the second sy.stem we miglit use the 
Cartesian coordinates of the middle point of the rod and its 
inclination, or any otlier three ^'ariables which fix its position. 

A rigid body, or indeed any mechanical system, may be regarded 


as a set of particles. When the configuration of the body or 
system is known, the position of each of its particles is known. 
Since a configuration is fixed by assigning values to the general- 


ized coordinates, it follows that the coordinates of any particle of a 
system may be expresse<l in terms of the generalized coordinates 
of that system. 

For example, consider the second .system in the table. A 
particle A, distant r from the end of the rod, has Cartesian 

coordinates 


(lO.GOl) X = ^ + r cos 0, y = V + r sin 6, 

relative to the axes Oxy. These expressions give the Cartesian 
coordinates of A in terms of the generalized coordinates v, G- 
They also contain the (juantity r; this number di.stinguishes the 
individual particle A and has the same value for all po.sitions 
of the rod. By varying r in the expressions (lO.GOl), we can 
obtain (for the configuration defined by v, Cartesian 

coordinates of all the particles in the rod. 

More generally, for a system with generalized coordinates 

• gn, 've may write 

(10.G02) X =/(« 7 i, 72 , • ■ • Qr,), y = giquQz, • ■ ■ 7n), 

z = Hqu g-i, • • • gn), 


where x, y, z are the Cartesian coordinates of some one particle 
of the system in the configuration determined by the values 
of the g's. The functions /, g, h will, of course, contain certain 

• When such variables can be found, the system is called holonomic. 
There exist non^holonomic systems for which it is not possible to choose 
variable.s satisfying these conditions (e.g., a sphere rolling on a plane). 
We shall consider only holonomic systems. 
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lum.l.cr-s (siK-l. as r in tl.p case of the rod) which define the par- 
ticular particle under consideration. But, since these numbers 
do not chaiiRO as the system moves, wo suppress explicit reference 

to them. . ^ 

When the system is moved from one configuration C (coordi- 
nates (/i. (/■_>, ■ - ■ 7 «) to a 

nates „ -t- 5r/„ -(- «r/.„ ■ ■ ' -b « 9 „), the particle at x i/, z 

in the confiRuration C moves to x 5x, y -b ixj, z -b iz, where 


(l().(i03) ix = i'U. = X If; 


'i dqr 


= 2 


d'hus, in any injiniU'simal displacement of a system, the displace- 
ments of the imllvidual particles can be expressed linearly in U>rms 
of the increments in the generalized coordinates. 


The Eulerian angles. 

Let us now consider the problem of describing the po.sition of 
a rigid body which is free to turn about a point 0. We could, of 
coui'sc, do this by assigning the coordinates of two particles .-1, B 
in the body, not in the same line through 0. This method 
involves the use of six parameters which cannot be varied inde- 
pendently and so is rejected. We use a simpler method based 
on the following facts: 

(i) If we fix a line L in the body passing through 0, the body 

can merely turn about 1. 

(ii) If we also a.ssign the angle through which the body has 
turned about L from some initial position, a final position is 
completely determined. 

To describe the direction of L and the angle of rotation, we 
need throe parameters; the most convenient parameter are 

tlie Eulerian angles described below. 

Figure 118 shows two unit orthogonal right-handed triads 
(i, j, k) and (I. J, K) at the point O. The triad (i, j, k) is fixed 
in a rigid body which turns about 0, and the triad (I, J, K) is 
fixed in our frame of reference. The direction of k is that of the 
line L mentioned above. 

The first Eulerian angle 6 is the angle between k and K. 
The second angle 4> is the angle between the plane (k, K) and 
the plane (K, I). The third angle is the angle between the 
plane (k, i) and the plane (K, k). The angles 6, tp fix k, being 
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the usual polar angles; ^ is the angle oi rotation about k. It is 
evident that 0, 0 . ^ determine the position of (i, j. k) and hence 


the position of the whole body. 

The al)ove description does not mak(* it ch'ar when <i> and xj/ 
are to be counted positive, and when negative. 'I'liis vagueness 
is removed by the following description of the angles in terms of 
finite rotations. Let us take an initial position in which {i, )• 1^) 
coincide with (I, J, K). We can bring the body to the general 



position shown in Fig. 118, by applying the following rotations 

in order: -in 

(i) A rotation <t>K; this brings the movable triad (i. ], k) 

into coincidence with (I', J', K). 

(ii) A rotation dj'; this brings (i. j, k) into coincidence wnth 

(I", J', k). 

(iii) A rotation ^k; this brings (i, j, k) into the recpiired 


final position. 

We observe that all possible positions of the body can be 
obtained by assigning values to 6, <i>, xff in the ranges 


0 ^ 0 £ TT, 


0 < <^ < 27r, 


0 < ^ < 27r. 
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Any infinitesimal displaeoment of tlic body (with fixed point 
()) ina_\' be described in two ways; first, as an infinite.simal rota- 
tion 6n and. secondly, by means of the increments in the Eulerian 
angles. Comparison of these descriptions gives us an expression 
for 6n involving 66. 6<t>, 6^. This will now bo found. 

\Vh(‘n 6. ct>. ^ receive increments 66, 6<t>, 6\p, respectively, tlie 
body (experiences rotations 6dJ", 3<^K, 64'^, and so 

(10.()()4) 5n = 66]' + 6<i>K -h 6\pk. 

It is more convenient to have for 5n an expression of the form 

(10.(105) 6n = 6nii + 5«>j + Saak- 

Hv ivsolving vectors in the diagram (Fig. 118), we see that 


(lO.fiOfi) 


I J' = i sin t/- + j cos 
5 K = k cos 6 — I" sin 0, 
I I" = i cos 4/ — j sin 4'- 


Substitution in (10.(104) gives 

(10.(107) 5n = (sin 4/ 66 — sin 6 cos ^ 6^)i 

-h (cos ^ 66 -H sin 6 sin 4' 5<^)j 
-b (cos 6 6<t> 5^)k, 


whicli is of the form (10.(105) as re(|uired. 

The lOulerian angles 6. 4>. 4' form a set of generalized coordi- 
nates for a rigid body with a fixed point. They can also be 
used as part of a set of generalized coordinates for a rigid body 
free to move in space. Referring again to Fig. 118, we regard 0 
as a base point in the body and (I. J, K) as a triad of unit vectors 
carried l>y () and remaining parallel to axes fixed in our frame of 
ref(‘rence. The Cartesian coordinates x, ij, z of 0, together with 
the Kulerian angles 6, <j>, 4>, describe the configuration of the body 
completely. Since the numbei*s x, ij, z, 6, <t>, yp can be varied 
independently, without violating the rigidity of the body, it is 
clear that a rigid body, free to move in space, has six degrees of 
freedom. 


Exercise. What are the Eulerian angles of the triad I, J, K relative to the 
triatl i, j, k in Fig. 118? 


Constraints. 

A particle, free to move in space, has three degrees of freedom; 
it.s Cartesian coordinates x, y, z maj’ be taken as generalized 
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.-oordiiKites. If tho iKMticlo is subjected to a constraml. the 
nninher of dosrees of free, In, n is ,echu-e<l. For example, let 
the particle be constrained to move on a given .'Surface .S with 

the eciuation 

f(jr, !/. z) = d. 

Tlie coordinates are no longer independent since they must satisfy 
this efjuatiou of constminf. It may be solved for 2 in terms of 
X u Then to an arbitrarily assigned pair of va!\ies ot x, y 
(i)iovkled tti'cv Rive .1 real value to z), tl.eie eorrespo.uls a po.si- 
tioi. of the particle oi> S. Hence r, y are generalized coordinates 
and the con.strained jiarticle has two degrees of freedom, not 

Wc turn now to the general ca.se of a system with n degrees 
of freedom and coordinates y,. ■ ■ ■ -y... 1-vt us .subject this 
svstem to c<M-tain constraints descril)ed analytically by k cqua- 

tions of tho form 


friqi, (li> 


„„)=(), (r=l,2, 


i). 


We mav solve these equations for k of the coordinate.s in tciiiis 
of the remaining « - t; these n - k coordinates can he varied 
independciitlv 'vithout violating the constraints. 1 he con- 
strained svstem has, therefore, n - k degrees of freedom; 
91, 9=, ■ ■ ■ may be taken as generalized coordinates. 1 he 

constraints have been eliminated. 

Most systems in mechanics are constrained systems; a system 

of free particles is the only exception. When we select gen- 
eralized coordinates, we are, in fact, eliminating the constraints. 
The following remarks will serve to clarify this statement. 

A system with n degrees of freedom may consist of a large 
number of particles, say N. To describe the positions of all 
these particles (considered to be free) we require 3N parameters- 
three coordinates for each particle. But the particles are not 
all free and so these 3N parameters are connected by certain 
equations of constraint. Actually, there must be 3^ - n such 
equations. It is theoretically possible to carry out the following 

(i) assign three coordinates to each of the N particles; 

(ii) write down the 3N - n equations of constraint connecting 

these 3Af coordinates; 



290 


^fErn^.\Irs IX SPACE 


[Sec. 10.7 


(iii) snWo tlioso (UjUJitions for 3A’ - n coordinatos in terms of 
th(‘ remaininK n. 

In this way. wo o\|)ro.<s all the coorclinatos of the particles in 
tei ins of It {KMioralizotl coordinates of the system. e seldom 
carr\’ out this anal>’tical process in practice, because it is veiy 
much easier to find f^eneralized coordinate.s by inspection. 
In selecting! such coordinates, we eliminate the constraint.s 
automaticallv. 


Extreine. Four equal rods arc hinged together to form a rhombus, 
whieli can move in a plane. .V.'ssign generalized coordinates. If one hinge 
is broken, how many extra degrees of freedom doe.s the system acquire? 


10.7. WORK AND POTENTIAL ENERGY 

There are two methods of solviiiR problems in statics. These 
are (i) the method of forces, explained earlier in this chapter 
and (ii) tlie method of virtual work, the basic ideas of which 
were given in Sec. 2.4. The application of the principle of virtual 
work re<iuires some intermediate formulas for work done under 
\ arious comiitions. The.se will now be developed. 

First, l(*t us consider the work STF done by a force P in a 
displacement 5s of the point of application. For this we have 
the formtila (2.401). which reads 


(10.701) 5ir = P • 5s = A' aj- + y by + Z 52, 

where* A’. Z are the components of P and 5^. by, bz the com- 
ponents of 5s. 

Work done by forces on a rigid body. 

Consider a rigid body acted on by the forces 

P. (/ = 1.2. ■ ■ ■ N), 

the points of application Ai having position vectors r, relative to 
a ba.se point 0 in the body. In a general infinite.simal displace- 
ment. the point /I, receives the displacement 


(10.702) 5s d- 5n X r,, 

where 5s is the displacement of O and 5n the rotation [cf. (10.502)]. 
By (10.701), the total work done is 
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(10.703) 


iV 

8\y = 2^Pi- (6s + 6n X r.) 
« = 1 
s 


s 


= (V Pi) - 6s + 5n • ^ (r. X Pi) 
^.=1 ' •=* 

= F • 5s + G • 6ii. 


wliero F and G denote the total force and the total moment. 

about O. . , T- 1 

Since two ecjuipollent force systems have the same F and G, 

it follows that, in arty displacement of a rigid body, the amounts 

of work done by equipollent force systems are equal. 

To find the work done by a couple G, we put F = 0 m (10.703). 

Hence, in a translation a couple does no work; in a rotation 6n, 

the work done is 


(10.70-1) 


611' = G • 5n. 


Exercise. In clriviuR home « screw nail, a man presses on tl'« 
driver with a force of 12 lb., at the same applying a twisting couple of 2 ft. 

If the .screw nail is 2 in. long and has a pitch of m., how much work is done . 


Generalized forces. 

We now consider a general system with n degrees of freedom 
and generalized coordinates qi, 92, ‘ We wish to cal- 

culate the work done by the forces acting on this system when 
it undergoes a small displacement. A typical force P (com- 
ponents X, Y, Z) acts at a point x, y, z which, as a re.sult of the 
displacement, moves to x -b 6x, y + by, 2 + Sz; the work done 

by P is 

(10.705) = X bx -\r Y by Z bz. 

But, a.s in Sec. lO.G, dx. iy. iz can be expres-sed linearly in term.s 
of the increments hqu iq., ■ ■ ■ iq. in the generalized coordinates. 

In fact, we can write Icf. (10.603)] 


(10.706) 
and so 

(10.707) 




MHCHAMC.i /.V SrACE 


ISec. 10.7 


2‘>2 


'riM‘ work ilone by ouch of the foreos is given by an expression of 
(his form; l>y addition, we obtain an expression of the form 

(10.708) 5W = Qi 6r/i + Qc Sr/. + • ■ ■ + Q„ Sq„ 

for the total work done by all the forces. The coefficients 
Q\, Q:< ■ ■ ■ Qn of tfio 57 ’s are called generalized forces; they 
involve tlie components of the individual forces and, as a rule, 
tile values of the generalized coordinates in the undisplaced 
configuration. It is not necessary to use (10.707) to calculate 
them; they can be found directly from (10.708). 

.\s cxiunplcs, let US con.sidcr 0) a particle attached to a fixed point by a 
linlit string and di) a rigid bo<ly with a fixed point. 

In tin* first 4 ‘:isc. the particle moves on a sphere and we may take as gen- 
(*r:dized (•f)ordinates the polar angles 6, <t>. We shall take the point 5=0 
vcrtic:dl>- al)ov<* the center of the sphere. The forces acting on the particle 
arc gravity atnl the letision in the string. In a small disphicenient 65. i<t>, the 
work done l)y gravity is — mg Ha cos 5i, where m is the ina.ss of tlie particle 
and a the ra«Iiiis of tin* spliore; tl»c tcn.sion does no work. Hence, if 6 , 4> are 
the generalized forces, we have 

H 85 + I* 6 ^ = mga .sin 5 85; 

the generalized forces are 

(10.709) H = mgn sin 5, 1> = 0. 

In the en.se of a rigi<l body with a fixed point, we may use the Kuleritin 
Jingles 5, <t>. as g<*neralizcd coordinate.s. lA't L, M, .V be the moments of 
the ap[>lied forces about the lines i. j, k of Fig. 118. In a .small rotation 
5n, we have, by (10.G07) aind (10.704), 

6ll = L Bill 4* M Bh2 ■+■ "V 6mj 

= L (sin ^ 85 — sin 5 cos 4^ B<t>) + M(cos ^ 85 4- sin 5 sin ^ 81 ^) 

4" .V (cos 5 80 4" 80). 

I3ut, if «, 4>, 4^ are the generalize<l force.s, we have 

8ir = O 85 4- 4> 80 4- 4^ 50. 

E(iuating eoeflieients of 85, 80 . 50 in these two expressions for 511’, we 
obtain 9, <t>. 4'. In particuhir, if the force system is a couple ,Vk, wo find 

0 = 0 , 0 = .V cos 5, 0 = .V. 

Potential energy. 

Conservative systems w’ere considered in Sec. 2.4. In a 
displacement of such a system the work done depends only on 
the initial and final configurations; it does not depend on the 
intermediate .sequence of configurations. 
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Let Co be a standard configuration for a conservative system, 
and C anv other. Let q',^\ • ■ ■ qT) be the generalized 

coordinates of Co and {qu q-:, * • * q.) those of C. In the dis- 
placement from C to Co. the work done by the forces acting 
on the system is called the potrntial energy V in the configuration 
C. Clearly, V is a function only of the ^bc r/’s. It is 

usual to suppre.ss the dei>endcnce of V on the (/'““’s and write 


(10.710) 


V = V{qi. q-i, • • • '/••b 


A change in Co meiclv alters the value »f T hy the aiklit.on of a 
constant. Hence, even if the staiutard configuration is not 
specified, the potential energy is determined to within an additir e 

constant. , . , 

In a small displacement from C to C', the potential eiieig> 

increases hy 61'. Now, it was shown in Sec. 2. 1 that 51' = -511. 

where 511' is the work done, and so 


II 


(10.711) 


a\ 


«»'■ = X "ol 


Comparing this result with (10.708). we see that the generalined 
forces for a conservative system arc 

ar n . . . c = - 

(10.712) Q. = - Q-^ = - dq„ 

Hence to find the generalized forces for a conservative sy.stem, 
we simply dilTerentiate the potential energy and change the 
sign. Thus, (10.709) follows immediately from the tact tliat 
y = tnga cos 6 for a particle on a sphere. 

The principle of virtual work. 

According to the principle of virtual work, established in 
Sec 2 4- -4 sysletn with workless conslrauils ts in cquihhnum 
under applied forces if. and only if, zero virtual work is done hy 
these forces in an arbitrary infinitesimal displacemen satisfying 
the constraints. In this statement the term ' applied force 
means any force other than a reaction of constraint. 

For a system with generalized coordinates qu 92 . • * ' any 
displacement defined by 5?., satisfies the constra.nts 

automatically. By (10.708) the work done is 

5 TF = Qi 571 + Q2 572 + • * • + Q** 
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whore Qu Q2, ' ■ Qn denote the generalized forces. For 

('(luilibrium, 5ir = 0 for arbitrary value.s of the dq% and so the 
conditions of equilil)rium (both necc.«sary and .sufficient) are* 

{10.713) = 0. = 0. ■ ■ ■ Q. = 0. 

For a cuiisorvative system, the conditions of equilibrium 
(10.713) read 


(10.714) 





'rhese conditions may be expre.ssed )>y sa>’ing that V ha.s a 
stationary value — often a maximum or minimum, but sometimes 
neither. Tlie etiuilibrium is stable if V is a minimum; this was 
proved in Sec. 7.5. 

Tlie e(iuations (10.714) provide the most systematic way of 
finding all positions of eciuilibrium for a conservative system. 
The pottuitial energy r is a function of 71. (72. • ■ • we suppose 
this function known. The cfiuations (10.714) are « equations 
for th(* values of the 7’s corresponding to a position of equilibrium. 
When we have .solved these ecpiations and <»btained values for 
the r/’s, we can test the stal)ility of the equilibrium by investigat- 
ing whether V is a minimum. 


Applications. 

Kinmple 1. Consider a system with two degree.s of freedom, for which 

r = q; + 3g.92 + Aql 


I'Ih- eonditiohs of ciiuilibriuin an* 

^ « 2q, + 372 = 0. 

- — = 3 gi + 893 = 0. 
tig.. 

The only .solution of these eejuations is 

q, = 0 , qi - 0 ; 

• It is .sometimes advantageous to regard a general mechanical system as a 
free particle in a space of n dimensions with coordinates qi, 92, • • • 
The generalized forces play the part of the usual components of force (X, Y, 
Z). We recognize in (10.713) the natural generalization of the conditions 
of equilibrium; X =» 0, T = 0, Z * 0. 
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this is. tluTofore, the nnly position of efiuilibriiiin . .Vs foi- stnhility. ue 
observe that 

V = (?i + 

Si.K'C V = 0 (or „ = ?< = 0 unci iu pouitivo for all other vuh.cs it (ollotvs 
^rt I' is u minumnu at the position of e,,nil,hrin,n : the ocpnl.hrnnn ,s 

** i-1-anipfr 2. Wo shall now disouss a dfvioo kitown as Hooke's joint. 

'Phis is used to transmit a torcpie or ■»' 

♦•ouple from one axis to aiiotlier. 

iiiflined to the first. 

Figure 119 shows the essential 
features of the joint. AB is a shaft 
or axis, branching into the fork 
BCD; A'B' is another axis, with 
fork B'C'D'. These forks are con- 
nected by a rigid body coinpose<l of 
two bars CD, CD', joined perpendic- 
ularly at their common center <>. 

The iines AB, A'B' meet at O when 
produced and arc perpendicular to 
CD, CD', respectively. There are 
smooth bearings at C, D, C, D', and 
the axes AB, A'B' are free to turn 
in .smooth bearings at -4 and A'. 

Let I be a unit vector in the «lircc- 

Hon and r ‘ UI is applied -o ABCD, the systc.n will 

direction B " 7" hv other forces. We propo.se to calculate 

;rcoupr.4rr apphed to which (together with .1/1 and the 

lo solve su I t svstem; (ii) calculate an exprc.ssion of 

'tte "rnfflO 7L)''for the work done in a displacenren. ; (iii) equate the 

''“ret;thTrtVe“i"dX:Ien^^^^ the aysten. are tl. lines AB. A'B' and 
*1 • t n <5inf*P ABCD can merely turn about AB, a single (oordinate 

iTthc auRle turneil throuBli) is sufiieicnt to fix it. When .4BC/> is fixed 
the line Cl) is fixed. Now the lino CIV must be perpendicular to both CD 
and A'B' (from the construction of the joint) ; hence CD' is fixed, and so the 
Z je JmL to fix. not only ABCD. but A'B'C'D' also. The system has 

one degree of freedom, and e is a generalized eoordmate. 

When e increases to 9 + 89, A'B'C'D' turns through some small angle 59 , 

the displacements of ABCD, A'B'C'D', CDC'D' are as follows; 

ABCD\ a rotation hB I, 

A'B'C'D'; a rotation SB' V, 

CDCD'; a rotation 5n » SnA + 5nij -F 6njk, 



Fig. 119. — Hooke's joint. 
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i j. k arc unit vrHnrs alotiR CD. C'D' a.ul perpcmiiculnr lo th.-nn 
Sinrc no work is done by the reuetion.s at the hoariiiKs and the internal 
n-artions at <'. (". 1>. />'. we have (ef. tl0.704d 


(lO.Tl'j) 


5ir = Ml ■ 60 1 MT • 60’!' 
= M 60 + M' 60'. 


We must now hiul 60' in terms of 60. 
bodie.s, AliCI) and ChC'l)'. K<nmtinK 
placement (ef, flO.oOl'l. we have 


'Idle point 1) belongs to two rigid 
the two expressions for its dis- 


(10 71,;, 601 X fii = 5n X «i. 

„l„.ro „ = OI) = (fl)'. Similarly, by considering the displacement of D', 
we Hnd 


(10.717) 


60' r X «j = 6n X oj. 


Now. resolving along i. j. k. we have 

j _ _ ^ j + cos ^ k, r * — sin </>' i + eos <)>' k, 

wh(‘r(* <P. •(>' are the angles between k ami AH, H'A'. respectively, 
.stituting these values for I and I' in ( 10.710) ami ( 10.717), we obtain 


(10.718) 


J i-os <t, 60 = Snj, sio <i> 60 = 5nj, 

/ cos 60' = 5nj. — sin <i>' 60' = 5nj. 


Sul>- 


Kcpiating the expressions for 6n,, we obtain 
(10.719) 60' = cos « .sec 60. 


Substituting this value in (10.71“)), we get 
(10.720) 5b’ = CM + M' cos <t> see <t>') 60, 

ami so th«' single generalized force O is 

f) = .1/ + M' cos sec 0 '. 

For eciuilibrium, this must vanish, and so the couple required to hold 
A'H'C'l)' is where 


M' = —M sec 0 eo.s 0 '. 


'rhe fraction of the torque M traiisiuitted through the joint is sec 0 cos 0 '. 

Example 3. In Fig. 120, AH represents a shaft free to turn about a hori- 
zontal axis L, perpendicular to d if at A ; I)E represents a heavy bar threadetl 
on the shaft AH and perpendicular to it. 'I'he pitch of the thread is p, so 
that, when DE turns through an angle 0 about ..-IB. E moves along AB 
through a distance p 0 . The points C, C are the centers of gravity of AB, 
l)E, respectively. We wish to find the possible positions of equilibrium of 
this system under gravity, all friction being neglected. 

We start with a standard configuration in which AB is vertical and DE 
lies in the vertical plane 11 perpendicular to L at A. Let Jn denote the 
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4 Ustaiu-c AK in this position. Wc p!>.<s to a Kcnoral c-onliKur:itioii l>y swin^;- 
iiiK Ali through an annh' 9 and turning DIC to iiiako an aiiRlo (f> with 11. I hc' 
auRles 0and <t> are generalized eoordinates. In terms of tliem. the potential 

iMiorpy is 

(10.721) V = — «■« eos e — H lUo + eos 0 + /> sin 0 eos 0 ). 

wliere a = AC. h = KC and u\ H' denote tlie weiRhts of AH. DK, respec- 
tivelv. 

The eonditions of ecpiilihriuin are 

( iL = nn sin 0 + H tj-., + sin 0 - ;rf> eo.s cos 0 = 0 , 

) (W 

(10.722) \ 

I llL = _ iri> cos 0 d- 9’^^ »»«' 9 sin •t> = 0- 
I rl0 

Klimination of 0 Rives for 0 the ecpiation 

(10.723) H sin 20 = 2u7«/ 

+ 2\Vpix<i + 

W ith mimeriual values for the constants, 
tliis equation i-an he solved graphically or 
otherwise. In terms of 0 , 0 is given by 


(10.724) tan 0 


^ l± 

b sin 0 



Fui. 120. — A bar ED is 
threaded on a shaft AB, which 
can turn about a horizontal axis 
L. 


Some interesting results can be dedtieed 
without solving (10.723). If V is small, a 
position of equilibrium occurs for some 
small value of 0, i-e.. with Dh close to n. 

For this position, tan 0 is finite, since p and 

0 are small of the same order. Another 

position occurs near 0 = for this, tan 8 . , , » 1 • i„ 

1 sm«n. ,m,i so .48 is nearly vortieal. If p .s larRO, the r,Kht-ha,..i s de of 
(10 723) inav exceed MT" for all 0 ; in this case, there is no position of equilib- 
rium. an<l the bar DE simply runs down the shaft turning as it goes. 

Example 4. The last two examples considered above are three-dimen- 
sional in character. We conclude with an application of the ^ 

work and energv to a two-dimensional system with many degrees of freedom 
Consider a chain of « equal uniform rods, smoothly jointed together and 
suspended from one end A.. (Figure 121 shows the case n = 5.) A hon- 
zontal force P is applied to the other end A„+i of this chain. It is required 

to find the equilibrium configuration. . , 1 1 

As grncroL«l coordinates, we take the inclinations to the 
vertical) 0„ e„ ■ ■ • 9. of the several rods in order. If each rod has length 2a 
and weight w, the potential energy in a general configuration is 

y = — icu cos 01 — tc(2<i cos 01 + a cos 0j) — • • • 

— u>(2fi cos 01 + 2a cos 0i + ■ ■ ■ + 2a cos 0„_i + a cos 0,.) 

« -u’a[(2« - 1) cos 01 + (2n - 3) cos 0* + • • • + 3cos0n-i + cos 0n). 
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l„ 11 Siiiull virtual tli.^pboeineiit the work done by gravity 

.-M' = - 1) sin (t. 60. + (2» - 3) sin 0. 60, ■ ■ • + sin 0. 60.1 

, „.ork aon,. l,y llu. P i. th. produH of /> and tl.e l.uri.ontal dU- 

phiceinont of Ar»+h i 

P6\2<i sin 0, + 2a sin o, + • • • + 2a sin On). 


Ai 



Adding these two expressions, we find, for the total work done, 

6ir * |2P cos 0, — (2n — Die sin O.Ja 60, 
(j() 725) + [2/^ fos ~ <2n — 3)u’ sin 0,10 60, 

+ ' * • 

+ {2F cos ^ to sin ^»i]n iflr.. 


This nuist vani.sh for arbitrary values of 50,. 60,. ■ • • 60„, if the displace- 
ment is from a position of equilibrium. Hence, equating to zero the brackets 
on the right of (10.7251, we find 


(10.726) 



tan 

A 

2P 



te(2n — 

1)’ 

tan 

$2 

2P 

ft 

u)(2n — 

3) 

♦ • 

• « 

2P 


tan 

0. 




le 


These equations give the inclinations of the rods to the downward vertical 
in the equilibrium configuration; the tangents form a harmonic progression. 
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10.8. SUMMARY OF STATICS IN SPACE 

I. Conditions of equilibrium. 

(a) For a siiiRle particle (necc.ssary anti sufficient): 

(10.801) P = 0, 


or 

(10.802) X = 0, >' = 0, Z = 0. 

(6) For any system (necessary), or for a rip:iti body (necessary 
and sufficient): 


(10.803) F = 0. G = 0. 

(F = total force, G = total moment.) 

(c) For any system with workless constraints 

sufficient) : 


(necc.ssary and 


(10.804) 


(glC = work done iiy applied forces.) 


11. Equipollence. 

(а) Conditions of equipollence: 

(10.805) F = F', G = G'. 

(б) Any system of forces can be reduced to a force F at an 
assigned point, together with a couple G. If G = pF, the 
reduced system is a wrench. 

m. Displacements of a rigid body. 

(a) Finite displacements: 

(i) Any displacement of a rigid body with a fixed point is 
equivalent to a rotation n (Euler’s theorem). 

(ii) A general displacement is equivalent to a translation s, 

followed by a rotation n. 

(b) Infinitesimal displacements: 

(i) Infinitesimal rotations compound vectorially. The order 

of application is immaterial. 

(ii) For a rigid body with a fixed point, the displacement 
of a particle of the body is 


( 10 . 806 ) 


5n X r. 
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(iiij In general, the displacement of a particle of the body is 
(,(, 807) 6s + 5n X r. 

IV. Work and potential energy. 

(a) Work done on a particle: 

(10.808) 5W = P . 6s = -Y 6 j + )' ^ oz. 

{}>) Work done on a rigid botly; 

(10.809) = F - 6s + G • 6n. 

(c) Work done on a general system : 

(10.810) 6TI' = Qi 6qi + Qi 59= + ' '+0-1 &Qr.. 

id) Work done on a conservative system: 

(10.811) = -61' = - X ^ 57r. 

r “ 1 


EXERCISES X 

1. A force with components f — 7, 4, —5) acts at the point (2, 4. —3). 
Find its moment ahovit the oriKin. Find iilso its moment about the line 

X ~ y = z, 

tlic positive sense on the line being that in which x increases. 

2. rigid body is acted on by a force with components fl. 2, 3) at a 

point (3, 2. 1) and by a force with components (—1. —2, —3) at a point 
( g __2, —1). Give tlie components of the equipollent force and couple 

at the origin. u • 

3. A particle of weight w is placed on a rough plane inclmed to the hon- 

zontal at an angle a. If the coefficient of friction is 2 tan a. find the least 
horizontal fon-e in the plane which will cause the particle to move. Deter- 
jnine the direction in which the particle moves. 

4. tripod consisting of three uniform rigid legs, each of length 2a 
and weight u\ supports a camera of weight 11 , the legs being smoothly 
jointed together at the top. The tripod stands on a rough horizontal plane 
(coefficient of friction m), the feet forming an equilateral triangle. Find 
an expre.ssion for the greatest length of a side of this triangle consistent with 
equilibrium. 

6. Prove, by the principle of virtual work, that for an inextensible 
cable (either free or in contact with a smooth surface) T ~ V = constant, 
where T is the tension and Yds the potential of the external force acting on 
an element da of the cable. 

6. Three identical spheres lie in contact with one another on a horizontal 
plane. A fourth identical sphere rests on them, touching all three. Show 
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that the cooflieicnt of frivtion between the spheres is at least (\/3 — V^) 
and that the coefncieiit of friction between each sphere and the plane is at 

least (\/3 “■ \/2)iA. !• * 

7. A force with components (3. 5. 6) acts at a point with coordinates 

(1 2,3), and a force with components ( — 8. —2, Z) acts at a point with 
coordinates (4. 6. —7). If the pair of forces has no resultant inonient about 

the x-axis, find Z. t t ■ 

8. Determine the pitch of the wrench equipollent to two forces of magni- 
tudes Ps Q, inclined to one another at an alible a. the shortest distance 

between their lines of action beinp; c. „ i 

9. A square gate A BCD. of weiRht U' and edjie «. has hinges at li and 

the line BC being vertical with B on top. The hinge at C can support a 
downward thrust, but that at B merely supplies a vertical axis of rotation. 
The wind blows on the gate, exerting a uniform pressure p. Ihe gate is 
kept in position bv a light rope attached to the outer upper corner .4 and ton 
point E on the ground, where CE = « an<l CE is perpendicular to the gate. 
Kind in terms of H'. p, a the tension in the rope and the magnitude of the 

reaction at each of tlie liiiiKos. 

10 Denotinf; by <t> the usual polar unRlos, fiiul the polar angles of the 
axis of an infinitesimal rotation equivalent to three infinitesimal rotations, 
all of the same magnitude, with axes whose polar angles are 

(0 = 00% <t> = 45“l, (0 = 120% <t> = 130'’), (0 = 60% <t> = 22,5"). 


11. A rigiil body receives in succession three rotations about three 
mutuallv perpendicular intersecting lines, each rotation being through a 
right angle and the senses being cyclic. Find the axis and magnitude of the 

single equivalent rotation. . i 

12. A rigid body receives a finite translation and a finite rotation (through 

an angle 0) about an axis D perpendicular to the translation. Show that the 
resultant displacement is equivalent to a rotation (through an angle d) 
about an axis parallel to />. the position of this axis depending on the order 

in which the translation and rotation are applied. 

13. Show that anv finite displacement of a rigid body is equivalent to a 

screw. i.G.. a translation and a rotation about an axis parallel to the transla- 
tion (Chaslcs’ theorem). , * 

14. In coming to rest on a slippery road, the wheel of a car travels 10 feet 

forward and 2 feet sidewavs. at the same time turning through an angle of 
180" about its axle. Ix>cate the axis of the eiiuivalent screw displacement. 

16 Show that, in general, a force sy.stem may be re<Uiccd to a force acting 
along any given line together with another force. (The lines of action of the 

two forces are said to be conjugate.) ^ 

16. A rigid body is acted on by a force F at O and a couple G. F is an 
assigned point, with position vector r relative to 0. Show that there is 
a single infinity of lines through P about which the force system has no 
moment; show that these lines lie in a plane and find, in Cartesian coordi- 
nates, the equation of this plane. (The lines are called nuU lines, and 

the plane a null plane.) 
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17 Show that, if n riRid body is m ciu.lihrium under the nclion of four 

forces, tlrc invariant iF ■ G> of any two .s equal to the 

the other two. Show also that the .near, ant (F • G) of anj three 

'“"s” A W-v uniform inextensihle cable hanRs in contact with a smooth 
r,Rh,-ctcular cone of sem.vertical angle the axis of the cone be, ng vert, cal. 
Prove that the cable banns in a curve satisfying the equation 


+2*sin^« 


whore 2 is the depth below the vertex of the cone, 4> is the azimuthal angle, 
and d, are eojistants. r'wnU/C' fV'winehid- 

19. In a Hooke’s jo,„t (Fig. 110) force syste,„s F. G1 anil ^ ' ‘"I™'', 
ing the reaction of the bearings at .4, A') act on the parts ABC/1, .4 B C B 
respectively, O being taken for base point. For eqnthbrn.m, show 

counles G. G' must both be perpendicular to the plane ^ ■ 

20 There are two identical rough stones, each being an oblate spheroid 
(,f semiaxes a b (n > b). One is laid on a horizontal floor and the other 
;:!d“n t'p of it. the axes of symmetry being vertical, atten 

tion to displacements in a vertical plane through the axis of symmetrj . sho^^ 

that the eiiuilibrium is stable if a* > 36*. . 

21. Discuss the stability of any four succes.sive positions of equilibnuin 

for the system shown in Fig. 120. Consider only the ea.se where p is small 

in comparison with a and 6. „ • in «.„>fiw.r 

22. force svstein is equipollent to a fon-e F at 0 and a t^oiiple G. 

force system is equipollent to a force F' at O and a couple G . Prove that, 
if the axes of the equivalent wrenches intersect, then 

F . G' + F' • G = (p + p')F’ F'. 


where p. p' are the pitches of the wrenches. 



CHAPTER XI 

KINEMATICS. KINETIC ENERGY AND ANGULAR 

MOMENTUM 


We now approach the study of dynamies in space. AVe shall 
reciuire 

(i) a simple way of descnhing the motions of particles and of 
rigid l)odies; 

(ii) methods of caUnUating kinetic energy and angular 
momentum. 

These items belong to kinematics (if we understand tlie word to 
include mass as well as motion) and form the subject matter of 

the present chapter. 


11.1. KINEMATICS OF A PARTICLE 

Let Oxyz be rectangular axes fixed in a frame of reference and 
I. J, K unit vectoi-s along them. For any particle, with coordi- 
nates X, I/, 2, we define the following vectors (cf. Sec. 1.3); 

! Position vector; r = xl + i/J + 

Velocitv; q = ^ = xl + i/J + 

dt 

Acceleration: f = ^ = H + yj + zK. 

The simplest way of describing the motion of a particle is to 
give the vector function r(0. For, when r is known as a vector 
function of the time t (i.e., when a:, y, 2 are known as scalar 
functions of t), we can trace the path of the particle and 
find its velocity and acceleration at any instant by differentiation. 

We frequently require expressions for the components of 
velocity and acceleration in directions other than I, J, K. Two 
particular resolutions of these vectoi-s will now be considered. 

Tangential and normal components of velocity and acceleration. 

Figure 122 shows the path C of a moving particle A; Ao is 
a fixed point on C. The arc length AAo is denoted by s. From 

303 



MECl/A.\'ICS /.V SPACE 


(Sec. 11.1 


:^()4 


(11.101), wo SCO that the vector has components dr/da, 

dtf/ds, dz/ds along I. J. K; it is the unit tangent vector to C 
at A and will be denoted by i. 

For the velocitv of ,1 we have 



(11.102) q = 


dr dr ds 


dt ds dt 


= .M. 


sijiaro 


Hence, the velocity of a particle is 
directed along the tangent to Us path, 
and has magnitude s. 

Foi the acceleration we have 

^ dq ... , .di ... , 

But, by (10.211), 

di = I 

ds p 


where j is the unit principal normal vector and p the radius of 
curvature of f* at .1. Hence. 


(11.103) f = Ni + - j, 

P 

and so we may state: The acceleration of a particle lies in the 
osculating plane to its path; the componenis in the directions of 
the tangent atul principal normal are ii and s-/p, respectively. These 
results sliould be compared with those for the corresponding two- 
dimensional case (cf. Sec. 4.1). 

Components of velocity and acceleration in cylindrical coordi- 
nates. 

In Fig. 123, .4 is the position of a particle at time t and M 
the foot of the perpendicular from .4 on the plane Oxy. The 
polar coordinates (U, <t>) of M. together with the 2 -coordinate 
of *4, are the cylindrical coordinates (U, <t>, z) of .4. Let i. j, k 
be unit vectors at .4 in the directions of the parametric lines of 
these coordinates (i.e., those directions in each of which just 
one of the three coordinates R, <t>, z increases, the other two 
remaining constant). We wish to find the components of the 
velocity and acceleration of .4 along i, j, k. 
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The vector k is constant in magnitude and direction. Tlie 
directions of i and j do not depend on R and z \ they are, however, 
dependent on <^. As in Sec. 4.1 (where r, d correspond to 
R, (i>), we have 


(11.104) 

Since 



r = OA = Ri + 2 k, 



we obtain, on difTerentiating r with respect to t and u.sing (11.104), 
(11.105) q = * = /ii + + ik. 


A .second differentiation with respect to t gives 

(11.106) i = a< - + + 

From these equations, we can read off the components of the 
velocity (q) and the acceleration (f) in the directions of i, j, k, 
when required. 


Composition of velocities and accelerations. 

We often need to connect the velocities (or accelerations) 
of a particle relative to two different frames of reference, S and 
S’. We shall here think only of the case where there is no 
relative rotation of the frames. Let O be a point fixed in S and 
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O’ :i point fixed in . S ". A particle A has position vectors r = OA 

and r' = ; they are connected by 

(11.107) r = To + r', 

^vhere r« = 00'. Differentiation gives 

(11.108) q = qo + q'. f = U + 

u'here q. f = velocity and acceleration of -I relative to 5, 
q' f' = v(*h)cit\’ and acceleration of A relative to S , 

= velocity and acceleration of .S' relative to S. 

'I'he ecpiations (11.108) give the laws of composition of velocities 
and accelerations. 

11.2. KINEMATICS OF A RIGID BODY 
Motion of a rigid body with a fixed point. 

Consider a rigid body constrained to rotate about a fixed 
point O. Let C, i> be two instants; in the time interval h — ti 
the body receives a displacement which is etjuivalent (cf. Sec. 
10.5) to a rotation n about O. If we keep L fixed and let t-i 
approach b, the direction of n will approach some limiting 
direction, which we denote by the unit vector i. The ratio of 
the angle of rotation n to the time interval to — h will approach 
a limiting value u. The vector w = wi is called the angular 
fclority of the body at the instant ti. At this instant the body is 
rotating about a line through 0 in the direction of w; this line 
is called the instantaneous axis of rotation. The rate of turning 
is « radians per \mit time and is a rotation in the positive sense 
about the in.stantaneous axis. 

In an infinitesimal time dl the body receives an infinitesimal 
rotation wc/f; and so the displacement of a particle of the body 
is, by (10.501), 

dr = w c/f X r , 

where r is the position vector relative to 0. The velocity of 
this particle is 

(11.201) q = ^ = a> X r. 

This formula gives the velocity of any particle of the body in 
terms of the angular velocity vector Thus, if w is known as 
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it vector function of the time, we can find the velocity of any 
particle at any time; in otlier words, the single vector function 
suffices to describe the motion. 

As the body turns about O, the instantaneous axis (determined 
by u) will occupy different positions in the body. Since this 
axis always pa.s.ses through O, its locus in tlie body is a cone with 
vertex O; it is called the hof/y cone (or polhodc cone). Similarly, 
the locus of the instantaneous axis in space is another cone with 
vertex O; it is called the space cone (or herpolhode cone). 

A rigid body mo\’ing parallel to a fundamental plane may be 
regarded as a body turning about a point at infinity. In this 
case the body and space cones become cylinders; their inter- 
sections with the fundamental plane are the bod^' and s[)a(‘e 
centrodes of our earlier theory (cf. Sec. 4.2). 

\\ e saw in Sec. 4.2 that, in the motion of a rigid body parallel 
to a plane, tlie body centrode roils on the space centrode. Simi- 
larly, in tlie motion of a rigid l)ody with a fixed point, the body 
cone rolls on the space cone. To establish this result we must 
show that : 


(i) the body cone touches the space cone; 

(ii) the particles of the l)ody on the line of contact of the cones 
are instantaneously at rest. 

Let OA be the position of the instantaneous axis of rotation at 
some instant. It i.s a generator of the fixed space cone and also 
of the moving body cone. After an infinitesimal time dt, 
another generator OB of the body cone come.s into coincidence 
with a generator OB' of the space cone. But the displacement 
in time dt is an infinitesimal rotation of magnitude w dt about OA , 
and .so the angle between the planes OAB, OAB' is an infinitesimal 
angle. Since the.se planes represent the tangent planes to the two 
cones along the generator OA, it follows that the tangent planes 
cannot cut at a finite angle; the cones must therefore touch. 
Since all particles of the body on the instantaneous axis OA are 
instantaneously at re.st, the second of the above conditions is al.so 
satisfied, and the result is established. 


The components of angular velocity in terms of the Eulerian 
angles. 

In Sec. 10.6 we defined the Eulerian angles 0, <t>, xj/; they 
describe (relative to a fixed triad I, J, K) the position of a triad 
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i)f unit orthogonal vectors i, j, k, fixed in a rigid liody turning 
al>out a point 0 (Fig. 118). The motion of the body is deter- 
mined when 0. <t>, ^ are known a.s functions of the time f; but 
tins motion can also be described by the angular velocity io(l). 

We write 


<»> = a)]i “I" wj + wjk 

and seek expressions for wi, wo. t*)3 in terms of 0. <t>, and theii 
rates of change. 

In an infinitesimal time (it the body receives the rotation 
lodh But. by (I0.(i07), this rotation is 

(sin ^ (id - sin 0 cos xl^ (l4>)i A- (cos 4^ (id + sin 6 sin lA 

-h (cos 0 + d^)k, 


where <16. (i(t>. <14' are the infinite.«imal increments in 0, 4>, 4' in 
time (//. K(|uating this expression to <^<it and dividing by <lt, 

we have 


{ 0)1 = sin ^ 0 — sin 0 cos xp <i>, 
a)-j = cos ^0-1- sin 0 sin 4' 

0)3 = cos 0 0 + p. 

'I'hese equations give the components of angular velocity when 
the motion is known, i.e., when 0, <t>, 4' known as functions of 
the time. Conversely, when the components of t.) are known at 
any time I, we can solve the above equations for 6. 4>, 4' func- 
tions of t and so determine the motion. 


Kxrrcise. Find the components of o on the fixed triad I, J, K (Fig. 118) 
in terms of 6, <t». f and their rato.s of change. 

General motion of a rigid body. 

Let us consider a rigid body moving in a general manner. We 
select a particle A of the body as a base point and denote it.s 
velocity by q^. In an infinitesimal time (it, the displacement 
of the body is equivalent to a tran.slation (it, and a rotation 
(in about A (cf. Sec. 10.5). By (10.502), the displacement of 
any particle B of the body is 

q .4 df -H dn X r, 


where r = i4B. Hence, for the velocity of B we have 
(11.203) q = qx + w X r, 



Sec. 11.2) 


K/XE.\/ATICS 


305) 


where w — dn/dt. We observe that this velocity consists of two 
parts: (i) the velocity of the base point, anti (ii) the velocit\’ 
of B relative to A, viz., <•> X r. It is clear that the velocity of B 
relative to .4 is precisely the same as if the body were turninp; 
about .4 (as a fixed point) with angular velocity ti>. 

If we alter the base point .4, the translation dt is changed, 
but the rotation dn remains the same. It follows that the 
vector (o pertains to the motion of the body as a whole; it is the 
angular velocity of the body and is to be regarded as a free \’ector, 
since it does not depend on our choice of base point. The 


equation (11.203) gives the velocity of any point of the body 
when the angular velocity <«> and the velocity q^ are known; 
thus, the two vectoi-s o> and q.^ completely de.scribe the motion. 

When G> and q^ are known as vector functions of the time, 
we have a picture of the motion at any instant. From the 
velocity q of any particle as given 
by (11.203), its acceleration f can be 
found by differentiation; thus, 


i 

dt 




r/ti) 

dt 


X r t*) 


x't, 

dt 



Here df^^/dt is the acceleration of 
the base point A‘, it depends solelj' 
on the motion of A and not on the 
angular velocit 3 ^ As for the last 
term, dr/dt is the velocity of B 
relative to A; therefore, by (11.201), it equals w X r. We have 
then 


Pk;. 124. — A wheel rolling «>n a 
straight track. 


(11.204) 


f — fH + ^Xr + ci>X(o>Xr) 


Example 1. As a simple illustration, let us consider a circular wheel 
rolling with constant speed along a straight level track (Fig. 124). We take 
us base point the center C of the wheel and denote its velocity by V. Thi.s 
vector is constant; it lies in the plane of the wheel and is horizontal. The 
angular velocity w of the wheel is a vector perpendicular to its plane; it also 
is a constant vector. By (11.203), a particle B of the wheel has velocity 

V + o X r, 

where r = CB. Since g> X r is a vector perpendicular to w, this velocity 
lies in the plane of the wheel — a fact which is intuitively obvious. Since 
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mul V fire constant vectors, the acceleration of P is, by (11.204). 

f = w X (w X r) = ■ n — rt*>= = — rw^ 

Thu., caH, partu lo of thr « lu-ol l.as an ac-<-oleration of maRnitude 

‘''7C,'m,Ir2“”*As a saoond illustration, let us eonsidcr the motion of the 

propeller of an airplane n.akiuR a turn. In f 

velocity uul uccelenition of the tip of the propeller may be found. 

For siinplicitv. we shall .suppose that the center O of the propeller . 

a h^r rm tal r'in- e C w.th rinstant speed V; let (, he the ratl.us and A the 
een77 of C K,Rure 12,a shows the position of the propeller when the Ime 
from the center to the tip B makes an angle 6 With the vertical. 

B 



lio. 125. — Motion of an airplane propeller. 

Let i, j, k be a triad of unit orthogonal vectors at O: i points along AO, 
k points vertically upward, and j completes the triad. The vector j is 
clearlv tlie unit tangent vector to C at 0. As a base point for the descrip- 
tion of the motion, we take the point O; its velocity is Vj. The angular 

velocity w of the propeller consists of two parts: 

(i) an angular velocity or spin sj (where s = 6), imparted by the engine: 

(ii) an angular velocity (V/b)k, due to the turning of the airplane. 

Hence, 

V 

G> = sj + k. 

The second part of u arises from the fact that, in time 2Ttb/V, the airplane 
(and the axis of the propeller) would turn through an angle 2r about the 
vertical. 

From (11.203), we have, for the velocity of any point of the propeller 
(position vector r relative to 0). 

q = Tj + « X r. 
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Id particular, the velocity of B is 

' 1 1.205) q* = rj + ^.sj + X (o sin 0 i + « cos 0 k) 

= a cos 0 i + ^ sin I'j — r sin 0 k. 

where u = OH and c = sa. the speed of the tip relative to the airplain'. 
Hence the absolute spee<l is given by 


Qb — + ^ sill . 

.\<-tually, a/b will be small, and so q* = a* + I’’, approximately. If the 
trigonometrical term is retainetl, qn takes maximum and minimum values 
when the propeller is horizontal. 

The acceleration of B may be found by difTerentiating ( 1 1.205). We shall 
assume that « is constant: then the scalars u. V. b and the vector k are con- 
stant, whereas the scalar e and the vectors i and j are variable. To find 
ii\/(U and d}/dl, we note that i and j may be regarded as the position vectors 
of points fixed in a bo<ly, turning about 0 with angular velocity (V/b)k. 
Hence, by {11.201), 





It is left for the reader to verify that the a«*celeration of B is 


/»■* r* T’a \ 2er 

( 1 1.200) ffl * — (— sme+— h — — sin © ) i H — cos 0 j 

\a b / b 


«» 

— cos 6 k. 
a 


Hiuh^r normal circumstances, the terms in v^/a far ex<-eed the other terms in 
magnitude, and so the acceleration is <lue almost entirely to the spin of the 
propi-'ller. 

11.3. MOMENTS AND PRODUCTS OF INERTIA 

The moment of inertia of a sy.stem \va.s defined in Sec. 7.1. 
For a particle of ma.s.s m distant p from a line L, the moment of 
inertia about L i.s mp'^. For a .system of particles, the moment 
of inertia is the sum of the moments of inertia of the several 
particles. 

We now define products of inertia. Let P, Q be two planes, 
and let p, g denote the perpendicular distances from them of a 
particle of mass m. The distance is (*ountcd positive or negative 
according as the particle lies on one side or the other of the 
corresponding plane. The product mpq i.s called the product 
of inertia of the particle with respect to the planes P, Q. For a 
system of particles, the product of inertia is the sum of the 
products of inertia of the .several particles. 
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I ct Ox, I! IX' roctanK'ilx'- »*“■ 'f 

systcn, .,r partirlos ala.ut the axes Ox. 0,j. Oz are, re.speet.vely, 
(n,3„.t .1 = ^m(r’ + + y.). 

Her,. ia th.- nraas of a typical particle, x, ,j, z are its coordi- 
nates, and the snm, nation extends over all particles of the 
svstcm. The products of inertia with resiiect to the cooidiiiate 

pliUK's, taken in pairs, arc 

(11.302) /■’ = -wiyz. ^ = Iwxy. 

iM.r a continuous distribution of matter the summations are 

rrplaced l.v integrations. tl>e mass m being replaced by the msiss 

ptir ip = density) of a small volume element <h. 

It is a remarkable fact that, 

when .4, B, C. I'\ 0, Ji are known, 

we can find the inr)ment of inertia 

/ of the system about any line 

through 0. To sec this, we 

recall that, by definition, 

I = Zmv\ 

where p is the perpendieidar 
distance of a typical particle P 
(imiss m) from the line L (Fig. 
I2(i). Now p = OP sin $, where 
e is the angle between OP and 
L] thus, p equals the magnitude 

of the vector product X r, where 7. \s a unit vector along L 

and r = OP. The components of 7, are the direction cosines 
a, d. 7 uf L, and the components of r are the coordinates x, y, z 
of P. Hence, the components of ^ X r are 

— yy, yx — az, ay — &x. 

Tlius, since p is the magnitude of the vector with these com- 
{)onents, we have 

(11.303) I = :im [(^2 - yy)~ + {yx - azP- -h (ap - )3x)=] 

= + x") + y^-'^mix'^ + y-) 

- 20y Zmyz - 2ya':Zmzx - 2a/32mxp 
= .4a-= + B0- + Cy- - 2F^y - 2Gya - 2Ha^. 



Fm. 120 .— TIk* moment of inertia 
iibcmt the line L is roauirod. 
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'riiis j!:ivos I in tcrin.s of .1 , li, C, /*’, (!, II , mid tli(> diroction cosines 
of L. 

\Adicn A, li, C, (i, II ;n<‘ known for an\’ set of rcMdanunlar 

axes through tlie mass center, we can find the moment of inertia / 

of the system about any line L V(‘r\' easily. Tins is done in 
« * • • 

two steps: 

(i) tise (11.303) to find the moment of inertia /„ about a lino 
through the mass center parallel to L; 

(ii) apply the theorem of parallel axes (cf. Sec. 7.1) to find 7. 
If A, H, C, I'\ O. II are known for a point other than the mass 

center, we can find 7 in a similar manner, but two applications 
of the theorem of parallel axes arc reciuired. 


The momental ellipsoid. 

By yarying a. 0, y in (11.303). we obtain the moments of 
inertia about all lines through (). Let us measure off, along 
each line through O, a distance OQ = l/\/7. where 7 denotes 
the moment of inertia about tlie line in (question. The locus of 
Q has the equation 


(11.304) Ax‘ + By’ + Cz-’ - 2Fyz - 2Gzj - 2Hxy = 1. 

This is the equation of a quadric surface with center O; in 
general, it is a clo.sed surface, since 7 does not vanish for any 
line. * Hence, ( 1 1 .304) is the ecpiation of an ellipsoid ; it is called 
the momental ellipsoid at 0. 

When the equation of the momental ellipsoid at a point is 
known, we find the moments and products of inertia with 
respect to the axes of coordinate.^ by inspecting the coefficients 
in this equation. Under a rotation of axes from Oxxjz to Ox'y'z\ 
the equation of the momental ellipsoid changes from (11.304) to 


A'x'^- + B'y-^ + C'2'2 - 2F'y’z^ - 2G’z'x' - 2H'xA/ = 1. 

The coefficients A', B', C\ F', G\ B' give the moments and 
products of inertia for the new axes. 

The quadric repre.sented by the equation (11.304) .sums up 
the inertial properties of the system with respect to axes through 
the origin. The form of the equation changes (in the sense 
that the values of the coefficients change) when we rotate the 


• There is only one exceptional case. If all particles of the system lie on 
a line L, then / = 0 for L; the quadric is then a circular cylinder with axis L. 
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coordinate axes, hut tlie (juadnc itself remains an invariant 
model of the inertial prop'M-ties. The representation of piiysieal 
properties In' means of a (piadric surface is of frecpu’iit oeeur- 
renee- -it is used in elastieitv, liydrodynamies, and other hranehes 


of applied matliematies. Since the coefficients in the equation 
of the (piadric change when we change the axes, they cannot be 
called scalaix, in the sense that mass is a scalar. Xor aie they 
components of a vector. The whole set of six coefficients, oi 
more pi-ecisely the array 


A -// -0 

(11.305) -// B 

-r; -F c 


is called a tcnaor. This is the simplest example of the con- 
cept which has played such an important part in the theoiy of 
relativity. 

An arrav is also called a matrix. Just as wc use a .single letter 
* 

to denote a vector (which may lie regarded a.s a matrix with 
three element.^), .so we may denote a matrix by a single letter. 
The operations of algebra may be applied to matrices, yielding 
a compact and powerful notation in mechanics.* 


Principal axes of inertia. 

Every ellipsoid pos.se.s.ses three (mutually perpendicular) 
principal axes, referred to which its equation takes the form 

y* 

( 11 - 300 ) ^ ^ ^ 

The principal axes of tlie momental ellipsoid at any point are 
called principal axes of inertia. The moments of inertia about 
these axes are called principal moments of inertia. 

If Oxyz are principal axes at O, the equation of the momental 
ellipsoid is 

(11.307) + By^- + Cz^ = 1. 

The coefficients A, B, C are the principal moments of inertia 
at 0; by comparing (11.306) and (11.307), we see that they are 


• See R. A. Frazer, W. J. Duncan, and R. Collar, Elementary Matrices 
(Cambridge University Press, London, 1938). 
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equal to tlie reciprocals of the squares of the .semiaxes of the 
momental ellipsoid. 

The coordinate planes, for principal axes of inertia, are called 
principal planes. Since terms in ijz, zx, xy are absent from 
(11.307), the products of inertia with respect to paii-s of prin- 
cipal planes are zero. 

Method of symmetry. 

The problem of finding principal axes of inertia at a point is 
identical with that of finding the directions of the principal axes 
of an ellii>soid. This problem is treated in textbooks on analyti- 
cal geometry (cf. R. .J. T. Bell, Coordinate Geometry of Three 
Dimensions, The Macmillan Co., New York. 1026, Chap. XI) 
and in\'olves the solution of a cubic cc}uation in general. But, 
in the ca.se of a body wliich exhibits .symmetry, it is often po.ssible 
to find principal axes of inertia more simpl;s’. 

In Sec. 3.1 the idea of symmetry was u.seci in connection with 
ma.ss centers. A more thorough discussion reciuires the concept 
of a covci'ing operation, which we now iJioceed to define. 

If we rotate a body of revolution about its axis through any 
angle, we do not alter the distribution of matter — the whole 
body appcai-s exactly as before. Similarly, if we turn a three- 
bladed propeller about its axis through an angle 2jr/3, the final 
distribution of matter is that with which we started. These 
rotations are examples of covering operations. In general, a 
covering operation for a body is a transformation which does not 
alter the distHbution of matter as a whole, although the individual 
particles are moved. In the case of a curve or surface, where no 
distribution of matter is involved, a covering operation is a 
transformation which leaves the curve or surface unchanged as 
a whole. The covering operations which we shall consider are 
(i) a rotation about a line or axis, and (ii) a reflection in a plane. 

A^'llene^'cr there exists a covering operation* for a body, the 
body is said to possess symmetry. If the covering operation is a 
rotation through an angle 27r/n about an axis (where n is a 
positive integer other than unity), this axis is called an axis of 
n-gonal symmetry; for n = 2, 3, 4 the symmetry is digonal, 
trigonal, tetragonal, respectively. Thus the axis of a three- 

* Othor than a rotation through four right angle.s; this is a trivial opera- 
tion, since It leaves every particle of the body back in its original position. 
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hhulcd propeller is an axis of trigonal symmetry' ; for a two- 
hladed propeller the axis i.s of digonal symmetry. If the co\ ering 
operation is a refleetion in a plane, then that plane is a plane of 
for the body. 

\\'hen we speak of an axis of symmetry, without qualification, 
we understand that a rotation through any arbitrary angle is a 
covering operation. A surface of revolution has this type of 


svmmetrv. 

' We now return to the problem of finding principal axes of 
inertia for a body possessing symmetry. In this connection 
we have the following theorem: A covering operation for a body, 
7 vhich leaves a point 0 of the body unchanged, is a covering operation 
for the momental ellipsoid at O. The proof of this theorem 
depends on the following facts, which hold for any distribution 
of matter whether .symmetrical or not and are easily proved: 

(i) when a body is rotated about a line, the momental ellipsoid 

at any point on the line turns with the body; 

(ii) when a body i.s reflected in a plane, the momental ellipsoid 
at any point on the plane is also reflected in this plane. 

\Mien the rotation (or reflection) is a covering operation for the 
body, the distribution of matter is unaltered, and the momental 
ellipsoid at a point on the axis of rotation (or in the plane of 
|■eflection) is the same as before. The reflection (or rotation) 
is therefore a covering operation for the momental ellipsoid 
also, and .so the theorem is pro^•ed. 

Now we know from the geometry of the ellipsoid that, when the 
axes aie uiietiual. there are only very special covering operations; 
these are (i) a rotation through an angle tt about a principal axis 
and (ii) a reflection in a principal plane. If the ellipsoid has 
more general covering operations, it mu.st necessarily be of 
revolution or, in particular, a sphere. Thus, for example, if a 
rotation through an angle 27r/3 is a covering operation, the 
ellipsoid must be of revolution. If a rotation through an angle tt 
about a line L is a covering operation, then L must be a prin- 
cipal axis. If a reflection in a plane II is a covering operation, 
then II must be a principal plane. 

We shall now apply these facts to the momental ellipsoid. 
The truth of the following .statements will be obvious: 

(i) An axis of a-gonal symmetry is a principal axis of inertia 
at any point of itself. (Example: a two-bladed propeller.) 
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(ii) At any point on an axi.« of trigonal or tetragonal sym- 
metry, the momental ellipsoid has this axis for axis of revolution, 
and two of the principal moments of inertia are equal. (Exam- 
ple: a three- or four-hladcd propeller.) 

(iii) The normal to a plane of .symmetry is a principal axis 
of inertia at the point where it cuts the plane of symmetry. 
(Example: the hull of a ship.) 

Principal axes of inertia for a number of bodies are given in 
the table on page 319. In each ca.se an argument, ba.sed on the 
idea.s of symmetry, can be used to verifj' that the principal axes 
are given correctly. 

The momental ellipse. 

Let us now con.'<ider a distribution of matter in a plane n, 
and let Ox, Oy be rectangular axes in this plane. Since 11 is 
a plane of symmetry, its normal at O is a primapal axis of inertia, 
and the section of the momental ellipsoid at O by the plane 11 
is a principal section; it is called the momental ellipse at O. 

If A and B denote the moments of inertia about Ox, Oy, 
respectively, and H denotes the product of inertia with respect 
to planes through Ox, Oy, perpendicular to II, tlie equation of 
this ellipse is 

(11.308) Aj-2 - 2Hxy -h By^ = 1. 

(We .see this by introducing the third axis Oz and putting z — 0 
in the equation of the momental ellipsoid.) It is clear that the 
principal axes of this ellip.se are principal axes of inertia at O. 
To find them we proceed as follows. 

Let Ox', Oy' be new axes at O, Ox' making an angle 6 with 
Ox. If (x', y'), (x, y) denote the coordinates of a point referred 
to the axes Ox'y', Oxy, respectively, then 

X = x' cos 0 — y' sin d, y = x' sin B + y' cos B. 

The equation of the ellipse (11.308) referred to the axes Ox', 
Oy' is 

A{x' cos B — y' sin BY 

“ 2H{x' cos 6 — y' sin B){x' sin & A- y' cos 6) 

-h B(x' sin 6 A- y' cos 6)^ = 1, 

or, equivalently, 

(11.309) A'x'^ - 2H'x'y' d- B'y'^ = 1, 
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A' = .1 cos' 9 — 2// sin 6 cos 9 B sin- 9, 

JI' = (.4 — B) sin 6 cos 9 //(cos- 9 — sin^ 9), 

B' = .4 sin- 9 + 2// sin 0 cos 0 -{- cos- 9. 


Now (11.309) represents the equation of an ellipse referred to 
principal axes at its center if //' = 0. Hence. Ox', Oxj' are 
principal axes of inertia at O if 


(11.310) 


tan 20 



'I'lie two values of 9 in the range (0, tt) satisfying this equation 
give the directions of the two principal axes. 

The complete set of principal axes at O are Ox', Oy' and a 
line perpendicular to them. This method of finding principal 
axes of inertia at a point can be applied to any case where one 
principal axis at the point is known; it need not be restricted, 
as here, to the case of a plane distribution of matter. In particu- 
lar. it applies to any body with a plane of symmetry or an axis 
of digonal symmetry. 


Moments of inertia of some simple bodies. 

The tal)le on the opposite page gives the principal axes and 
moments of inertia at the mass center for some simple bodies. 
I'he moments of inertia about the axes Ox, Oy, Oz are denoted 
(as usual) by A, B, C, respectively. In all cases the bodies are 
homogeneous, i.e., of constant density. 

Some of the moments of inertia given in the table have 
already been calculated in Sec. 7.1. We shall give the calcula- 
tions for the ellipsoid and leave the reader to verify the others 
for himself. 

The equation of an ellip.'ioid E with semiaxes a, b, c, referred 
to principal axes at its center, is 



The moment of inertia about the x-axis is given by 


^ fff (y‘ + ^•) 

(£) 


A 

P 
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Body 

(mass ^ m) 

Principal axes 
(at mass center Oi 

Principal moments 
of inertia 

Rectangular iilutc Ralgcs 
2a. 26). 

Oxy ()y parallel to eelges 
2a, 26, respectively; Oz 
perpendicular to plate. 

A = li = 

C = \m(a^ + b^}. 

Solid rectangular cuboiil 
(e<lges 2a, 26» 2c). 

OXy Offy Oz p^irallcl to 
Cilges 2a, 26, 2c, respec- 
tively. 


Circular plate* (nulius ai. 

Ox. Oy in jilanc of plate; 
Oz perpendi<-ular to 
plate. 

A » /i * }ma^ 

C ~ J/aa*. 

Elliptical plate (semi* 
axes ti, 6). 

Ox, Oy along semiaxc.s «, 
6, respectively; Oz per- 
jiendicuhir to plate. 

A * Inift-, li * {am*, 
C * {mfa* + b*). 

Solid circular cvlinder 

% 

(radius a, length 2t). 

OXy Oy perpendicular to 
axis; Oz along axis. 

.1 = /y = 

1 t*2Wi(3«» + Al’), 

C = Iwm’. 

Solid elliptical cylinder 
(seiniaxes a, 6; length 
20. 

Oxy Oy along semiaxoa a, 

6 of section, respec- 
tively: O^ along axis of 
cyliiuler. 

A = jKm{Zb^ + 4/*), 
li = ,»am(3a» + 4/«), 

C = }/n(a’ + 6*). 

Sphere (radius «). 

OXy Oy, Oz any three per- 
petidicular lines. 


Solid ellip.soid (seiniaxes 
a, b, c). 

OXy Oy, Oz along seiniaxes 
a, 6, c, respectively. 

A = J;n(6» + c*), 

B = Jwi(c* + a*), 

C = lm(a* + 6*). 


whore p is the density and tlio integration e.xtends throughout 
the ellipsoid E. We put s' = s/a, y' - y/b, z' = z/c and obtain 

- = r r r ( 6 ^'- + c^z-^)ahc dx' dy' dz\ 

^ isf 

where the range of integration is now the interior of a unit 
sphere iS. From the symmetry of S, 


fff ^ Iff ^^y' 


'■w 


(S) 


(5) 


— 7 


(2/'2 + z'^) dx' dy' dz'. 
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But this last integral has already been calculated in Sec. 7.1; it is 
the moment of inertia of a sphere (of unit radius and density) 
nboiit a diameter and has the value 8^/15. Hence, 

A = (b'- + c^) = hm{h’- + c“), 

lo 

as given in the table. The values for B and C follow in exactly 
the .'^ame way. 

The following rule, known as South's rule, summarize.s most of 
tlie results given in the talde on page 319: For solid bodies of the 
cuboid. i lliptic(d cylindrical, and ellipsoidal types, the moment of 
inertia about a principal axis -through the center (and parallel to the 
generators, in the case of the elliptical cylinder) is equal to 

tn(a- + h‘) 
n 

where m is the mass of the body, a, b ore the semiaxes perpendicular 
to the principal axis in question, and n = 3, 4, or 5 according 
as the body belongs to the cuboid, elliptical cylitidrical, or ellipsoidal 

type. 

The methods of decomposition and differentiation. 

If we wish to calculate a moment of inertia, we can always do 
so by evaluating a multiple integral. But in many cases there 
are simpler methods. One method is to divide the body into a 
number of parts, for each of which the moment of inertia is 
known; by adding the moments of inertia of these parts, we 
obtain the required result. This is the method of decomposition 
and luis been used already in Sec. 7.1. 

Another method, known as the method of differentiation, can 
be used to find the moment of inertia of a shell when the cor- 
responding moment of inertia for a similar solid is known. 

As an example, let us find the moment of inertia of a spherical 
shell about a diameter. We first consider a uniform solid sphere 
of density p and radius r. Its moment of inertia about a diameter 
is (8ir/15)pr^ If the radius of this sphere is increased to r dr, 
the moment of inertia is increased by 

dl = (87r/3)pr^dr; 

this is the moment of inertia of a spherical shell of radius r, 
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tiuokii('j>s (Ir, aii<l inasvS Airpr-tlr. Ilonco tlie numu'iit of iiu'ilia 
of a splierioal .slioll, of radiiis a anti mass vi, al)ont a diameter 

• o •» 

js ^ma-. 

Similarly, by considering the ellipsoid 

n ,% •> 

^ = 1 

k-a- ~ k'%‘ ~ k-c- 

and increasing k to k + dk, we can find the principal moments of 
inertia at the center of a tliin shell bounded by t wo such ellipsoids. 
Tlic reader will have no difficxdty in showing that, for k = I, the 
results are 

+ c=), + «=). im(a= + b^-), 

where m is the mass of the shell. 

Equlmomental systems. 

Two distributions of matter which have the same total mass 
and the same principal moments of inertia at the mass center 
are said to be cquimomental systems. For example, a hoop of 
mass m and radius afy/2 is equimomental with a circidar plate 
of mass m and radius a. 

Such systems are interesting on account of the following 
fact: Two rigid iDodies which are equimomental have the same 
dynamical behavior. By this we mean that two such bodies, 
when acted on by identical force systems, will bcliave in the 
same way; if the bodies were fixed inside two identical boxes, 
we should not be able to distinguish between them. This result 
will be evident when we have developed the general principles of 
dynamics in Chap. XII. 

11.4. KINETIC ENERGY 

The kinetic energy of a rigid body with a fixed point. 

Consider a rigid body turning about a fixed point O with 
angular velocity w. A particle P of this body, with velocity 
q and mass 5w, has kinetic energy ‘ (cf. Sec. 5.1); the 
kinetic energy of the body is 

(11.401) T = 

where the summation extends over all particles of the body. 
We seek an alternative expression for T, involving the angular 
velocity o> and the principal moments of inertia at 0. 
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Let Oxijz 1)(‘ aJiy rectangular axes at O, and i. j. k unit vectors 
along tlion. Ke.<olving vectors in the directions of these axes, 
\v(> write 

r = .ri -|- + zk, w = a>ii + wj H- wj£, 

where r = OP. For the velocity q of P, we have, by (11.201), 
(11.102) q = to X r 

= (u-iZ — a>3y)i + (W3X — cojZ)j + io>\y — a>2l)k. 

Hence, by substitution from (11.402) in (11.401), we obtain 

2T = Z dm ■ [(oi-iZ — u) 3 y)^ + (wsJ* — tuiz)- + («i(/ — t«)3x)2] 

= 8m • ()/• + z^) -F wiS 8m • (z^ + j2) + a)=2 8m ■ (x^ + yO 
— 2402(03^^ 8m ■ yz — 2 w 3 coi Z8m • zx — 2(ji\ui-i Z8m • xy. 


or 

(11.403) r = ^(dto? + Biol + Ctol - 2 Foj 2 t 03 - 2 Ga) 3 w, 

“ 2fio}\ii>‘i)f 

where -4, B, C. F, 0, II arc the moments and products of inertia 
for Oxyz. If the axes are principal axes of inertia, then 

F = II = 0, 

and we obtain, as the required expre.ssion for the kinetic energ\’, 

(11.404) r = 4(.4to? -F Bi^l + Ctof). 

where .1, B, C are now principal moments of inertia. 

The expression (11.404) is valid only when the axes Oxyz 
are principal axes of inertia at O; for other axes, it is evident 
from (11.403) that T involves both products and moments of 
inertia. If we use axes with directions fixed in space, not only 
will T involve products and moments of inertia — worse still, 
these will vary with the time. To avoid these complications, 
it is customary to use axes which are permanently principal axes 
of inertia at 0, so that the simple formula (11.404) holds at any 
time and .4, B, C are constants. 

In general the principal axes at O are fixed in the body. But 
if the momental ellipsoid at 0 is of revolution, only one of them 
need be so fixed ; the other two may be any perpendicular lines 
in the plane perpendicular to the axis of revolution. It might 
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appear that the use of such axes, fixed neither in space nor in the 
body, would introduce a needless complication. But actually 
it simplifies considerably the theory of tops and gyroscopes. 

For a rigid body turning about a fixed line L through 0, it 
is easily seen that the formula (11.403) simplifies to the formula 
(7.1 IG), given in the two-dimensional theory. We have merely 
to take Oz along L] then wi = = 0, wa = w, and (11.403) 

gives 

T = 

where C is the moment of inertia about L. 

The kinetic energy of a rigid body in general. 

Let us now find the kinetic energy T of a rigid body moving 
(juite generally in space. Applying the theorem of Konig 
(cf. Sec. 7.1), wc have 

(11.405) T = H- T', 

where in = mass of body, 

qo = speed of mas.s center, 

T' = kinetic energy of motion relative to mass center. 

But the mass center may be regarded a.s a base point in the body; 
and so, a.s explained in Sec. 11.2, the motion relative to the mass 
center is that of a rigid body turning about a fixeil point. Thus, 
T* is given by (11.404) with a proper interpretation of the 
symbols. We therefore have 

(11.40G) r = ^mql + i(.4a,? + 

where A, B, C = principal moments of inertia at the ma.ss 

center, 

wi, o}», W 3 = components of the angular velocity u in the 

directions of principal axes of inertia at the 
mass center. 

In appljdng the principle of energy, proved in Sec. 5.2, to 
particular systems, we need expressions for kinetic energy. 
For a particle the kinetic energy is simply for a rigid body, 

we have the formulas (11.404) and (11.406). With the aid of 
these fundamental formulas, we find no difficulty in calculating 
the kinetic energ}' of any system. 
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11.6. ANGULAR MOMENTUM 

The angular momentum of a particle about a line was defined 
in Sec. 5.1 as the moment of the linear momentum vector about 
the line in (luestion. Now in dealing with moments of vectors 
in tiuee dimensions, it is the victor mome-nt about a point which 
is fundamental, rather than the scalar moment about^ a line. 
Accordingly, we define the angular momentum of a particle as a 
\-ector; the scalar angular momentum defined in bee. 5.1 is, 
of course, merely one component of the vector defined here. 


Angular momentum of a particle and of a system of particles. 

Consid(*r a particle of mass w, moving with velocity q lelative 
to .s{»me frame of reference S. he linear momentum is wiq 
(cf. Sec. 5.1). We define the angular momentum h, about any 
point O, as the moment of mq about O; hence, by (9.301), 


(1 1.501) h = r X mq. 

wliere r is tlie position \'ector of the particle relative to O. It 
is clear that h depends on the frame of reference used in the 
measurement of q. 

For a systetn of |)articles. the angular momentum is the vector 
sum of the angular inonumta of the .several particles. Let m,-, 
r., q, denote the mass, position vector (relative to a point 0), 
and velocity of the ith particle, re.spectively. The angular 
momentum about O is 


(11.502) h = (r, X /n,q.), 

I • i 

where n is the number of particles in the .system. 

We note that, if O is fixed in the frame of reference, then 
qi = fi. In that case the components of h along rectangular 
axe.s fixed in the frame are 


(11.503) 





ntiiziXi — XiZi), 


n 


Let us now consider the effect of changing the frame of refer- 
ence. Let S' be a new frame, having a velocity qo of translation 
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relative to 5. Then the velocities q,. q' of a particle relative to 
S, S', respectively, are connected by 

(11.504) q, = + q' 

according to (11.108). The angular momenta about O are then 



n 

I B i 


Substituting from (11.504) in the expre.ssion for h, we find 


(11.505) 



X qo "b h^ 


If 0 i.s the ma.ss center. X = 0, and so the first term on the 

SB I 

right vanishes. This gives the following remarkable result: 
Angular momentum about the mass center is the same for all frames 
of reference in relative translational motion. Generally it i.s most 
con\’enient to use a frame of reference in which the mas.s center 
is fixed. 

In speaking of angular momentum about a point 0, we shall in 

future always understand a frame of reference in which 0 is 
fixed. 


Angular momentum of a rigid body. 

The most interesting application of (11.502) is to the case 
of a rigid body turning about 0. The formulas which we are 
about to develop are fundamental in gyroscopic theory. 

In a slightly different notation, we have, for the angular 
momentum about 0, 

(11-506) h = 2(r X 5m • q), 

where Sm is the mass of a typical particle, r its po.'^ition vector, 
and q its velocity; the summation extends over all particles in 
the body. But, by (11.201), 


q = o) X r, 

where w is the angular velocity of the body. Hence, 

(1 1.507) h = 2 5m ■ [r X (o X r)] = 2 5m ■ - r(w • r)]. 



326 


|SKr. 11.5 


MtTlIAMCS /A' SPACE 

Ket \is ro.'^olve tliis vector along an orthogonal triad i, j, k 
at O. In the usual notation, we wiitc 

j. = _ri + yj + 2k, a> = wii + 

,uh 1 il.'iiot.. bv .1. li. C. /•', G. H the moments and produets of 
Witt, .■espeet to the triad i, j, k. The eomponent of h 

in the direction of i is 

/,, = 6m ■ Wd-r- + 

= 5m • {y- + 2'-) - w:- ■ 2 X 

= .-Iwi ~ //w-' — f»W3» 

Similar expressions for the components and h, are found in 
the same way ; tlie eoinplete set of component.s is 


(11.508) 


/», = — f/ws, 

fl„ = — IIoJl + /ioJu 

/,3 = — (7wi — /'W- + Cwj. 


The structure of tt.ese formulas should be compared with the 

array (11.305). r - n - M - n 

If i. j, k are principal axes of inertia at (), then /* - fr - W U, 

and these formulas are greatly simplified. They become 


(11.509) 


/j, = dwj. h- = Bui-2, hi = Cwa, 


where .1. B, C are now principal momenta of inertia at 0. 

As in the case of kinetic energy, it is usual to choose the 
coordinate vectoi-s i. j. k in directions which are permanently 
principal axes of inertia at 0. With such a choice for these 
vectors, the simple formulas (11.509) hold at any time, and 
A, B, C arc constants. 

If the body is constrained to rotate about a fixed axis, we may 
take k along this axis. Then = 0. w-j = 0, ws = w, and 
(11.. 508) gives 


(11.510) hy = -G'«, hi = -/'w, ^3 - Cw. 

Thus the angular momentum vector does not lie along the axis of 
rotation, unless the latter is a principal axis of inertia. However, 
the component hi along the axis of rotation is equal to the product 
of the moment of inertia about that axis and the angular velocity. 
This is in agreement with (7.117). 
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11.6. SUMMARY OF KINEMATICS, KINETIC ENERGY, 

AND ANGULAR MOMENTUM 

I. Kinematics of a particle. 

\’elocity : 

(11.601) q = _ = tangent vector). 

Acceleration: 

(I Q 

(11.602) f = -77 = M H j, (j = unit principal normal 

^ vector). 

II. Kinematics of a rigid body. 

(a) Rigid body with a fixed point: 

^ c^(*tor <a; velocity of any particle of 

the bodv i.s 

(11.603) q = o) X r. 

(b) Rigid body in general motion: 

Motion described by vectons q^, to; velocity of any particle 
of the body is 

(11.604) q = qA + to X r. 

III. Moments and products of inertia. 

(a) General formulas: 

( A = :Sm(i/2 + 22), B = 2m(z2 + x^), 

(11.605) ^ C = 2m(x= + i/=), 

( = ^tnyz, 0 = ^mzx, H = Xmxy, 

(11.606) I = + C 7 = - 2F0y - 2Gya - 2Ha0. 

(b) Momental ellipsoid (r = l/\/7): 

General form: 

(11.607) Ax-^ + By^~ + Cz^- - 2Fyz - 2Gzx - 2Hxy = 1. 

Form for principal axe.s: 

(11.608) .4x2 _|_ By"^ + Cz2 = I. 

{A, B, C are principal moments of inertia; F = G = H = 0.) 
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IV. Kinetic energy. 

(rt) I'articic: 

(11.009) T' = 

{h) Uigid i>otiy with a fixed point (prineipal axes): 

(11.010) T = + Bwl + Cu)|). 

(e) Rigid Itody in general motion (principal axes at mass 
c(‘ntei) : 

( 11 . 011 ) 


T = \m(il + + Cwl). 


V. Angular momentum. 

(a) Particle: 

(11.012) h = r X mq. 

(/)) Rigid body turning about a point (principal axe.s) 

h = dwii + + Coj^k. 


(11.013) 


EXERCISES XI 


1 What is the kinetic energy of a homogeneous circular cylinder, of 
mass m and ra<liu8 o. rolling on a plane with linear velocity v? 

2. For a certain orthogonal triad of axes at O the moments of inertm of a 
body are 3. 4, n. and the products of inertia vanish. What is the greatest 

moment of inertia of the body about any line through 0? 

3 -X rod of length 2n and mass m. turns about one end O, describing a 
cone’vvith semivertical angle a. It completes a revolution in time t. Find 
the magnitude and direction of the angular momentum about O. 

4. A rigid body is turning about a fixed point O, and Oxyz are rectangular 
axes. If the components of velocity of the particle with coordinates (I, 0. 0) 
arc (0, 2. T)). fiiul the component in the direction of the x-axis of the velocity 

of the partiele with coordinates (0. 0, 1). 

6. Find the length of a homogeneous .solid circular cylinder of radius a, 

giveji that the inomeiital ellipsoid at the mass center is a sphere. 

6. A body turns about a fixed point. Prove that the angle between its 
angular velocity vector and its angular momentum vector (about the fixed 
point) is always acute. Show that, if the principal moments of inertia 
A, H. C are nil different, then the angle vanishes only if the body is turning 

about a principal axis. 

7. Find the moment of inertia of a solid homogeneous cube about an 
arbitrary line through its center. 

What are the principal axes of inertia at a comer? 

8. Find the moment of inertia of a rectangular plate 3 ft. by 4 ft., of mass 
20 Ih., about a diagonal. 
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9. Find tiu* components of velocity and acceleration along the para- 
metric line.s of spherical polar coordinates r. Q, <t>, for a i)arlicle moving in 
space. 


(Mieck your foriiiiilas hy applying tli<‘rn 


to the following special cases: 


(it <t> = constant; (ii) 0 = Jjt. 

10. A car drives round a curve of constant curvatun- at constant speed. 
What is the magnitude and direction of the instantaneous acceleration of the 
highest point of a tire? 

11. uniform circular disk of radius a and mass m is rigidly mounted on 
one end of a thin light shaft CD, of length 6. The .shaft is normal to the 
disk at its center C. The disk rolls on a rough horizontal plane. D being 
fixed in this plane by a smooth universal joint. If the center of tin? clisk 
rotates about the vertical through 1) with constant angular velocity n. find 
the angular velocity, the kinetic energy, and the angular momentum of tin- 
disk about D. 

12. \ car is turning a corner, the middle point of the buc-k axle describing 
a circle of radius r. If the length of the axle Ls 2a and the wheels are 
regarded as uniform disks, each of raditis h, prove that the ratio of the 
kinetic energies of the back wheels is 


6(r + flj- + 6» 
6(r - a)» + 6*' 


13. An ellipsoid of revolution with fixed center rolls without slipping on a 
fixed plane. Describe the space and body cones. 

14. A plane is fixed in space. C’oordinate axes Oxi/z rotate about O. 
Their angular velocity has components u,, w, along them. If the equa- 
tion of the plane at any instant is 


prove that 


(iA D 

rfT 


Ax + By + Cz = 1, 


dB 


C(i)2, — C<oi — Aw}, 


dC 

dl 


— Aui — Bu) 


16. A governor consists of two equal spheres, of mass m and radius a. 
They are fixed to the ends of equal light rods, each of length c — o, which arc 
hinged to a collar on a vertical axle. By means of a light linkage and sliding 
<’ollar. the equality of the inclinations to the vertical of the two rods is 
ensured. If this angle of inclination is 6 and the angular velocity of the 
governor about its vertical axle is w, show that the V^ j ^ tic energy is 

4- w* sin* 6) Cu>* cos* 0, 

where 


A * m(la* -f c*), C = Iwia*. 

16. Prove that the angular momentum of a moving system about a point 
0 is the sum of the following parts: 
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(i) ,ho angulur n.<„no„tun. about O of a part.cle moyrng w th the mass 
center and having a mass equal to the total mass of the sys cm . 

(ill the aufiular momentum of the system about the mass center. 

\ .steel ball is placed between two horizontal planes, which rotat 
with auKular velocities si, <e' about vertical axes L. L . .tssuming that n 

:;:;;m.^ahcs phue, show that '’t,r:rrthrz:::: 

rirolf' with center in the plane containing L .'iiid L . M 

of thi-ieeiitcr from Land L' are in the ratio w':w. 

IS.' For a riiri.l hody in general .notion, show tliat there is no 
Show also that, u, Reneral, there is one point, a, id only one, with 

a system of particles, prove that the kinetic energy of motion 
relative to the mass center may he expressed m the form 


'■ = ^2 


numiVii, 


wliere «i = total mass of system, 

m, * mass of typical particle, 

= magnitude of velocity of m, relative to ?«/, 

■uul the summation contains one term for each pair of particles. 

20 O I is a liKht rod of leuftth h which turns with anRular velocity U about 
J.JoH perpendicular to it. ^ is the middle point of a rod CD of mass m 
and lonRtl. 2-., hinKcil to O.-l at A in such a way that CD i.s always ^oplanar 
with OH If 0 denotes the angle 0.1C, prove that the components of the 
:,ngular momentum of CD about O in the directions OA, OB and a direction 
perpendicular to them are. respectively, 

-imaHi sin 6 cos e, + Ja* cos* 0), 


4 





CHAPTER XII . 

METHODS OF DYNAMICS IN SPACE 

The following three principles are fundamental in Newtonian 
mechanics: 

(i) the principle of linear momentum, 

(ii) the principle of angular momentum, 

(iii) the principle of energy. 

General forms for the fii*st and last of the.se principles have already 
been given in Chap. V ; we shall merely i-ecall them here, stressing 
tlieir applications to dynamics in space. The treatment of the 
principle of angtdar momentum, given in this chapter, is inde- 
pendent of that given in Chap. V; there is reason for this, since 
in two dimensions angular momentum is a scalar, whereas in 
three dimen.sions it is a vector. 

We begin our di.scussion of the above principles by considering 
the simplest of all .sy.stems — a single particle. 

12.1. MOTION OF A PARTICLE 
Equations of motion. 

For a particle of mas.s m acted on by a force P, we have, by 
the fundamental law (1.402), 

(12.101) mf = P, 

where f is the acceleration relative to a Newtonian frame of 
refei-ence. This vector equation can also be written in the form 

(12.102) ^^(,„q)=p, 

where q is the velocity of the particle. In this form, it is often 
referred to as the principle of linear momentum for a particle: 
The rate of change of linear momentum of a particle is equal to the 
applied force. 

By resolving the vectors f and P in the directions of rectangular 
axes Oxyz, fixed in the frame of reference, we obtain, as in Sec. 
5.1, the equations 

(12.103) mx = X, my = Y, ml = Z, 

331 



332 


MECIIAMCS /.V SPACE 


ISec. 12.1 


wlu'io A', y, z arc the components of P along the axes. These 
■u-e the equations of motion of a particle in rectangular Cartesians; 
other forms of the equations of motion are obtained belo\v. 

Let i. i. k be unit vectors along the tangent, principal normal 

and binormal to the path of the particle. By (11.103), 




f = .vi + - j, 

P 

whore s .lenotes arc length ahing the path and p is the radius of 
c u r\' a t u re . Writing 

P = P.i + j +^3k, 

we obtain from (12.101) the following intrinsic equations of 
^notion: 


(12.104) 


mii = Pi, 


ms' 


= Pi, 0 = P 


Now let i, j. k l)e unit vectors in the directions of the para- 
metric lines of cylindrical coordinates (/?,<#>, 2 ). By (11.106), 
we have 

f = (K - Iir-)i + 44 


Thus, if 

P = Pr i + j + P. k, 

we obtain, as equations of motion in cylindrical coordinates, 

(12.105) m{R - R<i>^) = Pr, ^ 

Equations (12,103), (12.104), and (12.105) are probably the 
most useful forms of the equations of motion of a particle. Othei 
forms may be obtained by follo\\ing the same general plan, 
namely, resolution of vectors along a suitably chosen orthogonal 

triad. 

When the path of a particle is to be found, it is better to use 
some form such as (12.103) or (12.105), rather than the intrinsic 
equations (12.104). However, if the path is known beforehand, 
the equations (12.104) are particularly convenient. For exam- 
ple, consider a particle sliding do\vn a smooth curve under 
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gravity. In tiiis case Pi is simply the component of the particle’s 
weight in the direction of the tangent and is therefore known. 
Integration of the fii-st equation in (12.104) gives s (and s) in 
terms of the time. The other two eciuations then give the 
reaction of the curve on the particle without further integration. 

There is a point of interest in connection with (12.101). 
From the last of these eciuations, it is clear that the path is 
such that the osculating plane contains the applied force. We 
recall that, for a flexible cable in equilibrium [cf. (10.217)], the 
osculating plane also contains the external force; there is a close 
analogy between the two problems. 

Exercise. .K particle moves on u .smooth .surface tinder no force.s except 
the reaction of the surface. Show that its path is a geodesic on the surface. 
Is this result true when the surface is rough? 

Integration of the equations of motion. 

To obtain the equations of motion of a particle is one question, 
but to solve them is another. The second task is much harder 
than the first. Indeed, we may say that only a very few of all 
po.ssible problem.s in dynamics can be comi>letely solved, if by 
solution we mean the expression of the coordinates as easily 
calculable functions of the time t. However, it is always possible 
to obtain solutions in the form of power serie.s in t. Considera- 
tion of this procc.ss leads to the following important general 
theorem: The rnulioti of a particle is determined when its initial 
position and velocity arc given. 

Let us sketch the proof of this theorem in the case of a free 
particle, moving in accordance with the equations (12.103). 
We shall suppose that X, Y, Z are given functions of x, y, z and 
perhaps of i, y, i, t, also. (Consider, for example, a projectile 
under the action of gravity and air resistance, as in Sec. 6.2.) 
Then the equations (12.103) give .ro, ija, Zo in terms of 

(12.106) Xu, yo, zo, xo, yo, zo, 

the subscript indicating evaluation at < = 0. If we differentiate 
(12.103) and consider the re.sulting equations at f = 0, we see 
that the}' give the third derivatives of x, y, z uith respect to 
< at f = 0 in terms of the quantities (12.106), since Xo, Ho, Zo 
have already been found. Proceeding in this way, we can 
determine all derivatives of x, y, z at t = 0 in terms of the quan- 
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titie-s ( 12. UK))- Thus, we have all the coefficients in the following 
Taylor expansions for x, y, z\ 

j" = Xo 4“ ^0^ 4" 4" ' * ‘ t 

y = yo + 4- iyof' 4- ■ ' ' . 

Z — Zn zol ^'zd- 4- ' ' * • 


The aitove series provide a formal solution of the equations 
of motion and, as we have seen, this solution depends only on 
To. yn. 2o. -r,,. yo, io. For the completion of the proof, it is necessaiy 
to discuss the convergence of the series; this belongs to the 
theory of ditferential equations, and we shall merely remark 
that the conditions of convergence (for some range of values 
for 0 are satisfied in all the problems we shall consider. 

In order that a solution for the motion of a free particle (not 
necessaiily expressed in power series) may be made to fit the 
stated initial conditions, there must be available six constants 

of integration. 

For a s(‘t of particles moving under forces depending on their 
positions and velocities, it may be shown by an argument 
similar to that given above that the motion is determined when 
the initial positions and velocities are given. (This is most 
easily seen by means of Lagrange’s eciuations; cf. Chap. XV.) 
The number of constants of integration is double the number of 


degrees of freedom. 

If we regard the universe as composed of particles, this result 
leads to a rather surprising conclusion. If we knew at the 
present moment the position and velocity of every particle in 
the univei-se and could solve the differential equations of motion, 
we should be able to predict the whole future of the universe. 
Even more surprising, since the motions of all the particles 
could be followed backward in time as w’ell as forward, we should 
be in a position to uncover the history of the universe from its 
beginning. 

Is this practical science? It is not, for such a complete knowd- 
edge of present conditions is quite beyond our pow’er. From a 
jihilosophical point of view, however, the question is of interest — 
the question as to whether the past and future are determined 
by the pre.sent. That they are so determined is implied in 
Newtonian mechanics, and it is here that quantum mechanics 
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introduces a new aiui i(>Vi)lutionar\‘ idea: Xotliinj^ is (■iiiniii, 
()nl\' prohahle. 

Principle of angular momentum. 

By (11.501), the angular momentum of a particle about a 
fixed point 0 i.s 

(12.107) h = r X mq. 

Let us calculate the rate of change of h. Differentiating (12.107), 
we find 

(12.108) h = f X wq + r X mq 

= q X wq + r X nif 
= r X P, 

where P is tlie force acting on tlie i)article. In word.s, the rate 
of change of angular momentum of a particle about a fued point 
is equal to the moment of the. applied force about that point. 

If we take O a.s origin of lectangular axes Oxyz and resolve 
vectors in the directions of these axes, we obtain 

( m{yz - zif) = yZ - zY, 

(12.109) ) m{z:v - xz) = zX - xZ, 

I 7n{xy - yx) = xY - yX, 

M’here X, Y, Z are the components of P. The last of these 
equatioirs is the same as that obtained in Sec. 5.1 for a particle 
moving in the plane Oxy, moments being taken about 0 (or Oz). 

Principle of energy. 

For a moving particle we have, as in See. 5.1, 

(12.110) f = IF, 

where T is the rate of increase of the kinetic energy and ^ is 
the rate at which the applied forces do work. This general form 
of the principle of energy is of little use, except in the case where 

the working forces are conservative. Then W = —V, where V 
is the potential energy of the particle and (12.110) gives, on 
integration, 

(12.111) T + F - E, 
where is a constant, the total energy. 
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'riu- rvixdvv inav ask; Sroiim that tlu' .aiuations of motion 
(12 103) are three eciuatioii.s for three unknowns (and tlierofon* 
inatliematieallv eornph-te). wliy do wo trouble to develop four 
nu.re e(,ualh-ns (12.100) an, I (12.111)? The answer is: 1 he 
latter eciuations often «ive direetly pieees of information which 
,.an he used in eonjunetion with (12.103) to simplify the work. 

Fmmnle Ix't us .-.unsi.kT the motion of :i porticlc on :i smooth sphere. 
Wo use ,-vlimlrh-al roonliimtos iH, 0 .zx with oriRin at the etmtor of the 
.sphere, tl.e axis of 2 l.einc .lireete.l vertieally upwanl. 1 hen the equation 

of the sphere is 


( 12.1 121 


Hi * - z*. 


The forees aetiuR on the purtiele are its weight mg anti the normal reaction 
N of the sphere. Ov res.ilvii.e these forec.s along the paratnetne hne-s of 
If. 0 . ami z. we liml r«. /*«. ami P: in (12.105); thc.se equations, together 
with (12.112), are four equations from which wo can find A , K. <t>, z as nine- 
tions of the time. This plan of dealing with the motion, though .straight- 

forwartl. is not so simple ns that given below. 

We first note that, since N tloes no work, the principle of energy applies. 
Now tlie potential energy of the particle i.s mgz. and its kinetic energy is 
where q is the velocity, with components given by (11.105). Hence, 

by (12.111), 

(12.113) + i’) + xngz = viE, 

when' E is I, ore used to denote the constant energy per unit mass, .\gain. 
since N and the weight have no moment a))OUt Oz, the angular momentum 
about Oz inconstant. The components of linear momentum in the /?- and 2- 
din>cti(>ns have no moments about 0z\ the <>-component ts m/?<> and its 
moment is inli^<i>. Hence, 


(12.114) 


= ft, 


wliere ft i.s a constant. This result follows also from the second equation 
of ( 12. 105 ), since /'* * 0 in this ea.se. When the initial position and velocity 
are known, the constants E and ft can be found, and the equations (12.112). 
(12. 1 13). and ( 12. 1 14 ) provide three equations to determine R, <t>, and z. 
From (12.112). we have, by dilTerentiution. 


R = - 


zz 


Va* — r* 

When thisi value of H an<l the vahie of ^ from (12.114) are substituted in 
(12.1 13), we get 




(12.115) 
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'I'lii.H is a single cfpiation for 
soh’od, (12.112) gives R in 
cniadrature from (12.114). 
eliai)ter. 


2 as a fuiu-tion of I: when thi.s e<juation has l)e<'n 
terms of t tlireetly, an<l can he hniml l>\ a 
The solution of (12.11')) is given in (he next 


12.2. MOTION OF A SYSTEM 

Principle of linear momentum; motion of the mass center. 

We now recall .some re.sults established in Sec. 0.2. If m, and q. 
denote the mass and velocity of the fth particle of a systcun, 
then the linear momentum is 

(12.201) M = 2 m.q,, 

t - 1 

where n is the number of particles. By (5.200), we have 

(12.202) M = F. 

where F is the vector sum of the external forces. This is the 
principle of linear momentum in its general form. It may be 
stated as follows: 'J'he rate of iticrease of the linear tnomerUum 
of a system ts equal to the rector sum of the external forces. 

If qo denotes the velocity of the mass center and m the total 
mass, the linear momentum M is mqo and (12.202) gives 

(12.203) mqo = F. 

This is the ccpiation of motion for a .single particle of mass m 
under a force F, and so we have the following result, already 
stated in Sec. 5.2: The mass center of a system moves like a particle, 
having a mass equal to the mass of the system, acted on by a force 
equal to the vector sum of the external forces acting on the system. 

This alternative statement of the principle of linear momentum 
is particularly useful; it reduces the determination of the motion 
of the mass center of any system under known external forces 
to a problem in particle dynamics. As illustrations, we may 
consider the motion of a high-explosive shell or of the earth in 
its orbit round tlie sun. To determine the motion of the mass 
center of the shell, we need know only the sum of the forces 
exerted by the air on the elements of its suiface and, of course, 
the weight of the shell. Similarly, in the case of the earth, its 
mass center moves like a particle subject to the gravitational 
fields of the sun, moon, and other bodies in the solar system. 
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Principle of angular momentum. 

By (11.502), the angular momentum of a sy.stem of particles 

about a point O is 


>1 


( 12 . 201 ) 




I • 1 


Wrvc //), = ma.^s of ftb particle, , * n 

r. = position vector of /th particle relative to O, 

q, = velocity of ith particle relative to 0, 
n = number of particles in system, 
wbat follows, we shall consider O to be either a fixed point 
i„ a Newtonian frame <if reference or the mass center of the 

.system. 

The rate of change of h is 

h = 2 (r. X m.q, + r. X m.qi)- 

i» I 

Since fi = q.. the first vector product vanishes. Thus we have 


n 


(12.205) 


h = X ^ ffftf.), 


»-i 


ivherc f, is the acceleration <if the fth particle relative to 0. 

If O is a fixed point, then f, is acceleration relative to a New- 

tonian frame, and .so 

ni,fi = Pi + Pi, 

where P,, Pi are, respectively, the external and internal forces 
on the tth particle. Hence, by (12.205), 


(12.206) 


i, = V r, X Pi -h X ^ 
1-1 * - 1 


The second summation vanishes, since the internal forces have no 
moment about any point (cf. See. 10.2). Hence, 


(12.207) 


h = G 


where G is the total moment of the external forces about the 
fixed point 0. 
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If 0 is the mas.s contcr. the accelenitioii of the fth particle 
relative to a Newtonian frame *S is 


ffi + fi. 

where fo is the acceleration of 0 relative to N (cf. (11.108)]. 
Hence, the equation of motion of the /th particle is 

+ f.) = p. + p;. 

Sub.stitution for m,f, in (12.205) gives 


(12.208) h = i; r, X P, + X r, X p; - ( V X f„. 


The second summation vanishes as before, and the last vanishes 

n 

■since m,ti = 0. Hence, we obtain again an equation of tlie 

I - 1 

form (12.207), whore G is now the total moment of the external 
forces about the mass center. 

We may sum up tlie principle of angular momentum as follows: 
'I he rate of change of the angular momentum of a system about a 
point, cither fixed or ynomng vnth the mass center, is equal to the total 
moment of the external forces about that point; in symbols, 


(12.209) 



The equations (12.203) and (12.209) are fundamental in 
dynamics and, indeed, in statics as well. Like the general 
conditions of e(iuilil)rium F = 0. G = 0, they hold for any 
.system— it may be the whole, or any part, of a given distribution 
of matter. \\''hen the system is a single rigid body, (12.203) 
and (12.209) provide two vector equations for qo and w, the 
velocity of a base point (the mass center) and the angular 
velocity of the body (cf. Sec. 11.2). Moreover, when applied 
to a system in equilibrium, for which qo and h vanish, they reduce 
to the conditions (10.207), the basic equations in statics. 

Example. As a simple illustration, let us consider a cylinder rolling down 
an inclined plane. Tlie mass center moves in a vertical plane, and so the 
vectors qo and F lie in this plane. Resolving them along and perpendicular 
to the inclined plane, we obtain the first two equations in (7.312), The 
angular velocity w is parallel to the axis of the cylinder, and the angular 
momentuni about the mass center is 


h ^ /u, 
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(►f tlu‘ c*lu:itions 

Principle of energy. 

I,, a.lclition to the principles of linear and angn ar naomentum, 
tl.cre is a lliinl general principl.— the pnnc.ple of energ,r . This 
principle established in See. 0.2. is very useful when the working 
lorees lire consen ative. Then it leads to the law of conservation 

of ( fu rgt/. 


( 12 . 210 ) 


r + r = £:, 


where T and T are the kinetic and potential energies and E is 
tho coiisturit total energy. 

-riie two most common systems in meehames are the particle 
.,„rl the rigid hodv. For each of these .systems, the prinei,ile of 
energv is not independent of the principles of linear and angulai 
monwntnm; it may, however, be used in place of any one of Uie 

"ahir equations deduced from (12.203) and (12.20t.) by 

of vectoi-s. When it is used in this way, the value of the law of 
..onsenation of energy lies in its simplicity; it involves only 
positions and velocities, not accelerations. 

Fxrrci-*r A rigltl body turn.s abo.it a fixed axis with constant kinetic 

..rrc.'rgv .Sluiw tl.at the n.i.gnitti.lc of the ro.gular momentum “ “ 

poin^m tin,, axis, is also const, oit. Is the direction of h necessarily fixed? 

12.3. MOVING FRAMES OF REFERENCE 
In Sec 5 3 the (luestion was raised; If the laws governing the 
motion of a body in a Newtonian frame of reference are known, 
how does it move when viewed from a frame of reference moving 
relative to the Newtonian frame? This question has been 
answered for a particle moving in a plane; we shall now consider 

thret^dimensional ntotion. 

Frame of reference with translational motion. 

Let S be a Newtonian frame of reference and S’ a frame of 
reference which has, relative to S, a motion of translation only. 
For a moving particle, we have, as in (11.108), 


(12.301) 


f - fo + f', 
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wliero fu is the acceleration of S' relative to .S. Since S is New- 
tonian, the law of motion is 

mf = P. 

where m is the mass of the particle and P the force acting on it. 
In iS' the law of motion is, by (12.301), 

(12.302) mf' = P - mfo- 

Thus the motion of S' gives ri.se to the fictitious force — aifo. 
This means that we can regard -S' as Newtonian, provided wo 
add to the actual forces a fictitious force —mfo on each particle. 

Rotating frames ; rate of change of a vector. 

Let i, j, k be a triad of unit orthogonal vectors in a frame of 
reference S', which rotates with angular velocity relative to a 
Newtonian fiame 5. Any \’ector P may be expressed in the 
form 


(12.303) P = P,i + + P^k. 


We shall now calculate the rate of change of P as estimated by an 
obser\’er in 5. 

In calculating dP/dt, we must remember that not only do 
Pi, P 2 , P 3 vary, but also the vectors i, j, k. Straightforward 
differentiation of (12.303) gives 


(12.304) 


dt 




Now i is a vector fixed in a rigid body {S'), which rotates with 
angular velocit}’’ fi. We may think of i as the position vector 
of a particle B of this bod,v relative to a base point A, the origin 
of i. Then di/dt is the velocity of B relative to A ; and so, by 
(11.203), di/dt = ii X i. The same reasoning applies to j 
and k; thus we have 

(12.305) | = nxi, | = «xj, § = axk. 
Substituting these results in (12.304), we obtain 


dt 


SP 

^ + «XP, 


(12.306) 
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wlicne 

(12.307) 



Wo viso the symbol 5/5/ to clonoto a partial differentiation m 
which i. j, k are held fixed. 

We note that (fP/dt eon-sists of two parts. The him pait. 
5P/6/. is the rate of change of P as meiisnred by an observer 
inovin^^ with S' \ it rnav be called the rate vf growth, since, in 
calcnla'ting it. we think of the vector P as changing or growing, 
whereas i, j, k remain constant. The second part of (fP/dt, viz., 

X P. is due to the rotation of the triad i. j, k; it may be called 
the rate of transport. Thus, for a rotating frame, the rate of 
change of a vector equals rate of growth plus rate of transport. 


Motion of a particle relative to a rotating frame. 

Lot S' be a frame of reference which rotates with angular 
velm'ity ft about a point 0. fixed in a Newtonian frame S. 
Relative to S, the velocity q of a moving particle A is, by (12.306), 

(12.308) = = 


where r = 0.4. The acceleration is 

(12.309) * = ^ = 

Substitution from (12.308) gives 

(12.310) f = |j+^Xr + nx| + nx(| + fiXr) 

= |f+^Xr + nX(aXr)+2£lx|. 

Let q' and f' denote, respecti\ ely. the velocity and acceleration 
of the particle relative to S', so that 

(12.311) q' = jj- f = 


Now, 

(12.312) 


da . o V o - 

_=- + nxn--j^. 
ft X (ft X r) = ft(ft • r) - rQ^ 
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and so (12.310) may be written 

(12.313) f = f' +f, + fc, 

wliere 

(12.314) f, = ^ X r + 12(Q . r) - ^ 2^ X q^ 

For a particle fixed in S', q' = 0; then f' = 0 and = 0. 
so tlmt f reduces to f,. For this rea.son ft may, in (he general 
ease, be called the accchration of transport. The acceleration 
is called the complementary acceleration or acceleration of Coriolis. 
We note that the acceleration of Coriolis is perpendicular to 
both Q and q'. 

For a particle of mass in acted on by a force P, the law of 
motion in S is 


o 


nif = P; 

in S', the law of motion is 

(12.315) mf' = P - mft - wt. 

Thus the rotation of S' gives rise to two fictitious forces, —nift 
and —niff. The last of these is the Coriolis 
force; the first is intimately related to the 
force usually known as centrifugal force. 

When these two forces are added to the 
actual force P, the law of motion of a 
particle in S' is precisely the Newtonian 
law — we sav that S' is reduced to rest bv the 
introduction of these fictitious forces. 


Frames with constant angular velocity. 

Let us now consider the case where the 
angular velocity of the rotating frame S' is 
constant. Since ft is a constant vector, it 
determines a fixed axis of rotation through 
0. Let AN be the perpendicular from the 
position of the particle A to this axis (Fig. 

127). Then 

ft • r = fir cos 0, 

where 0 is the angle AON. The acceleration of transport is. 
therefore, 



R and r for a particle A. 
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it = iiV.r cos 6 — 

= ON <S- - (ON + 

= -R^»^ 

whcro R = In this case tho equation (12.315) becomes 


(12.31()) mf' = P + mRii' - 2/«Si X q'; 

tlu' hetitious force mRil‘ is the centrifugal force, as ordinarily 
uiulerstood. 

For a particle at rest in S', q' = 0. and so the only force 
re(iuired to reduce .S' to rest is the centrifugal force. The condi- 
tion for relative eciuihln-iurn is 


(12.317) 


P -F mRU- = 0. 


'Phis is actually tin* condition used in Sec. 5.3, in discussing the 
equilibriiun (»f a particle on or near the eartli’s .surface. 


Exercise. Show th:it in a frame with eonstant nriRiilar velocity Q, 
reduced to re.st, the centrifuRal force per unit mass is -grnd V. where 

r = 


Frames of reference in general motion. 

'Pho above results have been obtained on the suppo.sition that 
the point O is fixed in a Newtonian frame of reference. If O is 
moving, the formulas (12.308) and (12.309) for q and f give merely 
the velocity and acceleration of .4 relative to O. The complete 
expressions for velocity and acceleration are obtained by adding 
the velocity qn and the acceleration fo of 0 to these expressions 
for q and f, respectively. 

Thus, relative to a frame S' moving in a general manner, the 
motion of a particle takes place in accordance with the equation 


(12.318) mi' = P — mfo — mft — mf„ 


where i' = acceleration of particle relative to S', 

P = force applied to particle, 

fp ^ acceleration of base point in S' (relative to a New- 
tonian frame). 

f,, ic = acceleration of transport and acceleration of Coriolis 
fcf. (12.314)1. 

For slow-moving frames, for which fo and the angular velocity O 
are small, the fictitious forces —mfo, —mft, —mfc may not be 
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noti('oal)|{\ However, a*: remarked in Sec. 5.3, they l)eronu' 
important for an airplane making a sharp turn or pulling out of a 
power di\’e; the formula (12.318) enabl(*s us to estimate the 
force which interferes with tlie motion of the pilot’s hands in 
manipulating the controls. 

12.4. MOTION OF A RIGID BODY 
The general principles of Sec. 12.2 govern the motion of any 
system. In this .section, they are iKsed to find (‘xplicit equations 
of motion for a rigid body. 

Rigid body with a fixed point. 

Consider a ligitl body constrained to rotate about a fi.xed 
point 0. By (11.509), the angular momentum about 0 is 

(12.401) h = .4a;ii Iiia-2} "H CoJak, 

where i. j, k = unit vectors in the directions of principal axes 

of inertia at 0, 

A, B, C = principal moments of inertia at 0, 

W 3 , oja, W 3 = components of the angular velocity w of the 

body in the directions i, j. k. 

As pointed out in Sec. 11.4, in general the principal axes at 0 
are fixed in the body; in that case the triad i, j. k has the angular 
velocity w. But U A, B, C arc not all different, we may use a 
principal triad which is fixed neither in the body nor in space. 
To allow for all po.ssibilities. we shall denote the angular velocity 
of the triad by €i, noting that £2 = u if the triad is fixed in the 
body. 

Writing 

n = fiii + fiaj + flak, 

we apply (12.30G) and obtain 

(12.402) h = % A- Xh 

ot 

= i4a>ii “h H" Ccisk -I- (fiii “h “h 

X (^*1(4)11 ^ Bwoj “f" Ccojk) 

~ «4cOi02 ^ 
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(12.403) 


(12.404) 


Now. l)v (12.200). 

h = G, 

wlicrr G is llic total moment of the external forees about O; hence 

(12.402) J 5 ives. as tin* r(iuation.s of motion of a rigid hodg with a 

fixed point, 

l .4a>i — Hw-z-h + Cwstiii = Gi, 

' — CcOjlil + .4t>Jl“3 = 

I Cu)3 — AlMliU + Bq3i 9.\ = (h. 

where 6 ',. G->, (h are tlie eomponfi'ts of G along i, j. k. 

If i, j, k are fixed in the i>ody. so that a = a>. the equations 

(12.403) become 

1 .Iwi — — C)tiJ-.>aJ3 = G\, 

* /Joj-j — (C — .4)Ci}3U)l = G'li 

I Cc03 — (.4 — B)w\01z = Gz. 

'I'hese are Euh r'a (quationa of motion for o rigid body with a fixed 
point. 

When the working forees are conservative, we can use. in 
place of any one of the three etiuations in (12.403) or (12.404), 
the following etpiation. deduced from the principle of energy 

( 12 . 210 ); 

(12.405) i(.4u)^ + + Ga)|) + r = E. 

Exnmplf 1. .4 rectangular plate 

spins unth constant angular velocity u 

about a tiiagonal. Find the couple 

irhicli must act on the plate in order 

to maintain this motion. 

In Fig. 128, O is the mnsw center 

of the plate and i, j. k are unit 

v«‘ftors along the principal axes of 

inertia at O; k i.s normal to the plate. 

and i and j lie in its plane, i being 

parallel to the length. The princi- 
Fio. 12ft.— rcctangnlur plate spin- r • * /i 



pal moments of inertia at O are 
C = lm(o» 4- 60, 


nine about u tliaeo'inl. 

(12.400) A = h>nbf H = Jwa*. 

where m is the mass of the plate, 2a its length, and 26 its breadth. 

If a is the angle between i and the axis of rotation, so that tan a = 6/o, 
the angular velocity of the plate is 


<i> = COS nr i w S\l\ or j. 
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The components of u in the directions i, j, k nre, therefore, 

a>i = u cos a. «2 = ti.* sin a. wj = 0. 

Svibstituting these values of wi. wj and the values of .4, B, C from ( r2-40*i) 

in the equations (12.404). we get 

(12.407) Gi =0, (?2 = 0, Gi = i//i(o' — sin a cos « 


= \inu>-ah 


<r- - h- 

fji +7/2 


These are the components of the coiiple G whicii must act on the plate; \vo 
observe that the axis of tlie couple is normal to the plate and ttirns with it. 

If we suppose the plate to tiirn in hearings at the ends of the fixed diagomil 
and to he subject only to the reactions at these hearings, then clearly it is 
these reactions which supply the couple G. Lach reaction lies in the plane 
of (he {)latc and is of magnitude 

. - r O- -b^ 

iniu-OO 1 - 

(n» 4- iAf- 


.\s the plate tvirns, these reactions ttirn with it. 

Fluctuating reactions of this sort mu.st be avoided in the i-ase of flywheels 
and rotors. It is not enough to make sure 
that the mass center lies on the axis of 
rotation. The rotating body must be 
balanced so that the axis of rotation is a 
principal axis of inertia. It is left to the 
reader to prove, by mean.s of (12.404), 
that the fluctuating reactions vanish for 
any rotating body if, and only if, this 
condition is satisfied. 

Example 2. A circular disk of radius a 
and maes in is supported on a needle point 
at its center; it is set spinning with angular 
velocity <ao about a line making an angle a 
with the normal to the disk. Find the angular 
velocity of the disk at any subsequent time. 

In Fig. 129, k is a unit vector normal to 
the disk at the center 0, and i, j arc fixed 
in the plane of the disk; we suppo.se j 
chosen so that the initial angular velocity lies in the plane of k and j. 
The angular velocity of the disk at any time is 



Flo. 125). — Disk spinning 
about its center; i and j fixed in 
the disk. 


td — ti»ii -|- 0 ) 2 ) 4“ wjk; 


at f = 0 , 


<*>i = 0, 


CC2 — ck)o Sill or» 


= 0)0 cos a. 


The principal moments of inertia at 0 are 

A = B = \ma-, C = ^ma-. 
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Since the external foree'^ ithe reaction at O and the weight of the disk) 
have no moment about O. the equations (12.404) give 

^ {A ^ C)<*^2W3 = 0, 

( 12 . 108 ) ^ -^"2 — (C — = 0 , 




:=* 0 . 


rVoin the last of these equations it follows that ws is constant; l^ce, 
cos = «, Multiplying these«-ond equation in (12.408) by t( = V - U 

.,,,<1 adding the result to the first of these c<piati<)ii.s. we get 

.It — l(C — A)uio cos a J = 0, 

,vhere J = a.. + lo.,. Since C = 2.4. this equation can be written 

^ — iwi. cos a { = 0; 

the general solution i.s 

{ = {..f 

«liere is a con.stant. From the initial conditions, we have 

c„ = jw„ sin a. 

and hen«*e 

( 12 , 409 ) CO, = — (ijo sin a sintw.i cos a), <.>2 = <.>« sin a cosfwof cos «), 

^ cjo COS d. 

This is the .solution of the problem a.s stated, hut it does not tell us at once how 

the disk moves in space. 'I'o find this, we 
must either intro<hice the Kulerian angles 
defining the positions of i. j. k relative to 
fixed axes, or use a different method. 

Example 3. Find the ntolion in space of 
the disk considered in Example 2. 

In Fig. 130, h is the .angular momentum 
vector, €*> the angular velocity vector, and 
k a tmit vector normal to the disk as 
before; i and j are unit vectors in the 
plane of the di.sk, but not fi,\cd in it. The 
vector j is taken in the plane determined 
hy h and k. We note the following 
facts: 

(i) Since the external forces have no 
moment about 0. then, by (12.209), h is 
a constant vector — it has a fbeed direction 
in space determined by the initial 
• conditions. 

(ii) Since h = i4wd + iiwjj + Cwjk and hi — 0, then ui = 0 and u lies 
in the plane of j and k. 

(iii) Since the triad i, j, k is not fixed in the disk, its angular velocity £1 is 
different from u. However, k is fixed both in the triad and in the disk. .\s 



Fio. 130 . — Disk spinning about 
its renter; j eoplanar with h 
and k. 
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:i point of tlio (ria(), tlio oxtroinity of k has vclocit>- X k: as a point of tlio 
disk, it has vohn-ity w X k. Hence. 

(i2ii 4* 4" fljk ) X k = (ioii 4" w;j -h oi^jki X k, 

and so fii = «i, IJj = w.-. Since ui = 0, we liavc l.>i = 0. 

Applying the general ot|nations ( 12.403) and making use of the al)o^•e facts, 
w(? get 

= 0 , 

.4 «2 = 0, 

Cwj = 0. 

'I'hus, « 2 , wj, hi, hz arc constants, atul = Slj 'a >2 = Cwa/Awj = hz/h-i] 

the angular velocity n of the triad has cotistant magnitude and lies along the 
fixed direction h. The following facts concerning the motion are now 
obvious: 

(i) The disk spins about its normal k at a constant rate <dz. 

(ii) The angle (S between k aiul h, given by h cos li = hz, is constant; the 
normal to the disk moves on a cone with axis h, turnitig about h at the con- 
stant rate U. 

(iii) The angle a between u and k, given by w cos a — wj, is constant; the 
angular velocity vector o describes a cone about the normal to the disk. 
This is the body cone (cf. Sec. 11.2). The angle a — (i b<*tween and h is 
also constant, and so the s|)ace cone has constant semivertical angle a — (i 
and axis h; it lie.s inside the body cone. 

The above problem i.s a special case of the motion of a rigid body with a 

fixed point under no forces, consUlered in C’hap. XI\’. 

• 

General motion of a rigid body. 

^^'e now consider a rigid body moving quite generally. Let F 
denote the total external force and G the total moment of the 
external forces about the mass center. By (12.203), the accelera- 
tion f of the mass center (relative to a Newtonian fi-ame) is 
given by* 

(12.410) mf = F, 

where m i.s the mass of the body. For the motion relative to the 
mass center we have, by (12.209), 

(12.411) h = G, 

where h is the angular momentum about the mass center. This 
last equation is exactly the same as if the mass center were 
fixed, and so can be treated by the methods given above. 

* For simplicity, we drop the subscripts from qo and fo, the velocity and 
acceleration of the mass center. 



350 


MECI/AMCS IX SPACE 


|Se<'. 12.5 


Let us resolve the vectors f. F, G along a principal triad 
i j k at the mass center. As before, this triad is supposed to 
lie permanently a principal triad. Its angular velocity will be 
denoteil by il\ if the triad is fixed in the body, Q - w, the angular 
velocity of the body. Now, by {12.300), 


f = + ft X q. 

at 


w here 


q = ai + rj 4* a’k 


i.s the velocity of the mass center. Substituting for f in (12.410) 
and noting that (12.411) leads to equations of the form (12.403). 
we obtain the following scalar e<iuations of motion: 


(12.412) 


^n(u — cHa + wUi) = Fi, 
m(r — a’fii + uilj) = Fi, 
m(ie — M 02 + eOi) = F 3 , 

.Iwi — 4" Cot3^2 = Gi, 

— C'waOi 4" -4 u)i03 = Gn, 
Coiz — AcojO-j 4“ = G 3 . 


Here the constants A, H, C are the principal moments of inertia 
at the mass center. 

The ecpiations (12.412) are six equations for the components 
of velocity of the mass center and the components of angular 
velocity of the body. For any one of these six equations, we 
can substitute the law of conservation of energy, 


(12.413) T A- V = E, 

provided the external forces are conservative. In a more explicit 
form. (12.413) reads 

(12.414) 5m(H- 4- I’- 4- ic-) 4- ^(.4w? 4- 4- C«l) 4- V = E. 

Exercise. From tho basic equations (12.410) and (12.4111, deduce the 
principle of energy for .a ngi<l body in the forn\ 

7’ = F»q4*G»G>. 


12.6. IMPULSIVE MOTION 

The prineiples of dynamies, thus far considered in this chapter, 
deal with ordinary or continuous motion. By this we mean 
that the forces acting, and the accelerations produced, are finite. 
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Sometimes we have to deal with problems in which .><11(1(100 
changes in velocity occur. For two-dimensional problems of 
this type, we use the methods of Chap. VIII; similar methods 
for motion in three dimensions will now be developed. 

General equations of impulsive motion. 

Integration of the ecpiations (12.203) and (12.209) from time 
to time <1 gives* 

(12. .501) A(mq) = T Ah = T G dt, 

where A denotes an increment in the time interval /i — /o- Tlu*se 
e(iuation.s express the principles of linear and angtilar momentum 
in integrated form. In words. th(*y iTad as follows: 

(i) the increment in the linear momentum of a system is ecpial 
to the total impuhe of the external forces; 

(ii) the increment in the angular momentum about a point 0 
(either a fixed point in a Newtonian frame or the mass center of 
the system in question) is e(jual to the time integral of the total 
moment about 0 of the external forcc.s, i.e., the total angular 
imptdse about 0. 

Ill this form the principles of linear and angular momentum 
can easily be applied to problems where sudden changes in 
velocity occur. The method of procedure is c.ssentially that 
given in Chap. VIII, and so we shall give only a brief outline 
here. 

The very short time inten'al ti — to in which the changes 
occur is regarded an infinitesimal. Any finite force will then 
contribute nothing to the total impulsive force 

F = lim f' F dt. 

/I— d'o 

On the other hand, a force P, for which 

P = lim ["Pfll 

h—lo 

is finite, contributes the unpulsive force P to F. If r denotes 
the position vector of the point of application of such a force P 

• For simplicity, we drop the subscript from qo, the velocity of the nuiss 
center. 
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(,1„. vector hoing relative to the point 0 about which 

,lK. angular n.omentum is calculated), then r docs not change 
bv a finite amount in the infinitesimal time h la- Hence, 


hm f" (r X P) </( = r X lim £' P </( = r X P, 

tiic ft)rc(‘ P contributes the impuhire tnoment r X P to the 
iofa/ impulsive mumenl 



'i'hen, from (12.501), we have 

(12.502) A(mq) = F. Ah = G, 

wiiere F = total impulsive force = vector sum of external 

impulsive force.s, 

G = total impulsive moment = total moment of external 
impulsive forces. 

'rhe.se are tlie general ecpiations of impulsive motion. 

\'\n’ a rigid body in general motion, the first of the above 
equations gives the change in the velocity of the ma.ss center; the 
second gives the change in the angular momentum (and hence 
tlie change in angular velocity) about the mass center. For a 
rigid body with a fixed point, the second equation in (12.502) 
alone .'suffices to determine the change in angular velocity. 

Exiimjile. A nquarc plate, of tiuiss in nrid edge 2a, is sitspcndfd from one. 
corner O. ft is struck at a corner in a horizontal direction perpendicular to 
the plane of the plate. About what liiu- does the plate begin to turn.* 

I^t i, j. k ho the principal triad of inertia at 0 (Fig. 131); i points upward 
aloiiK the diagonal through O, and j is a horizontal vector in the plane of the 
plate. 

Hoforo the plate is struck, the angular momentum about 0 is zero; imme- 
diately aftonvard. it is 
% 

h = du>ii -j- Bwjj C«jk, 

where wi, w;, wj arc the components of angular velocity and A, B, C the 
principal moments of inertia at (). If P is the magnitude of the blow, the 
external impulsive forces are Pk at the point 

r = — a \/2 (i + j), 
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jiihI !tn iJiipiilsive rcartiori Q at O. Siiu*r Q has n<> iikhik'uI about O. tin- 
s(*i'oiul <if t he «“c|uat ions (12.502i jiivos 

.lu>|i “H /^w;J "I" Ca»jk ~ ft V — 'i "b X /k 

= a \-'2 ■ PC} — ii. 

Hptife, 

a >/2 ■ P « \'^ P _ n. 

OJ| = — ; » WJ — Ty~ ' <*»' — 


tlie plate begins to tvirn about a line 
in its plane passing through O. The 
angle 6, between i and this axis of 
rotation, is given by 

wj A 

tan d = — — ~ 13' 

0)1 a 

Since 

.-1 = 

Ii = iina- + 2in<i- = Jmo*, 
we find 

tan 0 = — 7 : 

the axis of rotation is in<lieate<l in 
I’ig. 131 by the veetorw. 

Tlie impulsive reaction Q at O is 
easily found. The velocity of the 
muss center, immediately after the 
plate has been hit, is 



Fio. 131. — Sejuare plate, suspended 

•• 

from () and struck by a blow Pk. 


q - u> X (— a i) 



Thus, from the first of (12.502), we get 

k = Pk + Q. 

and so 

0 = -1/^k. 



;i54 


MKCUAXirs /.V .SKU-’A.’ 


ISkc. 12.») 


12.6. SUMMARY OF METHODS OF DYNAMICS IN SPACE 

I. Motion of a particle. 

(<i) I-'.<juatioiis of motion: 

(I2.r,()l) = P (vector form); 

(12.li()2> m.r = A'. mij = Y. ml = Z 

(Cartesian coordinates); 


(I2.(il)3) ms = 


s 


>1 
I « 


tJ 

m — = r^, 
p 


0 = Pa 

(intrin.sir equations). 

(/i) Principle of atiKular momentum: 

(I2.(i04) h = r X P. 

(c) Principl(‘ of (‘inM-fiy : 

f = ]V. (T = ^mq-, ir = work done); 


(i2.<)0r)) 

( 12 . turn) 


T + r = /i (conservation of energy). 


II. Motion of a system. 

(a) I’rinciple of linear momentum: 


IVI = F. 


n 


(m = 2 "‘'q*): 

^ 1 = 1 ' 

(motion of ma.«5s center) 


(12.1)07) 

(12.(108) mil = F 

(/)) Principle of angular momentum: 

(12.(100) h = G (fixed point or mass center) 

(r) Principle of energy: 


( 12 .( 1 10 ) 
( 12 .( 111 ) 


f = W-, 

T + r = E (conservation of energ;>0 


III. Motion of a rigid body. 

(u) Rigid body with a fixed point: 


(12.(112) 

• 

h = 


X h = 

G 

9 

t 


( -Iwi 

- (P - 



Gu 

(12.(113) 

} 

- (C - 

.•1)W3C01 




( C<j}3 

- (A - 

^)c0 i<j)2 

— 

Gy, 

(12.(114) 

j(.4u)j -j- Pcilq 

+ Civl) A-V = 

E 



(conservative forces). 
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(b) Rigid body in general; 


(motion of mass center), 

(motion relative to mass center); 

(12.61G) ^ ^ 

(conservative force.s). 


(12.615) 


{ 


mf = F 
h = G 


IV. Rotating frame of reference. 
Rate of change of any vector: 


(12.617) 


dt 


5P 

5t 


+ X P. 


V. Impulsive motion. 

General equations: 

(12.618) Mmq) = Ah = 6. 


EXERCISES XII 

1. heavy particle moves on a smooth surface. Show that its speed is 
the same whenever its path cuts a given horizontal curve on the surface. 

2. Show directly from Euler’s equations (12.404) that, if G * 0 and 
A — B, then w is constant. 

3. A particle is attracted toward a fixed line by a force, perpendicvilar to 
the line and varying as the distance from the line. Show that its path is a 
curve traced on an elliptical eylin<ler. 

4. A .solid of revolution rotates with constant angular velocity w about a 
fixed axis which passes through its mass center and is inclined to the axis of 
symmetry' at an angle a. Prove that the reactions of the axis on the solid 
are equipollent to a couple of magnitude 

+ (C — sin a cos Of, 

where C is the moment of inertia about the axis of symmetry and A the 
other principal moment of inertia at the mass center. 

6. Explain how a man, standing on a smooth sheet of ice, can turn 
round by moving his arms. 

6. A bar of length 2a is fitted at its middle point with a nut which move.s 
without friction on a fixed vertical screw of pitch p; the bar remains hori- 
zontal and turns with the nut. Find the acceleration of the nut. 

7. TSvo particles, of masses m, vi', attract one another according to the 

inverse square law. At time t = 0, m is at the origin and has a velocity ii 
along the x-axis, and m' is at the point (a, b, c) and has velocity components 
(u', w'). Determine 

(i) the coordinates of the mass center at time t, 

(ii) the constant areal velocity of the motion of relative to m, 

(iii) the constant areal velocity of the motion of m relative to m'. 

8. Two men support a uniform pole of mass m and length 2a in a hori- 
zontal position. They wish to change ends without changing their positions 
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nn ttH‘ jjrou.wl. I»V Ihrowir.n the pole into the lur aiul catching it. f the pole 
,s to n-n.a.n hori/ontai throughout its flight, find in magnitude and direction 

t)ie impulsive force which must he applied to it by each man. 

9. \n eipiilateral triangle is formed of three roil.s, each of mass and 
liMigth 2n. It hangs from one vertex, about which it is free to turn. .Uilou 
P IS struck on one of the lower vertices in a direction pcrpendicvilar to the 
phuie of the triangle. Prove that the impulsive reaction on the point of 

support has a magnitude U*. . 

10 \ solid liomogeneous ellipsoid of mass m and semiaxos a, b, c spins 

xM.h constant angular velocity a, about nn axis which is fixed in space ami 
,„:,kes constant angh-.s «. d. 7 «ith the axes of the ellipsoid. Show that the 
eomiioiic-iits (along the axes of the ellipsoid) of the couple that must act on 
It ill order to maintain this motion arc 

— c*) cos 0 cos y 

and two similar expressions. 

11 \ jiarticle of mass in moves in a jilane undc'r the action of two force.s. 
One force is an attraction mk^r toward the origin; the other is porpcndieular 
to tl.e veloe.ly q ami has magnitude mk'q. Show that the motion is given 

Ijv an r(|uation nf 11 h‘ f^^rm 

X + ly « f I I 

How many arliitrary constants (to fit initial conditions) are pre.scnt in this 

solution? . 

12. .\n insect runs with constant relative .speed t- round the nni of a wheel 

of radius II which rolls along a straight road with uniform velocity V. Find 
the magnitude and direction of (i) the acceleration relative to the wheel, 
(li) the aeeeleratinii of transport, and (iii) the Coriolis acceleration. Indi- 
cate* these ae<-elerations in a iliagrain. 

13. .\ free rigiil body is at rest. Find three linear scalar equations to 
det<*rmine the c'omponeiits of an inipiilsive force which, applied at an 
assigned point of the body, imparts to that point an assigned velocity. 
Solve these equations in the ease where the assigned point lies on one of the 
principal axes of inertia at the mass center. 

14. thill rod of mass m and length 2rt is made to rotate with constant 
angular velocity w about an axis which passes through one end of the rod 
ami cuts it at a constant angle a. Ueduee the force system exerted by the 
axis on the rod to a force at the fixed end and a couple. 

16. .\ rigid triangular target is fixed at the corners, and a bullet is fired 
normally into it. Find the region in which tlie bullet must strike in order 
that no support may experience an impulsive reaction normal to the target 
greater than half the momentum of the bullet. 

16. .\ uniform circular <lisk of mass ^f and radius a is so mounted that it 
can turn freely about its center, which is fixwi. It is spinning with angular 
veloeitv w about the perpendicular to its plane at the center, the plane being 
horizontal. .\ particle of mu.ss m. falling vertically, hit.s the disk near the 
edge and adhere-s to it. Prove that iimne<liately afterward the particle is 
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luovitig in a direction inclined to the liorizontal at an angle «. given by 

. m(^f + 2»0 V 
Ian « - 4 

where t- is tlie speed of the particle just before impact. 

17. .\ homogeneous ellipsoid of scmiaxe.s 

a, h, c, (a > b > c) 

is to be mounted on a horizontal axi.s L in such a way that it may oscillate 
as a compound pendulum with the smallest possible periodic time. What 
position of L relative to the axes of the ellipsohl should be .selected? 

18. crank.shaft of mass m. in the form of a letter S forme<l out of two 
semicircles, each of radius a. spins with angular velocity u, in bearing at its 
ends. Find the magnitude.s of the reactions exerted on the bearings, and 

show the directions of tlu‘se reactions in a diagram. 

19. A .sy.steni is set in motion by impulsive forces applied to certain pre- 
scribed particles. If P is the extiTiial impulsive force on a typical particle, 
q its velocity, and 5r an arbitrary infiiutesimal displacement consistent 

with the constraints, show tliat 

i:(mq • 5r) * i:(P • irb 

where the summation on the left extends over all particles of the system ami 
the summation on the right over the prescribed particles. 

lx*! T be the kinetic energy of thi' ai’tual motion and T' that of any other 
motion fq') con.sistent with the constraints and making q' = q for the 
prescribed particles; prove that T < T (Kelvin’s theorem). 

20. A rhombus A BCD Is formed of four uniform rods, ea«-h of mass m and 
length 2u. smoothlv jointed at the vertices. Prove that if the rhombus is in 
motion in its plane, in such a way that A and C are moving along the diagonal 
AC, the kinetic energy may be expressed in the form 

T = 2m(v — 2ao> sin 

where v i.s the velocity of A, « the angular velocity of AB, and 6 the inclina- 
tion of AC to AB. , t V 

Hence, prove by Kelvin’s theorem fsee Exercise 19) that, if the rhomlms 

is at rest In the form of a square and is jerked into motion by an impulsive 
force applied at A in the direction AC, then the angular velocity imparted 

to the rods is 

3\/2 t» 

10 a 


wlicre V is the velocity imparted to A. 



CHAPTER XIII 

APPLICATIONS IN DYNAMICS IN SPACE— MOTION OF 

A PARTICLE 


13.1. NOTE ON JACOBIAN ELLIPTIC FUNCTIONS 

So far. wo ha\'o usod oiil.v tlie olomontaiy functions, alone or 
in c()inl>ination — polynomial, trigonometrical, exponential, and 
logarithmic. We now find it necessary to introduce the elliptic 
fii nctiou. 

Definition of a function by means of a differential equation. 

A varialde ij is .said to be a function of x when to values of x 
there correspond values of i/- function is determined 

by a rule which a.ssigns y when x is gi\'en. Usually this rule is a 
formula admitting direct calculation of y (e.g., x*, 3 sin 2x), but 
wo may al.-^o use a difTerential etpiation to define a function; we 
must, however. a.« 2 sign initial conditions to make the .solution 
unhpie. 

Consider, for example, the differential equation 


dx" 



with the conditions y = 0, dyfdx = 1 for x = 0. If we had 
never prcviou.dy heard of the function sin x, this equation and the 
initial conditions would .serve to define it. Another way of 
defining .sin x is by the differential equation 


(13.101) 

with the conditions 



(13.102) 



for X = 0. 


A type of differential equation with periodic solutions. 

In connection with elliptic functions, we have to study the 
differential equation 


3.58 
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(13.103) = (1 - U'-)0 - A=!/-), 

wlu'rc k is a constant such that 0 < A* < 1. It is really siinphn'. 
iiowcvcr, to take a more general point of view and study first the 
differential equation 

(13.104) =f(y), 

where f(y) is a general function. We can find out a surprising 
amount about the solutions of this equation without specifying 
the function fiy). ^^’e shall, however, assume that /(//) is 
continuous; that it vanishes for y = a and y = h {a < h). hut its 
derivative does not vanish for eitlKu* of these values; and finally 
that/(y) > 0 for a < y < h. (The right-hand side of {13.103) 
has these proj)erties, if we take a = —\,h = 1.) 

Let us take a geometrical point of view, regarding x and y as 
rectangular Cartesian coordinates in a plane. The equation 
(13.104) is then a relation l)etw<*en the slope and the ordinate 
on a curve, and a solution, or integral curve, is a curve for which 
this relation is sati.sfied. 

A number of statements can be made regarding the integral 
curves of (13.104). These will now be given, followed by their 
proofs. 

(A) If we know an integral curve, then that cuiwe translated 
through any distance parallel to the x-axis is also an integral 
curve. 

(B) If an integral curve starts in the fundamental strip 
a ^ y < b, it cannot pa.ss out of that strip. 

(C) Eveiy integral curve in the fundamental strip touches the 
bounding lines y — u, y = b and has at no other point a tangent 
j)arallel to the x-axis. 

(D) There is one, and only one, integral curve touching a 
bounding line at a given point.* 

(E) All integral curves may be obtained from one integral 
curve by translation parallel to the x-axis. 

(F) An integral curve is symmetric with respect to its normal 
at a point of contact with a bounding line. 

• The bounding lines y = a, y ~ h satisfy (13.104), but we do not regard 
them as integral curates. They are singular solutions. 
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(13.105) 




.JjU 

Vfiy) 


(H) Any solution of (13.104), y 
with pcM-iocl 2P. whoro F is given 


= <>(j), is a periodic function 
by (13.105); this moans that 


(13.106) 


<^>(x + 2P) = 


for all values of x. 

(I) Uy = is any one solution of (13.104), then the general 

solution is y = 0(x + c), where c is an arbitrary constant. 

Some of these properties are shown in Fig. 132. 


Proofs : 

(.\) Neither slope nor ordinate is changed by the translation; 
if the relation (13.104) is .satisfied by the curve before translation, 
it will be satisfied after translation. 


y 



Fig. 132.— Geiicrnl clinrnrter of «i solution «if tin* differential equation (13.104). 

(B) If the curve passed out of the strip, /(y) would become 
negative and dy/dx imaginary. 

(C) By hypothe.sis, /(a) = /(5) = 0; hence, dy/dx = 0 on the 
bounding line.s. Further, /(y) > 0 for a < y < 6, and so 
dy/dx cannot vani.sh between the bounding lines. 

(D) Let X = xn, !/ = a be a point on a bounding line. If we 
invert (13.104), take the square root, and integrate, we get 


(13.107) X - xo = 





v7^ 


X — Xo 
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according as dy/dx < 0 or dy/dx > 0. Thcs(‘ two ecinations 
together give (in tlie neighlKnhood of x = .ro) the uniciuc integral 
curve satisfying tlie condition of tangency. 

(E) Let C and C be any two integral curves. We liave to 
show that C may be made to coincide witli C by a translation. 
Let C touch y = n at j* = xo. Translate C' until it also touches 
y = a at X = xo. By (A), it is .still an integral curve after 
translation; by (D), it coincides with C. 

(F) The two e{iuation.s (13.107) give the two parts of an 
integral curve, meeting at a point of tangency with y = a. To 
a gi\’en y. there* correspond ec|ual values of x — Xo, except for 
sign. This establishes the .symmetry for the parts of the curve 
running up from y = a io y = h. But there is the same sym- 
metry with respect to the normal at a contact with y = h. It is 
not difficult to see that this implies .symmetry of the whole curve 
with re.spect to the normal at any point of contact with a bound- 
ing line. If the part of the curve to the right of .such a normal 
is folded over the normal, it will coincide with the part of the 
curve on the left. 

(G) This is obvious from (13.107). 

(H) This follows from (G) and the symmetry of the curve. 

(I) This merely expre.sses (E) in analytic form. Since the 
differential equation is of the first order, we expect just one 
constant of integration. 


The Jacobian elliptic functions. 

Let us now apply our general results to the differential equation 


(13.108) 



(0 < A' < 1). 


The fundamental .strip is — 1 < ?/ < 1. We define the Jacobian 
elliptic function sn x to be that .solution of (13.108) which satisfies 
the conditions 


(13.109) 



for X = 0. 


It is evident that sn x depends on the value of k, which is called 
the modulus of the function, and we may write it sn (x. A); but 
it is usual to suppress the explicit dependence on A. (In speaking 
of the function, we call it “ess-en-ex.”) 
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From the result (I), stated on page 3G0. we know that the most 
tr(viu‘rul solution of (13.108) is 

If = sn (x + e). 

wluMC . is an arbitrary constant. Furtl.or, by (H), we know 
lliat sn .r is a periodic function. Ihus, 

(13.110) sn (x + 4K) = snx, 

where K is the elliptic integral 


<fy 


(13.111) A' h _ y2)(i _ A'-yO 

-i: 


dy 


V{\ - */•)(! - khf) 


A is. of course, a function of k. 

‘By (F) the graph of the function snx has symmetry with 
respect to each normal at a contact with the lines y = ±1. But, 
since tlie right-hand side of (13.108) is an even function of y, the 
graph has a further .symmetry. The e(iuation (13.108) and the 
conditions (13.109) are unchanged when we change x into -x 
and y into —y, and so tlie curve is unaltered by a reflection in 
the origin. For the general ca.se, shown in Fig. 132, the whole 
curve can be constructed by means of the symmetry when we 
know a half wave, running from y = a to // = 6. In the ease of 
sn X. we need merely know the curve from y = 0 to y = 1 or, 

ecpiivalently. from x = 0 to x = A. 

The properties of sn x may be summed up as follows: 

sn x^ = (1 — sn" x)(l — k~ sn- x), 

(0 < fc < 1 ). 

sn 0 = 0, sn = 1, 

sn (x -b 4A) = sn x. 

We now define other elliptic functions, cn x and dn x, by the 
eijuations 


(13.112) 


{ 


cn- X = 1 — sn^ X, cn 0 = 1, 

I dn^x = 1 - A-^sn^x, dnO = 1. 


(13.113) 
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with the further condition that the 
functions and their derivatives shall 
be continuous. Since k < 1. dn r is 
always positive. It is clear that 
cn j has the period AK and dn x 
the period 2K. 

If we take the square roots of the 
two sides of the first etjuation in 
(13.112), we get an amlhguous sign. 
However, for continuity, one sign 
must be taken throughout, and that 
sign is fixed by considering x = 0. 
Thus we find 

/ 

(13.114) sn X = cn T dn X. 


Differentiation of (13.113) gives 


cn X cn X = — sn x sn x 
ax ax 


= — sn X cn X dn X, 


and so 


(13.115) ^ cn X = — snxdnx. 

ax 

Similarly, 


(13.116) ^ ^ “ — A:-snxcnx, 


Just as (13.108) is a generalization 
of (13.101) and reduces to it if = 0. 
so the elliptic functions are general- 
izations of the trigonometric func- 
tions. In fact, if A: = 0, we have 


(13.117) 


sn X = sin x, 
cn X = cos X, 
dn X = 1, 

K = hr, 


and (13.114), (13.115) reduce to 
familiar formulas. 



Fio. 133. — Graphs of so x, on x, dn x {k- = 0.7). 
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Tlie theory of elliptic fiiiietions is extensive, but this very 
brief presentation (-(jutains enough to enable ur to solve certain 
(Ivnamical prol)leins. For numerical tables of the functions 
snx. cn.r. cln r. see L. M. Milne-Thomson. Die 
Funktionen von Jacobi {\erlag Julius Springer. Berlin, 1931). 
I'libles of elliptic integrals may also be u.sed to find the elliptic 
functions; .-f. J. B. Dale. Five Figure Tables of .Mathematical 
Functions (Fdward Arnold. London. 1903), or E. Jahnke and 
F. Kmde. Tables of Functions {B. G. Teubner. Leipzig, 1938b 
Figure 133 shows graphs of the functions, drawn for = 0./; 
this makes K = 2.0753t). 


Kxvrci.-<r. Show tliat. in the liiiiit k = 1. wo get 

sn X = tiinh'X, cn x = <la x = seeh x. 

13.2. THE SIMPLE PENDULUM 
The motion in terms of elliptic functions. 

We can no\\' give the exact solution for the motion of a simple 
pendulum in terms of elliptic functions.* Let m be the mass 
of the bob and « the length of the yxuululum. The equation of 
energy (12.111) gives 

(1.3.201) krna-e- - mga cos 6 = E, 

where 6 is the inclination of the string to the downward vertical, 
and E the constant total energy. We shall suppose the motion 
to be oscillatory with amplitude a, so that 0 = 0 for 6 = iot. 
'Phen E = ~mga cos a. and (13.201) may be written 

(13.202) 0- = 2p- (cos 6 — cos a) = (sin- — sin- kd). 


whore j)- = g 'a. 

Let us th‘fine <^> by 

(13.203) .Mil ^0 = .Mil .Mil <t>, 


so that 


A cos ^0 0 = sin cos <t> 4>- 


• Since the motion of a compound pendulum is identical with that of the 
equivalent simple pendulum (cf. Sec. 7.2), the sohition now given applies 
also to the compound pendulum; in (13.202) and the subsequent equations, 
wc arc to put p* = ga^k-, where « is the distance of the mass center from the 
axis of suspension and k the radius of gyration about that axis. 
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i:in- cos- <t> 4> 


2 


or 


p- sin- \a co.s- <t> cos- ^0. 


(13.204) <^- = //-(I - .sin- ia sin-' <i>). 

If we multiply this equation by cos- <^> and put 

(13.205) y = sin k = sin Aa, 

' sin 4a 

we get 

(13.206) ir = ?>=(! - 

Except for the constant p- on the riglit, tliis has the form of the 
ecpiation (13.108). To get the exact form, we define a new 
independent variable l)y 

(13.207) X = pi 
and obtain 

(13.208) (^' = (1 - i/-')(l - A-V). 

Tlie general solution of this equation is 

(13.209) y = sn {x + r), 

wliere c is a constant of integration. Hence, we have the follow- 
ing result: The general oscillatory motion of a simple pendulum, 
ivith amplitude a, is given by 

(13.210) sin = sin ^a .mi [p{l — («)], 

where ta is a constant of integration, p- = g/a, and the modulus 
of the elliptic function is h = sin ka. 

We usually find in dynamical problems that, if sn appeal's, the 
other elliptic functions cn, dn have simple physical meanings. 
From (13.210) we get at once, by (13.113), 


(13.211) cos — dn \p{t — <o)], 


and differentiation of (13.210) gives 


(13.212) 6 = 2p sin ^a cn [p(t — fo)]. 
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The periodic time. 

As wo have seen, the periods of sn x and cn x are 4K. Thus, 
by (13.210) and (13.212), the motion repeats itself after a time 
4K/p, and so the periodie time of the pendulum is 

4K 4 p 

(13.213) T p p Jo ^(1 _ y2)(l _ 


Putting y = rin <i>, we get 


4 rw 

(13.214) ^--Jo _ f.2 

Now, 




TT 1 

Sin- <f>a4> = 2 ' 2’ 



sin^ <i> d<p 


IT 1.3 

_ • > • * • 

2 2.4 


and so we have the following infinite serie.s for the periodic time 
of the pendulum: 

03.215) - = 7[> + (0 + ^•*+ ■ • ■ 

p 2 = ^. k = sin ^a. 
a 

For very small amplitude a. we get, as a first approximation, 



agreeing with (6.307), where I was used to denote the length. 
The next approximation is 


(13.216) 



It is evident from (13.215) that the periodic time increases 
steadily with the amplitude. 
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13.3. THE SPHERICAL PENDULUM 

A particle of mass m is attaclied to a fixed point by a light, 
string or rod of lengtii a and oscillates under the action of gravity. 
Since the particle is thus constrained 
to move on a sj)here, thi.s system is 
called a spherical pendulum. I’nder 
special initial conditions, a spherical 
pendulum will move in a vertical plane; 
then the motion i.s that of a simple 
pendulum, di.scussed in Sec. 13.2. 

Although we shall be able to deter- 
mine the general motion of a spherical 
pendulum in terms of elliptic functions, 
there are two particular motions which 
can be discu.ssed quite simply. The 
first is a motion in which the particle 
performs small oscillations near the 
lowest point of the sphere, and the Fio. SphcTicul pendu- 

second Ls motion in a horizontal circle. 

Small oscillations (first approximation). 

Let Oxyz be rectangular axes, O being at the lowest point 
of the sphere and Oz being directed vertically upward (Fig. 134). 
If i, j, k is a unit orthogonal triad along the axes, the position 
vector of the particle is 

(13.301) r = ri -f- yj + 2 k. 

The force P on the particle is made up of gravity and the tension 
(5) in the string. Now the direction cosines of the string 
(running from the particle to the point of support) are 

_ X V y a — z 
a a a 

and so 

(13.302) P = -mgk - {xi yj ^ {z - a)kj 

So far the expres-sions are exact. But if x and y are small, z 
is a small quantity of the second order, since the plane z = 0 
touches the sphere. Hence, we have as equation of motion, 
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c.inittinn small <niantitics of the second order, 


t/i 


{.n + '/j) = - V ‘ ^ 


( 13 . 303 ) 

('oinpariiiK the coefficients, we see that .S’ = mg, and 

(13.304) .r + p-J- =0. (/ + p-y = 0. (p- = f)' 

'I’he.se are simple harmonic eipiations, a.s in (6.403). A.s far as its 
projection on the horizontal plane is concerned, the bob of the 
pendulum moves like a particle attracted toward 0 by a force 
pr(,portional to the distance from 0. As -shown in See. 6.4, the 
path is an ellipse with center at 0. (When the ellipse degener- 
ates to a straiglit line, we get the motion of a simple pendulum, 
pt'rforming small oscillations.) 

We have ulealized the problem by leaving out all consideration 
of frictional resistance. The effect of this is to cause the bob 
of the pendulum to spiral in toward 0, instead of continuing for 
ever in the elliptical path. However, the approximation (neglect 
of z) is perhaps a more .serious oversimplification. We shall see 
the effect of tins later, when we consider the second approximation. 


The conical pendulum. 

.Vny prescribed motion of a particle will take place under the 
action of a stiitable force, namely, a force equal to the acceleration 
multiplied by the mass of the particle. Thus the bob of a 
spherical pendulum may be made to move in any way on the 
sphere defined by the length of the pendulum; to produee this 
motion, it is in general necessary to add a suitable force to the 
weight of the bob and the tension in the string. But if we can 
find a motion in which no such additional force is required, then 
that motion is a possible motion of the pendulum under weight 
and ten.sion alone. 

Consider a motion in a horizontal circle of radius R at constant 
speed q. The acceleration is of constant magnitude q-/R and is 
directed in along the radius of the circular path. Re.solving 
along this radius, along the tangent to the circular path, and 
vertically, we find that no additional force is required provided 
that 

S sin 0 = ^ * S cos e = 7tig, 

n * 
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where m is the ina.ss of (he l)ob. 5 the tension, and 6 the inclina- 
tion of the string to tlie downward vertical (Fig. 135). vSincc 
.dn d = R /a, elimination of *S gives 


( 13 . 305 ) 



If h denotes the depth of tlie horizontal circle below the center 
of the spliere.so tliat 5- = a ' — li'-, 


we ha\’e 


( 13 . 300 ) 



This gives the speed </ at wliich 
a horizontal circle at depth b may 
l)e described by the bol) of the 
pendulum. When behaving in 
this way, tlie pendulum is called 
a conical pctululum, since the string 
describes a right circular cone. 


0 



I'Szcrcise. Find the ton.sion in the striiiK of a conical pen«luhim moving 
at a depth b. Lxainine the limits b — ii, h —* 0. 


The general motion of a spherical pendulum. 

3'o investigate the general motion of a spherical pendulum, we 
take cylindrical coordinates Ii, <t>, z, the origin O l)eing at the 
center of the sphere and tlic axis of z directed vertically upward. 
Wc have already obtained tlic equations of motion in (12.114) 
and (12.115); they may be written 

(13.307) (a2 - z-^)<i> = h, 

(13.308) i^=/(2), 

where 

(13.309) 

Wc recall that a is the length of the string (i.c., the radius of the 
sphere on which the particle moves), and h and E are constant.s. 
the values of which depend on the initial conditions. We shall, 
for definiteness, assume h positive, so that <t> increases; there is no 
loss of generality here, since we can reverse at will the sense in 
which <f> is measured. 
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Our plan is to solve (13.308) for 2 as a function of f, then 

ns 307) will <> hy a quadrature. 

We note that f(z) is a eubie. It i.s positive for large positive 

values of r; it is negative for . = ±«; it 

occurrinR during the motion, as we see from (13.308). these 
last values must of course lie in the range (-O;")- a 

cubic cannot have more than three changes of sign, it follows that 

f(z) 



the graph of /(z) is of the general nature shown in Fig. 136; the 
function /(z) has three real zeros, Z\, z->, Zi, such that 


(13.310) -a < zx < Zz < a < Zs. 

(In exceptional eases, we may have one or more signs of equality 
instead of inequality.) Since /(z) cannot be negative during the 
motion, we see that 2 oscillates between the values z,, z^. \\e 

note that the equation (13.308) is of the type (13.104), so that 
all the general results established for (13.104) apply to (13.308). 

To obtain 2 as a function of t, we proceed as follows: Since 
2,, z-.. 23 are the zeros of /(z), we have 

(13.311) /(2) = ^ 


Let us define u = y/z — Z\, so that z — 2uu. Then (13.308) 
gives 

(13.312) ^ - 2l - «=)(Z3 - 2l - «^). 

This suggests the differential equation (13.108) for the elliptic 
function sn. Let us define 
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(13.313) 


y/z2 — 


Zi — 


' g(23 - Zx) 
2a2 


Then (13.312) may be written 

(13.314) = p 2 (l _ y 2 )(l _ 
and so 

(13.315) y = sn [p{t — io)!, 

where to is a constant of integration. Hence we have 


^ 2 - 2i = (22 - Zi) sn^ [p{t — io)), 

(13.31G) / 22 — 2 = (22 — Z\) cn^ [p{t — (o)l, 

iz3 - Z = (23 - 2,) dn2 [pit — /(,)]. 

Any one of these three equations gives 2 as a function of t. 
note that 2 has the period ,z 


We 


(13.317) 


2K 


T — 


where if is as in (13.111). Since, / \ 

by (13.307), increases steadily { 22 \ 

throughout the motion, the path of j ^ ^ 

the particle on the sphere is as I 3 ''"’^^ 

shown in Fig. 137. ^ J 

We have already seen that the \ / 

particle oscillates between the two 
levels 2 = 2 i and 2 = 22 . We 

.shall now show that the arithmetic Fiq. 137.— The path of the bob of a 
mean of these levels lies below the aphericai pendulum. 

center of the sphere, this statement being equivalent to 

(13.318) 2 i 22 <C 0. 

W'e have two different expressions for /(z), (13.309) and 
(13.311); they must, of course, be identically equal, and therefore 


(13.319) -f- 22 + 23 = — ) 

9 


22^8 + Z 3 Z 1 + Z\Z 2 = —a* 


ZiZiZs = 


A* - 2a^E 
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(13.320) 


Zl + — 


a* + Z\Z^ 




Si,KO and .. aro each less than n in ahsolute value and .3 is 

ana,t.^j. h. a^.i^ 
1 1 ^ Flimination of t from (13.307) and (13.308) 

v.;:td .elaiion in the fo™ of a differential equation 


(13.321) 


(sy= 


- z-r-fu) 


If ,ve look down on the in-nd.ilum from a great distance above, 
the holt aitpears to describe a plane cuive, with II and <t> as polar 
eoordinates. The motion resembles that of a particle attractef 
ti center of force, the areal lelocity '--8 a c^ 

slant for both motions, .lust a.s we considered the aps.c e.s o he 
orbit <if a particle in a plane, so we can consider the apsides o 
;:::Lmtal' proiectio.i of the path of the sphencal pemdulunt. 
■I'hesc points correspond to stationary values of It i.e., to H - U 
Hence i = 0 at these poi.its, since It- + z‘ = av .\s the^actual 
path oscillates between the circles at heights 2 - 21 , 2 Z". on 

the sphere, so the hori 2 ontal projection of the path oscillates 

lietwcen circles of radii Va" - “"d Vn" - 

The apsidal angle a is the increment in <(. corresponding to the 

pa.ssage from 2 = 21 to 2 = 22 . Thus, by (13.321), 

_ 1 f'’ _ 

« - Ju (^2 _ , 2 ) V7(i) 

ha Pi: 

Jr. (n-l _ 


(13.322) 


(a 


2=) \/{z - Zi){z - 22)(2 - z7) 


Eurci>c. Find 2,. 2i. 2, for a conical pendulum with the boh at a depth b 
bflow tho center of the sphere. 


Small oscillations (second approximation). 

The expres.'^ion (13.322) is too complicated as it stands to be 
of much interest. But it yields a definite simple result when we 
suppose the oscillations to be small. The reasoning is delicate, 
because, as z, and za tend to -a (the lowest point on the sphere), 
the extent of the range of integration tends to zero, and the 
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integrand tends to infinity. 'J'he method of approximation is 
important; the same method may he used in finding tlie rotation 
of the perihelion of Mercury in tlie general theory of relativity. 

Before making any approximation, however, we shall fii*st put 
(13.322) into a form in which a, Z\, z> are the only constants 
occurring explicitly. To do this, we refer to (13.319). We have 


77- — 212^23 a-(2j + z-> -f" 23), Zz 


a- + ZxZ-i 
2. + 2. ’ 


if wo eliminate Zz from these two eipiations and subtract z from 
the second equation, we obtain 


SD 


(13.323) 


\/^ V-( 2 i + 22) 

1 

23 “ 2 = ~ 


Z\ + 22 


( 2(21 + 22 ) + O' + 2122 ), 


where 


(13.324) 5 = \/(a + 2»)(« “h 22 ), D = y/ {a — 2 i)(a — 2 g). 

Substitution in (13.322) give.s for the ap.sidal angle the required 
expre.ssion 


(13.325) 

where 


a = aSD F(z)dz, 


F{z) = 


(a^ — z^) \/{Zi — z)iz — zi)[zizi + 2o) H- a2 + 


We cannot use the binomial theorem to expand negative 
powers of terms which vanish when 2 , 21 , 22 tend to —a. How- 
ever the term in the square bracket remains finite, and we may 
expand a negative power of it. Putting 


(13.32G) 2 = -a + 

where f is small, we get approximately, i.e., neglecting 


1 

\/z{zi + 22 ) H- + Z 1 Z 2 


1 

+ r(s, + z.) 

1 r. 




1 
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Hciu-e, we can write 
(13.327) a = 


aS/ - ^ ^ (^i + Za)J, 


WIUTC 


(13.328) 




dz 

(rt-^ - 2-) V{Zz - z)(z - Zi) 

(Iz 

{a — z) -s/ {z-i — z){z — zi) 


'rho.so integrals are evaluated without difficulty by means of the 
substitution 

z = Z 2 sin- 0 + zi cos- 6, 

and we find 


(13.329) 



Substitution in (13.327) gives 
(13.330) a = iir 1 + SB ~ 


It is evident from (13.324) that 5 is small; thus the last term 
is small, and wc introduce only a negligible error (of the second 
order) if we sub.stitutc in the fraction 


D = 2a, Zj + 22 = —2a. 

This gives 

(13.331) a = ^^1 +SD-^ 

Now if R\, Ri are the distances from the central vertical to the 
apsides, we have accurately 

R\ = a= - zl Rl = ~ zl SD = RiR^, 

and .so the approximate formula (13.331) becomes 



(13.332) 




We .saw, in connection with the equations (13.304), that in the 
first approximation the path of the particle is a central ellipse. 
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For that curve the apsidal angle is Xow wo sec, from 

(13.332), that the ap.sidal angle is a little greater than This 
means that the ap.se advances; the path is approximately a central 
ellipse, but this ellipse turns slou'ly forward (i.e., in the .same sen.se 
as that in which the particle describes the path). In one rotation 
of the particle, the apse advances tlirough an angle 


(13.333) 



37r/^»,/^, 
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where A is the area of the ellipse, 'i'he a<lvance disappears when 
.1 = 0, i.e., when the orbit is flattened into the track of a simple 
pendulum. 

This advance of the apse can be shown by fitting a light writing 
device to the bob of the pendulum. This traces the rotating 
elliptical j)ath on a .sheet of paper, placed underneath. 

13.4. THE MOTION OF A CHARGED PARTICLE 
IN AN ELECTROMAGNETIC FIELD 

iSIuch of our knowledge of the structure of matter is derived 
from the study of the motion of charged particles (electrons or 
ionized atom.s) in electromagnetic fields. Further interest has 
been added to the problem by the invention of the electron 
microscope and other devices, in which streams of electrons 
{)roduce images in much the same way as images are formed by 
rays of light in an optical instrument. 

Electrostatic and magnetostatic fields. 

We shall consider only .statical fields, i.e., fields which do not 

change with time. Such fields are produced by electric charges 

at rest in condensers or by steady currents; permanent magnets 

inav also be used. 

% 

In an electrostatic field, there exists at each point of space an 
cieciric vector E. It is the negative of the gradient of an electric 
potential F, so that 

(13.401) E grad V. 

The potential V cannot take arbitrary values throughout space; 
it must satisfy Laplace’s partial differential equation 



(13.402) 
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Similarly, in a magnetostatic field there is at each point of space 
a magnetic vector H, such that 

(13.103) H = - grad ii; 

il is tlie magnetic potential, and it also satisfies Laplace’s equation 


(13.104). 



Both fields may be pre.sent at the same time. The force 
exerted on a particle carrying an electric charge c. moving with 
velocity q. is 


(13.405) P = cE + cq X H. 


if the units are suitably cho.sen. 

We accept these basic formulas of electromagnetic theory as 
tlu‘ foundation for our dynamical deductions. 

Before proceeding to discuss special fields, we shall obtain an 
eciuation of (‘nergy from (13.405). If m is the mass of the 
particle, its equation of motion is 

(13.400) mq = cE + cq X H. 

Taking the scalar jjroduct of each side with q, we get 

= mq ■ q = cE • q = -c(grad V) - q = “C 
Hence, we have the equation of energy 


(13.407) — con.stant. 

If the field is purely magnetic, so that V disappears, the speed of 
the particle remains con.stant. 


Exercise. I'lio potential due to a eharge e at the origin is V = e/r, where 
r* = z* 4- y- + 2*. \‘erify that this satisfies Laplace’s equation, and show 
that the force between two charges at rest satisfies the inverse square law 
(B..702). 


Motion in a uniform field. 

A simple solution of (13.402) is 

T = aj + 6i/ + cz + d, 

where a, h, c, d are constants. This gives a uniform electric field, 
in which E is a constant vector. Similarly, we may have a 
uniform magnetic field, in which H is a constant vector. 
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Let us now vSiipixtse tliat a particle, of mass m and cariyinp; a 
chargo c, moves in a uniform electric and magnetic field. If r 
is the position vector of tin* parti<*le. w(‘ l)av(‘ as ecjuation of 
motion 

{13.408) mf = cE + <i X H. 

Let us now clioose our axes so that Oz is parallel to H. The 
vector etpiation (13.408) gives tlie three scalar eipiations (with 
the usual notation for components) 

! .? = -£, + - H,j, 
m ?n 

z = -- Ea. 
m 

To complete the solution most conveniently, we introduce the 
complex (quantities 

f = JT + iy, F = El + lE^. 

Then the first two ecpiations of (13.407) may be written together 
in the complex form 

ieH eF 

(13.410) f + = 

m m 


This is a differential equation with constant coefficients, and the 
characteristic ecpiation for solutions of the form c"‘ is 


( _L n 

\ / 

Thus the general solution of (13.409) is* 


(13.411) 


-T 4- fy = r = "H 



• The symbol e is used in two different senses in this work: (i) the charge 
on the particle and (ii) the base of the natural logarithms. No confusion 
should arise from this; when e is used with the meaning (ii), we always find 
it raised to an imaginary power. 
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whoro p = flJ/m and .1, H, C, I) arc constants of integration; 
A and fi are complex, \vhei'ea.‘< C and D arc real. These equations 
give the motion of a charged particle in a unifortn electric and inag- 
nelic field. 

Let us examine thi.s motion in tlie case where the electric and 
magru’tie fields are perpendicular to (^ne another. '^I'hen — 0 
and the z-velocity is constant. Let us, for simplicity, assume 
that this component of velocity vanishes and that z = 0 through- 
out the motion. Then the trajectory is described by the complex 
position vector f, as given by the first of (13.411). Let us write 
this (‘(luation in the form 

(13.-112) r - ^.1 - '^) = Be-'”'. 

We recall that any complex number Z may be written in the form 

Z = 

If Z is a complex position vei’tor, jZj is the radius vector, and 
argZ the azimuthal angle. E(|uating moduli and arguments in 
(13.412), we have 



If F were zero, the first equation would indicate motion in a 
circle with center A and radius |/?|, and the second equation 
would tell us that the circle is described with constant angular 
velocity — p. (The sign shows the sense.) The effect of the 
/•’-term is simply to impose an additional motion in which the 
center of the circle moves with constant complex velocity 


(13.414) 



This velocity is of magnitude E/H and is perpendicular to the 
electric vector. 

We sum up our description of the motion of a charged particle 
in perpendicular uniform electric and magnetic fields as follows; 
If started with a velocity perpendicular to H, the particle moves as if 
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it wei'c attached to the edge of a circular disk which moves in a plane 
perpendicular to H; the disk spins with constant angular velocity 
— eHIm, and its center has a constant velocity E/II perpendicular 
to E. The surprising part of tliis result is that, on the whole, the 
particle does not move in the direction of the electric field, but 
perpendicular to it. 

Motion in a purely electric field and in a purely magnetic field. 

We have worked out (13.411) for the general case in which 
both electric and magnetic fields are present. In the case of a 
p\irely electric field (// = 0) we return to (13.408), which 
becomes 

(13.415) mr = cE. 

If the field is uniform, the acceleration is constant, and .'<o the 
particle describes a parabolic trajectory like a projectile under 
gravity (cf. Sec. G.l). The plane of the trajectory is determined 
by the vector E and the initial velocity. 

In the case of a uniform purely magnetic field (E = 0), the 
equations (13.411) read 

f = .1 + z = c +Dt, 

By moving the origin, we can make . 4 = C = 0; then we have 

(13.416) f = z = Dt. 

Hence 

If I = 1^1' II = S'- 

since these values are constant, it is clear that the trajectory 
is a circular helix, unlh axis parallel to the magnetic field. The 
azimuthal angular velocity is —p — —eH/m. 

The simplest motion in a uniform magnetic field is one in 
which the initial velocity is perpendicular to the field. Then 
D = 0 in (13.416), and the trajectory is a circle described with 
constant speed. 

The determination of the charge e and the mass m of an 
electron is a problem of great physical interest. Let us see how 
the results we have established help in that determination. 
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The first thing we notice is that e and m appear in our equations 
only in tlie form ejm, and therefore it is only this ratio that we 
can hope to find. It would seem a simple matter to find e/m 
from the circular motion described on the preceding page. The 
angular velocity is — ell / m, and .'jo we have, on equating two dif- 
ferent expressions for the angular velocity, 

m2 ^ 

where q is the constant speed and /? the radius of the circle. 
(We have sijuared the two expres.sions to avoid the question of 
sign, which is of no importance here.) If we could measure 
f/. R, and II, we should at once have c/m. Xow R can be meas- 
ured from a photograph of the track of the electron, and II can 
also be measured; but q pre.scnts a difficulty — electrons move too 
fast for us to find their speeds directly. We have therefore to 
find q indirectly. Before entering the magnetic field, the 
electron is accelerated from rest by an electric field. If it starts 
from rest at potential V - r« and enters the magnetic field 
with speed q at potential V = Tj. then 

^mq- = c(r,) — Vi) 

l>v the principle of en(*rgy (13.407). Klirnination of q betw’een 
the two eejuations gives 

c 2(Vo - r.) 

m R-H^' 

This is a suitable expression for the determination of e/m, 
since all the (piantities on the right are measurable. This 
is the method of Kaufinann. The electromagnetic units are 
such that (13.405) holds. 

Axially symmetric fields. 

Let R, 4>, z be cylindrical coordinates. A field is said to be 
axially symmvlric with respect to the 2 -axis if the potential is a 
function of R and z only (i.e., independent of <^>). An electric 
field of this type is produced by a system of charged plates 
perpendicular to the 2 -axis, a circular hole wnth center on the 
2 -axis being cut from each plate. An axially symmetric mag- 
netic field is produced by currents flowing in circular coils 
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anangcci in plane.'J {H*rpciidicular to tlio z-axi.-;, the ccntc'rs of 
the coils being on the 2 -a.\ls. 

Let V be an axially .symmetric electric potential. We assume 
that V can l)C expanded in a power series in x and y, the coeffi- 
cients being functions of z. On account of the axial .symmetry, 
X and y can bo involved only in the form .r- + ?/'(= /^*), ^^nd .so 
the expansion is of the form 


(13.417) V = Vo(2) + ^ WU) + ^ V’,(e) + 


Then, bj' an easy calculation, 



MOV: 


"'• 1 m'. 


• » 


* • 


(13.418) ^ ™ = [V'o'(z) + 21-, (2)1 


’ r 


dx- 




dz- 


+ VYi^) + V^2(z)] 4- 


In order that Laplace’s ecpiation (13.402) may be satisfied, the 
functions Vo, Fi. • • • must .satisfy the sequence of ordinary 
differential equations 

(13.419) V'o'iz) + 2F,(2) = 0, VYiz) + ^V,(z) = 0, • ■ ■ . 

It is evident that Vo(z) (the potential on the axis of .symmetry) 
may be chosen arbitrarily, the burden of satisfying Laplacc’.s 
equations being placed on Fi(z), V- 2 {z), • • • . 

We may treat an axially symmetric magnetic field in exactly 
the .same way. 

Motion of a charged particle near the axis of symmetry of an 
electric field. 

For a charged particle in an axially .symmetric electric field, 
the equation of motion is 

(13.420) wif = —e grad F, 

where V is given by (13.417). The corresponding scalar equa- 
tions are 


(13.421) 






dV 

dz 


Let us suppose that the particle moves near the 2 -axis, so that 
X, y and their derivatives are small. Then these equations 
become approximately, by (13.417), 
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(13.422) X = - ^^xViiz), y = ~ 

. = - ^ nc^). 

Now, from the equation of energy (13.407), we have aeeurately 

(13.423) im(x2 + + i‘) + •V = *'C, 

where C is a eonstant. Henee, 

(13.424) ~ ^’o(2)l approximately, 

as may also he seen directly from the last of (13.422). If we 
introduee the complex variahle ^ = x iy and sub.stitute for 
I'l from the first of (13.419), the first two equation.s in (13.422) 
inav he written 

(13.125) f - ^ K'Mf = 0. 


From (13.424), z may he found as a function of t. When we sub- 
stitute this in Vq in (13.425), we get a differential equation to 
determine 

However, the dependence of position on time is often relatively 
unimportant. The trajectory of the particle is of more interest, 
and it will he known if we can find f as a function of z, for the 
real and imaginary part.s will give x and y as functions of z. 
Using accents to denote differentiation with respect to z, we 
have f = f'i and 

f = -H H- 

'riius, by (13.424) and the last of (13.422), we have 



When this is inserted in (13.425), e/m divides out, and we get 

(13.426) 2(C - Vo)r - V'ot' - = 0. 

Finally, we put 

(13.427) W{z) = C ~ Vo(z) 

and obtain the following complex differential equation for the 



Sec. 13.4] 


MOTION OF A PAliTli'LE 


383 


trajeclory of a charged particle near the axis of symmetry of an 
electric field: 

(13.428) ivr' + iir'f' + = 0, 

wliere the accent denotes d/dz. Thi.s may, of couisc, be .sei)a>ated 
into its real and imaginary parts, 


(13.429) 


Wx” + iirx' -f iw"x = 0. 
wt/' 4- + iir"i/ = 0. 


Let us suppo.'ie that the axial potential Vifz) is known. If 
the particle start.s from the po.sition f = fo, z = So "ith a velocity 
f i = Zo, then the constant C is determined by the energy 

ecpiation (13.424); its value is 


C = T'„{z„) + 4 ^ i?. 


The function ir( 2 ) is then given by (13.427). To determine tlie 
trajectory of the particle, we have to integrate (13.428) with the 
initial conditions 

(13.430) f = To, r = f'o = T f"*' ^ 

40 

There is no simple way of doing this; i.e., there is no simple 
general formula for the .solution. We can, however, approach 
the solution by the method of successive approximations. 

We write (13.428) in the form 

(13.431) ± (f' x/F) = 

The right-hand side is not, of course, a known function of z, 
because we do not yet know f. Wc start the method of 
.succcs.sive approximations by replacing t oii the right-hand .side 
bj’ some zero approximation f( 0 )( 2 ). The resulting equation is 
easily integrated, the solution containing two constants of inte- 
gration. Thc.se are determined to sati.sfy the initial conditions 

(13.430) . When these values of the constants are inserted in 
the solution, we have what is called the first approximation 
f(i)( 2 ). It sati.sfies the initial conditions, but it does not satisfy 

(13.431) ; instead, it satisfies 

i (f;., VF) = 


Vw 
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Wr thon substitute in the right-hand side of (13.431), 

and integrate to obtain the srromi approximatton ^( 2 )(z), once 
more satisfying the initial eonditions. This proress can be 
lepeated again and again. 

l.et ns suppose tliat has been found; then 



VW) = 




'I’his gives on integration 

(13.132) c:,, VW = -if 


> v/TT 


ds + fo 


wIkmc ir,i has been written for Tr( 2 o); the last term is the con- 
stant of int(‘gratioii. chosen to satisfy the second condition of 
(13.130). Another integration gives 


(I 


. r/ (iz 

3.13.3) f.... ^ ''VvOr 


+ to' \/W~o f + to. 

Jio ^/IV 




'riiis is a recurrence formula, giving wlien s'.r.-o is known. 

If we could carry out this proces.s indefinitely often, we could 
apj)roach the true .solution f as closely as we wished. In practice 
the nth approximation is regarded as good when the difference 
between r.n+D nnd {*,„) is small. In cases where very great 
accuracy is not required, a few steps in the approximation may 
be sufficient. 

There is one arbitrary feature in the method of successive 
approximations — the choice of the zero approximation f,o). 
If we have any general idea beforehand of the form of the final 
solution, we may be able to make a good guess for f,o) and so 
increase the rapidity of the convergence of the approximation. 
But this is not essential; we may start with any simple zero 
approximation, say ffO) = 0 or f( 0 ) = To- 

We may remark that the use of the complex variable f is 
mathematically neat, but not essential. We might use the real 
equations (13.429) instead of the complex equation (13.428). 

Motion of a charged particle near the axis of symmetry of a 
magnetic field. 

Let us now con.sider the case of an axially symmetric magnetic 
field. For the potential Q, we assume an expansion as in 
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(13.417), tlie syrnix)! T hcins roplacecl by U thmu^liout. 
of (13.419), wo have 

(13.434) + 21»,(2) = 0, 11',' (2) + =(),■••, 

where llo(2) the magnetic potential on tlie axi.'i of symmetry. 

Since E = 0. (1 
motion: 


(13.435) 


406) gi\'es 

the following si 


f . SO 

. sq\ 

mx = —el 

^ “ 

' Sy)’ 


/. SQ 

. So\ 

my = 


dz)’ 


( . SO 

. So\ 

m'z = — ^'1 

V 5// 

>'Sx)- 


Sulxstitnting th(‘ expansion for il and assuming tlmt x, y, and 
their derivativt's are small, we g<‘t approximately 


( w.r = — c(7lio ~ ii/ih), 

(13.436) ■! tnij = -riixllx - .r«;), 

f m'z — 0. 

Introducing the complex variable = j + iy and substituting 
for a, from (13.434), wc may write the first two equations 

in the form 

(13.437) - iVfiof - iiVtloif = 0. 

From the last of (13.430), it follows that i = iCo, a constant. 
Thus, using an accent to denote d/<h, we have 

(13.438) f 

Hence, for the trajectory of a charged particle near the axis of 
symmetry of a magnetic field, we obtain the complex differential 

equation 

(13.439) f" - ikW + iO'.'D = 0, (k = 

If we wish to solve this equation by successive approximations, 
we multiply it by then it may be written 

4 - 


(13.440) 
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'Phis form is amiloKous lo (13.431). and tlic proce.s.s profpods in 
tlio sumc wav. 

The electric lens. 

In an optical instrument, .such as a microscope, camera, or 
t(4escoj)o. rays of liKht are bent by a .system of glass lenses, 
the system usually having an axis of symmetry. The function 
of tlie instrumeid is to produce an image, the rays from eacli 
poird of tin? object l)eing brought to a focus at an image point. 
In recent times, there has been a remarkable development of 
e|{“ctric or magnetic devices analogous to the image-forming 
optical instrument. Instead of rays of light bent by glass 



Fig. 138. — Fornmtion of an imago. 


lenses, tliere are streams of eleetrons whose trajectories are 
curved by means of electric or magnetic fields. When an axially 
.\vmmetric electric field is used, the equation (13.428) is the funda- 
mental etpiation from wiiich the trajectories of the electrons 
are found.* 

Let Oz (Irig. 138) be the axis of symmetry of an electric field; 
let III be a plane perpendicular to this axis, with the equation 
z = Z\. I,et Pi be any point on ITi with a complex position 
vector X + iy = fi. We suppo.se that from the point Pi there 
are projected a number of identical charged particles (electrons). 
Their \eloeities have a common magnitude iCo, but their direc- 
tions are different; the directions are, however, nearly parallel 
to the axis of symmetry, so that our methods apply. 

The trajectory of each electron satisfies (13.428); in this 
equation, W is the same for all the electrons, bv virtue of (13.424) 

• Cf. L. M. Myers, Electron Optics (Chapman & Hall, Ltd., London 
1939), p. 100. 
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and (13.427). Xow it is known from the theory of linear differen- 
tial equations that the general solution of (13.428) i.s of the form 

(13.441) f = ocf{z) + ^g{z), 

where a, /5 are arbitrary constants of integration and /(z), 
g{z) are independent particular solutions; a, ^ will generally bo 
complex, but /, g may be chosen real, since the coefficients in 
(13.428) are real. 

From the initial conditions, we have 

(13.442) i"! = ot/(2i) + ^J7(2i). 
and so 

(13.443) ^ iri - «/(2i)l- 

Substitution in (13.441) gives 

This equation represents the trajectories of all the electrons, a 
taking different values for the different traiect(»ries. 

We now ask: Will the trajectories which emerge from P, inter- 
sect again at any other point? At such a point, the values of T 
must be the same, no matter what value a may have. From 

(13.444) we see that such an intersection will take place at a 
point 2 = Z2, f = i'a, if 22, fa sati.sf3' the equations 

(13.445) ^ J = 0, 

(13.446) f. = r. 

The equation (13.445) may have no real solution z-i different from 
2,; in that case, the second intei-section will not take place. 
Let us suppose, however, that there is a real solution, so that a 
second intersection takes place at a point Pi. Let us draw 
through Pi the plane 112 with equation 2 = 22- 

Now if the source of electrons Pi is regarded as an object point, 
the point Pz may be called an image point, in the language of 
optics. Thus, an axially symmetric electric field is capable of 
forming images. Furthermore, if we start with a different object 
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point on the .';ame plane II i, we get a new image point; this new 
image point lie.s on Ila, since depends only on z\ and not on fi. 
Hence wo get on Fla an image of the plane FIi, point by point 
In fact, the system functions as an electric lens. It is evident 
from (13.446) that the magnification is 


( 13 . 147 ) 


^2 


g(zi) 

ri 

1 

1 

U(zi) 


'I'o find tlie position of the image plane Ha corresponding to a 
given ol)ject plane II i, we may for convenience take the point 
P\ on the 2 -a.\is. 

The determination of the focal properties of an electric lens 
depends on the solution of (13.42S). As we have seen, that 



-€ 0 € z 

Fig. 139. — Grapli of H’ for uii electric lens concentrated in the range ( — «. «). 


is a com|)licated matter, and so we shall di.scuss only a simple 
limiting case. 

Let us suppose that the electric field is concentrated near one 
plane, say 2 = 0. By this we understand that the electric 
vector E is very small at all i)oints on the axis of symmetry, 
except near the origin. Then the potential will have 

(appro.ximately) one constant value for 2 < 0 and another 
constant value for 2 > 0, \nth a sharp jump across 2 = 0. By 
(13.427), the same description applies to Tr( 2 ) also; it will 
have a graph as in Fig. 139. 

The sharp jump in Vn gives a large value to E, and thus an 
electron expenences something like an impulsive force on crossing 
the plane 2 = 0; there will be an abrupt change in direction (i.e., 
in f'), but no abrupt change in position (i.e., in f). 

Let 2 i and 20 refer to an object and an image point on the axis; 
we shall use the subscripts 1 and 2 to denote quantities cor- 
responding to these points. The trajectory of an electron will 
be straight from 2 = 2 i to 2 = 0 and again straight from 2 = 0 
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to 2 — z -2 (Fig. 140). If the trajectory cuts 2 = 0 at f 
we have (for the two parts of the trajectory) 


e 

II 

= - 

fo 
— ) 

for 2 < 0; 

(13.448) ( 


Z\ 


(f = 

r' = - 

—f 

for 2 > 0. 




Integration of (13.431) gives 




(13.449) (C VWh - (C VW), = 

1 

T 

r* A 


In the left-hand side, we shall sub.stitute from (13.448); as for 
the right-hand side, we know that TF" vanishes except in the 



Fio. 140. — Object (ii) and image (zj) for a concentrated electric lens. 


immediate neighborhood of 2 = 0. Thus, we may write 


(13.450) 



where ( — e, e) is the small range in which W jumps from Wi to 
When these changes have been made in (13.449), fo divides 
out, and we get 


( 13 . 451 ) 



This equation gives 22 (the position of the image) in terms of zi 
(the position of the object). 

If we put 2 i = — 00 , we may write 22 = /, where / is the focal 
length of the electric lens. We get 


( 13 . 452 ) 




Thus the determination of the focal length reduces to the cal- 
culation of this integral, by graphical or other means. 
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The magnetic lens. 

To studv tlu. image-forming properties of 
metrie magnetic field, «e may use the equation (13.439). 

differs from the electric equation (13.428) in an 
i, ,ii„not have a real .solution. We may again wnte the gene a 
in the form (13.441). but now the f unchons /(s), g{z) 

will he complex; hence the equation (13.440), 

the image of a point, is a complex equation. Thus (a rea 

number) ha.s to satisfy two real equations, and so 't 

that the formation of an image by a magnetic field im 11 be the 

exception, rather tlian the rule. 

If however, we project the electrons from a point on the 
axis’of svmmetrv, in directions equally inclined to the axis and 
with a common speed, the .situation is much simpler. Supposing 
the electrons started simultaneously, it is evident from syrn- 
inetrv that at anv instant they will lie on a circle having its 
center on the axis. If this circle contracts to a point, we get an 

image on the axis. , . i *i 

To find the image corresponding to this symmetrical metnoa 

of projection, we return to (13.439); in it we put 

f = /h'«. 

li being the distance of the electron from the axis and «i> its 
azimuth. Then, 

j.' = = (H'' — /?*#>'■ + 2i7?'0' -h 

When we substitute in (13.439), e'* divides out, and the real and 
imaginary parts give the two equations 

(13.453) ir - + /:«;/?</>' = 0, 

(13.454) 2R'<i>' -f /?<#>" - k{R'Qo -b ^ 0- 

If we multiply the last equation by /?, it may be written 

^ = 0 , 

W 9 


dz 

and so 

(13.455) + A, 

where /t is a constant of integration. But initially R 
and therefore i4 = 0; hence, 

(13.456) <f>’ = 


= 0 , 
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When wo substitute in (13.153), 
(‘(|uation for 


we get tlie following dilferential 


(13.457) li" = 

This may he writt(‘n 


(13.458) ft" = 

where Ho is the magnitude of the magnetic vector on the axis; wc 
recall that k = e/{wwo), where is the constant speed of tiie 
electron.* This is the equation from which the image is to I>e 

found. If /? = 0 for 2 = zi and again for z = z.,, tlien z = z-i 
is an image of the object 2 = 2 i. 

Since li" and H have opposite signs, the graph of It against 2 
will be concave toward the 2 -axis. Hence, one or more images 
will exist in general. 

Let us now consider the case where //« = 0 except in the 
short range 2 = -« to 2 = By a method similar to tliat used 
in the case of the electric lens, it is easily shown that tlie focal 
length / of the magnetic lens is given by 


(13.459) 



Exercise. If //o is ronstnnt along tho axis of symmetry, show that an 
object point at 2 = 0 will give an image point at 


2irmWfi 

^ 7TT7 


13.6. EFFECTS OF THE EARTH'S ROTATION 

The effect of the earth's rotation on a plumb line was found 
in Sec. 5.3. This is a statical phenomenon relative to the rotating 
earth, and only the centrifugal force is involved. In dynamical 
problem.s on the rotating earth the Coriolis force also enters, and 
the effects are hard to predict without a careful mathematical 
analysis. 


Equations of motion of a particle relative to the earth’s surface. 

We accept the model of the earth used in Sec. 5.3— an oblate 
spheroid turning about its axis of symmetry with constant angular 

• The fact that the electron started from a point on the axis was used to get 
rid of the constant A. Othenvise, the work holds for a general trajectory, 
for which we might have obtained, instead of (13.458), a more complicated 
equation containing the constant A. 
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of reference. 



Fici. 141. — Vectors used in 
(liscnssihK the effects of the 
cartirn rotution. 


.\fEriIAyiCS /A' SPACE 

The axis is .supposetl fixed in a Newtonian frame 
The vertical at any point on the earth’.s surface 

is defined I>y the plumb line, and the 
horizontal plane is perpendicular to the 
vertical. The latitude X is the angle 
of elevation of the earth’s axis above 

the horizontal plane. 

In Fig. 141. SN is the earth’s axis, 
drawn from .south to north; O is a point 
on or near the earth’s surface, and B 
the foot of the perpendicular dropped 
from 0 on SN ; I is a unit vector along 
BO and K a unit vector parallel to SN. 
The triad of unit vectors i, j, k is fixed 
relative to the earth and directed as 
follows: 

i is horizontal and points .south; 
j is horizontal and points east; 
ir vr»rtif*fll and ooiiits upward. 


bet us put BO = a and denote by r the position vector of a 
moving particle relative to O. Then the position vector of the 
particle relative to B is 


(13.501) Tfl = a 4- r. 

Since B is a fixed point in a Newtonian frame of reference, the 
jibsolute acceleration of the particle is 


(13.502) re = a + r. 

Here a is the acceleration of 0; since O moves in a circle with 
constant angular velocity we ha^’e 

(13.503) a = = —aQKsinXi + cosXk). 

Lot m be the ma.ss of the particle. The force of gravity is 
proportional to m and may be written tnF. XV e denote by P 
the resultant of all other forces. The equation of motion is 


(13.504) ttitb = mF + P, 
or. by (13.602) and (13.503), 

(13.505) mf = mT + P + waf2-(sin X i 4* co.s X k). 
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Let us apply this etpiation to a plumb line, hanging in eciuilil)- 
rium with the bob at O. Then P is the ten.sion in the plumb line 
and points in the direction k. As in Sec. 5.3, we define g to be 
this tension, divided by the mass of the bob, .so that 

P = mgk. 

Since r = 0, (13.505) gives 

(13.50(i) Fo + al>-(sin Xi + cos X k) = — f/k, 

where Fo is the force of gravity’ per unit mass at 0. 

Now F in the general e(iuation (13.505) and Fo in (13.500) 
arc not equal vectors unless the particle is at O, for the earth’s 
gravitational field changes from point to point. But we shall 
assume that the particle always .stay.s .so close to 0 that variations 
in the earth’s field are negligible. So we introduce our first 
approximation, putting 

(13.507) F = Fo 

in the equation of motion (13.505). When, further, wo .substitute 
for Fo from (13.506), we get for any moving particle 

(13.508) mi = P - mgk. 

Our next task is to re.solve thi.s equation into components 
along i, j, k. This triad turns with a constant angular velocity 

(13.509) a = fiK = - a cos X i + n sin X k, 
and so, by (12.310), 

(13.510) r = ^ + 2n X ^ + n X (a X r). 

We now introduce a second approximation, dropjjing the last 
term on account of the smallness of ft. Substitution from 

(13.510) in (13.508) gives the vector form of the equations of motion 
relative to the earth’s surface, 

(13.511) = P — mgk — 2mSl X 

Here and Sr/6t are, respectively, the relative acceleration 

and velocity; the last term is the Coriolis force. The centrifugal 
force has been eliminated in two steps, first by (13.506) and 
secondly by neglect of the last term in (13.510). 
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Let u.s now introduce axes Oxxjz coincident in direction \\'ith 
(i, j. k), so that Ox points sovith and Oij east. Let X, K, Z be 
tile components alon^ these axes of the force P, which, it will 
be remeinberetl. is the force otlier than gravity. Since £1 is 
given by (13.509), we get from (13.511) the scalar form of the 
a/uations of motion, 

( mx = X + 2rn sin X • y, 

(13.512) < my = 1' — X ■ j + cos X • i), 

( mz = Z — mg ^ 2m9. cos X • y. 

Motion of a free particle. 

By a “friv particle” we mean here a particle on which there 
acts no force but gravity. As remarked in Sec. 6.1, this is an 
idealization difficult to approach in practice. The resistance 
of the air is always pre.sent and produces discrepancies between 
mathematical predictions and ob.served motions. It is therefore 
not surprising tliat the minute effects due to the earth’s rotation 
are liard to detect. 

For a free iiarticle, we put X = F = 2^ = 0 in (13.512). The 
resulting eipiations arc easy to integrate, especially as further 
approximations, based on the smallness of O, are permissible. 
The (‘(ptations now read 

i X = 29. sin X • y, 

(13.513) ^ = — 2Q(sin X ■ i + cos X • i), 

( 2 = —g + 21i cos X • if. 

ICach of these equations can be integrated once. Without loss 
of generality, we may sujjpose that the particle starts from the 
origin at t = 0 with velocity («o, I’o, u.'o), and so we get 

{ X = 29 sin X • t/ + Wo, 
y = — 2l2(sin X • r + cos X • 2 ) -T i-o, 
z = — gt 29 cos X • y + u?o. 

If we substitute from the first and third of these equations in 
the .second of (13.513) and neglect we obtain 

(13.515) y — — 2U(no sin X + Wo cos \ — gt cos X), 
and hence, by integration, 

(13.516) y = VqI — 9i^{uo sin X + tiJo cos X) + ^9gt^ cos X. 
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Then tlie first and (liird ('<iuations of (13 oi l) 

ir- 


«1V( 


on 


(13.517) 


j jr ~ uj d- f>fof' .*<111 X. 

( z = u'J - + <>r„r- cos X. 


Two case.s are of particular interest, 
rest, and a particle repr(*sentinp a 
velocity in a flat trajectory. 


a paiticle dropped 
projectile fired with 


In the case of a particle dropped from rest, we put 


from 

high 


»<) = Co = «‘o = 0, 

and get 

(13.518) j = 0, y = ^ngt^ cos X, z = 

The path is a .semicubical parabola in the east-west vertical 
plane, 


(13.519) 




n* COSi' X 
0 



It is evident from (13.518) that the deviation from the vertical is 
toward the east. From (13.519), the deviation for fall from a 
height h is 


cos X • 2h 



this is zero at the poles (X = ±^), as we should expect. 

For a projectile with large and vo, we neglect the term in 
Wo and also the last term in (13.510). Thus the projection of tlie 
trajectory on the horizontal plane has the etpiations 


(13.520) X = Uot-{- V.vot- sin X, 




sin X. 


These may be expressed in complex form in the single eepzation 

(13.521) X iy = (uo + ivo)(t - iUt^ .sin X). 
bet us put 

X -h iy = Re^, Uo + ivo = 
and write, as we may since fl is small, 


1 — iUt sin X = 
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Tlicn (13.521) takes tlie form 
aiul so 

(13.522) f< = 7<'^ <#. = «— sin X. 

'I'he inaRiutude of tiie position vector grows at a constant rate ^o, 
ami at the same time the vector turns at a constant rate — sin X. 
In the Northern Hemisphere, X is positive and this rotation is 
clockwise when viewed from above; in the Southern Hemisphere, 
it is counterclockwise. This means that the projectile expen- 
enees, on account of the earth's rotation, a slight deviation 
to the right in the Xorthern Hemisphere, and to the left in the 
Southern Hemisphere. This is known as Ferel's law. 

4 

Foucault’s pendulum* 

Lot us suppose a pendulum sot up at the North 1 olo. If 

started properly, it may vibrate as a simple pendulum in a 

vertical plane which is fixed in the Newtonian frame of reference. 

As the earth turns under the pendulum with angular velocity fi, 

the plane of vibration of the pendulum appears to an observer 

on the earth to turn with an angular velocity — Foucault 

was the first to point out that a pendulum could be used to 

demonstrate the earth’s rotation. It is not necessary that the 

j)enduliim should be situated at one of the earths poles, an 

apparent rotation, due to the rotation of the earth, may be 

t)hserved at an>' latitude except on the equator. 

We shall now apply (13.512) to the motion of a pendulum. 

The pendulum consists of a particle of mass m attached by a 

light string of length a to a point with coordinates (0, 0, a). 

Thus, in equilibrium the particle rests at the origin. We shall 

discu.ss small oscillations about this position, a problem already 

.solved (cf. (13.304)] for the case ft = 0. The question of interest 

now is to find how the simple motion there described is modified 

l)v the rotation of the earth. 

% 

We recall that A", Y, Z are the components of force other 
than gravity. For the pendulum, this consists of the tension S 
in the string; as in (13.302) the components are 

(13.52.3) X=-5S, Y = - Z = S. 

^ ^ a * a ’ a 
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We have to take care of two separate approximations. Tlie 
based on the smallness of Q, has already been used in 
obtaining (13.512); it consists in neglecting U'. The second 
approximation is that arising from tlie smallne.^s of the oscilla- 
tions. This mean.s that x, y, and their derivatives are small; 
z and its derivatives are therefore small of the second order and 
consequently will be neglected. 

The last equation of (13.512) gives, since Z = S ajjproxi- 
mately, 

(13.524) iS = mg — 2mii cos X • y, 

and so the fii*st two equations become 


(13.525) 


X - 2Q sin X • y + pV = 0, 
ii 211 sin X • i- + p-y = 0, 


where p- = g/a. Multiplying the second equation l)y 
adding it to the first, we get the single complex e(juation 


and 


(13.52C) f + 2fQ sin X • f -h = 0, (f = x -f iij). 

The general solution is 


(13.527) f 

whore A and B are complex constants depending on the initial 
conditions and n\, riz are the roots of the equation 

(13.528) A- 2i9. sin X - n + p'-’ = 0. 

These roots are 


«i, ”2 = — sin \ ± i \/ll- sin* X + p^. 

Neglecting we may write (13.527) in the form 

(13.529) f 
where 

(13.530) fi = 

To interpret this result, we suppose for the moment that = 0, 
so that f = fi. On separation of the real and imaginary parts, 
it is easily seen that the path is an ellipse with center at the 
origin — the motion being a composition of perpendicular simple 
harmonic motions [cf. (6.405) and (13.304)]. The effect of the 
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factor in (13.529) is to rotate the complex vector 

through an angle — fit sin X, proportional to the time. e may 
sun\ up our result as follows: The effect of the earths rotation 
on the ellipticat path of a spherical pendulum is to cause the ellipse 
to rotate with an angular velocity — fi sin X. This rotation 7S 
clockwise in the Northern Hemisphere and counterclockwise in 
the. Southern Hemisphere. If wo put X = ^, so that the pen- 
dulum is at the North i*ole, the angular velocity becomes -fi 
and may be regarded as due directly to the earth'.s rotation 
beneath the pendulum. 

It is u.sual to draw the pendulum aside by a thread and start 
the motion by burning the thread. The elliptical path then 
degenerates into a straight line; in fact, the pendulum acts as a 
simple pendulum. It i.s necessary to do this in order that the 
elTect of the earth’s rotation may not be ma.sked by the other 
rotation (13.333), arising from the fact that the amplitude i.s 
finite. This latter effect vanishes when the area of the ellipse 
vanishes. But, even in the ca.se of an elliptical path, there is 
this distinction between the two effects: The rotation of the 
earth produces a rotation of the ellipse in a definite sen.se (clock- 
wise in the Northern Hemisphere), whereas the other effect 
is a rotation of the ellipse in the sense in which the ellipse is 
described. 


13.6. SUMMARY OF APPLICATIONS IN DYNAMICS 
IN SPACE— MOTION OF A PARTICLE 

I. Jacobian elliptic functions. 

(a) Differential equation: 

(13.001) = (1 - y=)(l - i-V), i0<k< 1). 

(b) General .solution: 


(13.602) 


y = sn {x -b c) 


(c) Other elliptic function.s: 

(13.603) cn^ X = 1 - an- X, dn^ j: = 1 - k- sn= x; 


(13.604) ^ sn r = on .r dn a:, ~ cn x 


= — sn X dn X, 


^ dn X = — sn X cn x. 
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((•/) IVriodicity : 


(13.605) sn (j- + 4A') = .'^n x, cii (j- + AK) = cn j-, 

(In (.r + 2K) = dn j-; 

(13.606) K = r = r*' . 

> V(1 - .V-){1 - A--V/“) VI - A‘-sin-' 4> 

11. Simple pendulum. 

(a) Motion: 


(13.607) 


/ 

) 


sin id = sin ia sn {/;(/ - ^)], 

k = sin -ka. 




(b) Periodic tinu': 


(13.608) 


= i f'' 
p J" 


<l<t> 


V 1 “ k' !^in- <t> 

= 2^-^ (1 + approximately. 


in. spherical pendulum. 

(a) General motion: the pendulum o.scillates between two 
levels, found by solving a cubic cejuation; the analytical solution 
is 


(13.609) 


I 



= ?-• 
a 


(2j - 2i) sn- [pit - ;o)]. 

23 — 2i 


(6) Small oscillations: in the first approximation the path is 
an ellipse; in the second appro.ximation the ellipse turns at a 
rate proportional to its area. 


IV. Motion of a charged particle in an electromagnetic field. 

(a) Uniform electric field: the trajectory is a parabola. 

(b) Uniform magnetic field: the trajectory is a helix. 

(c) Axially symmetric electric field: the trajectory satisfies 

+ W'r + iW"t = 0, 

f = X + zy, 

ir = c - Po(2), 

Fo( 2 ) = potential on axis. 


(13.610; 
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(./) Axijilly symmotric masnt'lic field: the trajectory satisfies 


( 13.0 11) 




mWit 


{iiU' + if-Cf) = u, 


f = j” + iy, 

<>,,( 2 ) = potential on axis. 


(r) Fdortric lens: 


{ 1:^.0 12; 



(/) Masnetie lens: 


(13,013) 




V. Effects of the earth’s rotation. 

(a) K{[uatioris of motion: 

I mx = X + sin X ■ y, 
mij = }' — 2mli{sin X • x -f- cos X • i), 
mz = Z - mg + 2mU sin X ■ 

A', y, Z = force other than gravity, 

X = latitude. 

(f>) A falling body deviates to the ea.st. 

(r) A projectile deviates to the right in the Northern Hemis- 
piiere. 

{(I) Foucault’s pendulum turns with angular velocity — 1? sin X, 
clockwise in the Northern Hemisphere. 


EXERCISES Xni 

1. .V simple* ppiidulum of mass m and leiiRth a performs finite oscillations, 
tin* Kreutest inclination of the string to the vortical being 30°. Find the 
ti*nsion in the string when the bob is in its highest position. 

2. The string of a spherical pendulnin is held out horizontally and the 
hob .started with a liorizontal velocity perpendicular to the string. Find to 
tiu* n<*arest foot per second tin* magnitude of this velocity if the minimum 
im*lination of the string to the vertical in the subsequent motion is 45°. 
'I'he length t>f the .string is .54 inches. 

3. .V pjirticle currying a charge e is projected from the origin with a 
velocity «o in the direction of the x-axis. There is a uniform magnetic field 
of strength H parallel to the z-axis. If the particle crosses the plane x = 0 
at a distance a from the origin, find its mass. (Isotopes are separated in a 
mass spectroscope by a method such as this.) 

4. A heavy bead is free to move on a smooth circular 'ivire of radius a, 
which rotates with constant angular velocity 12 about a fixed vertical diam- 
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eJor. Find the posjsihk' positions of relntivc e(|uililiriuin. If «>- > f/ a. 
find the period of small oscillations about a position of stable e(iuilil)riiiin. 

6. A stone is thrown strainht up. rises to a height of 100 ft ., and falls to 
earth. Estimate the deviation due to the rotation of earth, the latitude of 
the place being 4o' North. (Neglect air re.sislunee.) 

6. A particle moves umler gravity on a smooth .surface of revolution 
with axis vertical. The equation of the .surface in cvlindrical coordinates is 
given in the form l{ = Fis). If the velocity is horizontal and of magnitmie 
Qi at a height z,, and again horizontal and of magnitud<‘ qz at a height e.., 
detcrinino g, and q-. in terms of z, and z.. (Use the principles of energy and 
angular moinentiiin.) 

7. In a simple pendulum the bob is connected by a light string of length a 
to the fixe<l point of support. The bob starts in the lowest position with 
speed qu. Show tl>''^'RK ' 

/ sina!' 

< ql < 

f 

the string will .slacken iluring the motion, so that the bob falls inward from 
the circular path. 


8. Show that, on account of the rotation of the earth, a train traveling 
south exerts a slight sideways force on the western rail of the track. Give 
an approximate expression for thi.s force in terms of the mass of the train, its 
speed, the latitude, and the angular velocity of the earth. 

9. .-X particle moves on u smooth surface of revolution with axis vertical. 
The equation of the surface in cylindrical coordinates is 7? = F{z). Use the 
primriples of angular momentum and energy to show that 


KH = h, 

x(it /f 2 + +gz = E, 

where h and E arc constants. Eeduce tliut z satisfies a differential equation 
of the form 


10. A particle slides on a smooth cycloi<l in a vertical plane, the cusps of 
the cycloid being upward. Show that the periodic time of oscillations under 
gravity is independent of the amplitude. 

11. A spherical pendulvun of length a and mass m oscillates between two 
levels which are at heights 6 and c above the lowest point of the sphere. 
Expre.ss its constant total energy in terms of m, a, b, c, and g, taking the zero 
of potential energy at the lowest point of the sphere. Check your answer by 
putting b = c. 

12. A charged particle moves in a uniform electric and magnetic field, 
the electric and magnetic vectors being perpendicular to one another. 
Show that, if properly projected, the path of the particle is a cycloid. 

13. The bob of a spherical pendulum, 10 feet long, just clears the ground. 
A peg is set up 1 foot due south from the equilibrium position of the bob, and 
the bob is drawn o\it to the east through a distance of 2 feet. Find (approxi- 
mately) the direction and magnitude of the velocity with which the bob 
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.l,„uW 1.. ..ar.0.1 from this position, ,n order to lot the peg and make it fall 

'’'■u.'Zl'tIl;;;r;e„d„l„.n m lengn. ..taking eon.plete revolutions, show 
that the periocUe time 

'Av . 


= ii' C 
~ 7- J 


V(i - !/=)(! - 


"'n' = 4UX about 

the axis of r whieMs vertieal. A [.arliele is projeeted hor.zontall> on the 

,n„er ,s..rfa.e a. height r. with a spee.l Vikt^ /’rr J , a.h tvi’ll ie 

partiele will .leseril.e a horizot.tal e.rele: also that, if k - *, .ts path 

h<*t\veen the two j)limes z = 2» aiul z — j^p- — , 

16 A spherical pen.luliiH. of length n is held o,it i. 

.s starts! with a great horizontal velo^-ity Show , -t falls to a depth 

l.olow it.s initial position given approximately hy 2ga 

17 A particle moves on .smooth surface of revolution, .ae axis of s> 
l,oing verUeal. Show that motion in a horizontal circle of radius R is stabl 

d/?* ^ « d/f ■ 

where z = z(R) is the equation of the surface in cylindrical coordinate's. 

Deduce that the motion of a conical pendulum IS stable. 

18. \ particle moves under gravity on a rough vertical circle. It starts 
from rest at one end of the horizontal diameter and comes to rest at the 
lowest point of the circle. Find an equation to determine the coefhcient of 

^*^'19.^ A heavy bead starts from rest at a point A and slides down a smooth 
wire in the form of a helix having the parametric equations 


X = a cos y = a sin 0, z = a0 tan a, 

the axis of z being vertical. When it is vertically under A, a second bead 
starts from rest at A. Show that the tangential acceleration of each bead is 
g sin a, and deduce a formula determining all the subsequent instants at 

which one head is vertically underneath the other. 

20. A lieavy particle is eonstrained to move on the inner surface of a 
smooth right circular cone of seinivertical angle a, the axis of the cone being 
vertical and the vertex down. The particle is in steady motion in a circle 
at height 6 aliove the vertex. Find the periodic time for small oscillations 
about this steady motion. 

21. A particle slides in a smooth straight tube which rotates with con- 
stant angular velocity « about a vertical axis which does not intersect the 
tube. The tube is inclineil at an angle a to the vertical. Initially the par- 
ticle is projected upward along the tube with speed 90, relative to the tube, 
from the point where the shortest distance between the axis and the tube 
meets the tube. Show that, no matter what the length of the tube may be, 
the particle will escape at the upper end provided 
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.i„? I- ‘^^“7 »ynin.ftru- ,.|,.,■tri.■ liH.l i„ „l,icl. tl.e axial patan- 

tia t . ,s of tho form 1 . - „r + 6. Shorv that tl.o field is t.niform throoKh- 
out space and parallel to the r-axis. \-erify tl.reetly fro.,, ,13.428) that n,e 
trajectory of a charged particle is parabolic. 

(onsider also the case of an axially syininetric magnetic field with the 
axtal potential SI. of the for,., „r + 6. Wrify fro,,. (13.439) that tho 
trajectory IS a helix. 

23. A particle move., under Kravity on a .smooth surface, the principal 
radu of curvature at .t» Imvest point beiuR a. b („ > b). The surface rotates 
with co.,sta,.t atiKular yelo.-ity a, about the normal at the Imvest point', 
bhot that. ,f 0 X 1 , are horizontal axes attache.! to the surface at the lowest 
point and directed along the lines of curvature at that point, then the eiiua- 
tions of motion for .small vibnition.s near the lowest point are 


A* ~ di + 
<l^y 
<n 


(.' - -) 


0 . 


/ +2-^^ + (f - y = 0 


^.^idoring solutions of the form x = .Ic-. j, = deduce that there will 
be instability if lies between g/a and g/b. 

24. Show that the transformation 


particle" into equation (13.439) for the trajectory of a charged 

= 0 . 

Interpret the transformation as a rotation of axes, and show that this differ- 
ential equation leads immediately to (13.458) and hence to the focal length 
of a concentrated magnetic lens. 

26. Consider an axially symmetric electric field concentrated near ^ = 0 
Using the notation of Fig. 139 and putting 



show that, if a® 
for 2 < 0: 


< 0 , the nth approximation f<„, to the solution of (13.431) is 


for 2 > 0: 


f<«») ■“ fo(^ “ 2o) + fo, 


[") 


— *■' ( i. ^^■*0 , zy/w~x \ / 


iC2 \ 




th^o formulas holding for „ > 1, no matter what zero approximation is 
i^ed. (The symbols fc. denote the given values of f. r' for 2 = r„ ) 
Deduce the formula (13.452) for focal length. ^ 



CHArTER xn 

applications in dynamics in space— motion of a 

rigid body 

14 1 MOTION OF A RIGID BODY WITH A FIXED POINT UNDER 

NO FORCES 

If . liKul body is oonstrainod to turn about a smooth fixed 
nxis under no forces other than the reaction of tlie axis, the 
motion is eNtrem..ly simple: the body spins with constant angula, 
velocity But if, instead of fixing a hne in the body, fix 
,„ie point only, the motion under no forces is much more oom- 
nlientcd. The problem of finding this motion is of lyidei interest 

than might appear at first sight, for 
the motion of a rigid body relative 
to its mass renter is the same as if 
the mass center were fixed (cf. Sec. 
12.4). 

The mounting of a body so as to 
fix only one point i.s much more 
complicated than that recjuired to 
give it a fixed line. It may be done 
by an arrangement of light rings, 
known as “Cardan’s suspension” 
(Fig. 142). The body is represented 
by the inner circle. The points .4, B 
Fu;. 142 .— Cardan’s suspension, fixed. Rotation of the ring Ri 

about AB gives one degree of freedom. Rotation of the 
ring /i *2 about CD gives a second degree of freedom. Rotation 
of the body itself about EF gives the third. The body can take 
up all positions in which the point O of the body is fixed in space, 
O being the common intersection of -IB, CD, and EF . -\11 the 

apparatus, except the body itself, is to be regarded as massless 
in the mathematical theory; this cannot, of course, be achieved 
in practice, but the masses of 7?i and B. are made as small as 

possible compared with the mass of the body. 
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Thcr(‘ are two ways u( troaliiiK tlu‘ prol)lcm (if tlu* motion of 
a body with a fixf'd point under no force's — the (h'seriptive and 
the analytic. 1'lie (h'seriptive motliod. or inrfhod of Poinsot, 
gives a g(jod (pialitativi' idea of the motion. In the eas(‘ wliorc? 
the body has an axis of dynamical symmetry, tlie description is 
particularly simple; we shall consider that case in detail later. 


The method of Poinsot. 

Let O be the fixed point in the body, and A, B, C the principal 
moments of inertia at (). Let i. j. k be unit vectors fixed in the 
body and directed along the principal axes at O. For the angular 
velocity and angular momentum we have, by (11.50*)), 


(14.101) (0 — wji -j- oj-jj -{- ai3k, h = -•Icoii "t" /tcooj 4“ Coi^k. 

When we say that the body is under no forc(*s. we mean more 
precisely that the forces acting on 
the body have no moment about O. 

(Tlius our argument applies to a 
heavy body under the action of 
gravity, provided that 0 is the 
center of gravity.) Since the ex- 
ternal forces do no work and have 
no moment about 0, we have the 
following facts to assist us in dis- 
cussing the m(jtion : 

(i) the kinetic energy 7’ is 
constant; 

(ii) the angular momentum h is a constant vector. 

From the fii*st of these we have, by (11.404), 





7'^ / 

h. 



0 

Fio. 143.— The iiivuriablo line 
and the invariable plane. 


(14.102) A<j>\ + B(43\ -f- Cwf = 27^ = constant; 

from the second, we know that h has a direction fixed in space 
and also a constant magnitude, .so that 


(14.103) 4- 4“ C-oil — = constant. 

Let us draw through 0 a line OP in the fixed direction of h 
(Fig. 143); this is called the invariable line. Let OQ represent 
the angular velocity w at any instant. Drop the perpendicular 
QN on OP; then ON = w • h/A. But, b3' (14.101) and (14.102), 

(14.104) wh = 2P, 
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and so 
(14.105) 


OT 

- z_ = constant. 

h 


'Phus N is a fixed point duriiiR the motion, and so the plane 
throi.Kh .V, perpendicular to the invariable line OP is a fixed 
plane; it Is called the inrariahlr planr. The extremity Q of the 
ariKular velocity vector u moves on the invanalde plane. 

Let us now take the point of view of an observer who moves 
with tile bodv. (This is what we do in our daily lives, for we live 
on a rotating earth but regard a point on tlie earth’s surface as 
“fixed.”) To such an observer, the vectors i, j, k are fixed, but 
hath the vectors h and w are changing. If i, j, k are taken as 
coordinate axes and the extremity of the vector c> is given 

coordinates x, ij, z, then 


X = toi, y — ^ 

By virtue of (14.102) and (14.103). we have 

(14.106) + /V + C2= = 27’, .4^x^ + + CV = h\ 

In fact, to on observer moving tvilh the body, the extremity Q of 
the angular velocity veetor g> describes a curve which is the inter- 
section of the tivo ellipsoids (14.106). in the body. 

The first of tliese two ellipsoids is similar to the momental 
ellipsoid and has the same axes; it i.s called the Poinsot elhpsmd. 

The invariable plane i.s fixed in space, but to the observer 
moving with the body it is a moving plane. It touches a sphere 
of radius ON, but it has anotlier remarkable property: the 
invariable plane touches the Poinsot ellipsoid at the extremity of 
the angular velocity vector. 

To sec this, wc note that tlie tangent plane to the Poinsot 
ellipsohl at the point (wi. a?;, ws) is 

(14.107) -4(i)iX + BoiUj + Ca)3Z = 27 . 

So the direction ratios of the normal to the ellip.soid at this 
point are 

.Awi, BtD2, Cui. 

But these are precisely the components of angular momentum; 
hence the normal to the Poinsot ellip.soid at the extremity of the 
angular velocity vector is parallel to the angular momentum 
vector, i.e., parallel to OP. This proves the result. 
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.\s \vc have indicated, tlicre are two dirtcrent points of view; 

(i) the point of view of an ol)scrver fixed in space; 

(ii) the point of view of an observer *S’' fi.xed in the liodv. 

It is confvi.sing to try to look at tilings simultaneously from tin; 
two points of view. We shall clarify the situation by taking 
them up separately. 

The observer *S, fixed in space, cuts away (in his imaginaticm) 
all the body except an ellipsoid—the Poin.sot ellipsoid. Ho 
fixes his attention on thi.s moving ellip.soid and on a fixed j)lano 
(the invariable plane). As the body moves, the ellipsoid always 
touches the plane. It actually rolh on the plane, since it has 
an angular velocity vector which pas.ses through the point of 
contact of the ellip.soi<l and the plane. This is a fairly com- 
plicated type of motion; it become.s quite simple, however, 
when the Poinsot ellipsoid is a surface of revolution, as we shall 
see later. But it may in any ca.se be visualized by thinking of 
the invariable plane as a sheet of paper and the Poinsot ellip.soid 


as an inked surface. In the com*se of the motion a curve is thus 
drawn in ink on the invariable plane. On joining the fixed point 
0 to the points on this curve, we get the space cone (cf. Sec. 11.2). 

On the otliOr hand, the observer S\ fixed in the body, turn.s 
his attention to the two ellip.soids (14.106), fixed as far as he is 
concerned, and in particular to their curve of intersection. The 
angular velocity vector traces out a cone (the body cone), formed 
by joining the fixed point O to this curve. 

The two points of view arc brought into contact by the genei al 
result: the space cone rolls on the body cone. The difference 
between the two is this: S regards the space cone as fixed, but 
S' regards the body cone as fixed. 

The above method gives a qualitative, rather than a quantita- 
tive, description of the motion. For a quantitative description, 
we must use an analvtic methorl. 

to 


The case of a general body; analytic method. 

Since the external forces have no moment about O, Euler’s 
equations (12.404) give 


(14.108) 


.Itii — (B — C)c«>2C»>3 = 0, 

Bw2 — — A)(iJ3(ai = 0 , 

C<j)3 — (.4 — B)u)i(ti2 = 0. 
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We have also, as in (14.102) and (14.103), 

) ,lui] + Hul + Cit>l = 2T, 

(14.100) I 1,^. = h\ 

wluM-e T aiul h are eon.stants, which may be found by inserting 
the values of uu. c,. a,, at / = 0. [The equations (14.109) may 

b(‘ deduced from (14.108) directl> -1 

We shall assume that A.B,C are all distinct. Wo may suppose 
,,iad i. j, k rhosen so that A > B > C. Ihen .t follows 

from (14.109) that 

2.4 7’ - h- > 0. 2CT - h- < 0. 

'I'here are three very simple particular .solutions of (14.108). 
'rhese are 

u>i = constant. = 0. ws = 0, 

ui, = constant, = 0. a>i = 0, 


W 3 = constant. wi — 0. 


= 0 . 


'I'hose three solutions correspond to steady rotations about the 
three principal axes of inertia. It is a remarkable fact that these 
are the onlv axes about which the body will spin steadily 
under no forces; the eciuations (14.108) are satisfied by constant 
values of w,. oj, only if two of these constant values are zero. 

'I'urning now to the problem of finding the most general solu- 
tion of (14.108), wc mu.'^t first eliminate two of the unknowns, 
.so as to got a ditferential equation involving just one unknown. 
It i)roves best to concentrate our attention on wj. We solve 

(14.109) for w], wl, obtaining 

(14.110) 0)2 = P - 0w|. Oil = R - 

where P. Q, R, S are positive expressions involving .4, B, C, T,h. 
Substitution in the second equation of (14.108) gives 


(14.111) 


= ( - 


QwlKR - Soil) 


This etpiation is of the same form as (13.312) and may be treated 
in the same way. Thus, from (14.111), we get 


(s)' = » - 


$')(! - 


j. _ ^ 

^ 0 ’ 


(14.112) 
where 

(14.113) 


r = pt, 
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tlio constants }), k l)oinjt p(».'<itivc functions of .1, B, C, T, h, witli 
k < 1. Hence, 


(14.114) w, = ^ .Ml [//{/ - 

where _(o i-s a constant of integration. Sub.stitution in (14.110) 
gives either 

(14.115a) uii = a (In (/)(/ — /ft)], W3 = 7 ‘‘ii (/j(/ — U)], 
or 

(14.1156) OJI = a cn [/>(f — /„)1, = 7 tin [/;(/ - /n)|, 

where a and y are functions of .4, B, C, T, h, determined except 
for sign. When we substitute in (14.108), we find that a^y is 
negative. For definiteness, we may make a positive by suitabli* 
choice of the sense of the vector i; then y is negative. 

That is the outline of the method of finding a>i, uj 2 , ws as func- 
tions of /. The completion of the argument con.si.sts in filling 
in the algebraic details. Care must be taken in selecting the 
constants 0, p, k, so that k is le.ss than unity ; it becomes nece.ssary 
to distinguish between the two cases (a) h- > 2BT, and (6) 
< 2BT. In the former case, we arrive at (14.1 15ff), in the 
latter at (14.1156). We leave it to the reader to verify the 
following results. 

Case (a): > 2BT. 


(14.116a) 


(14.1166) 




\h-^- 

2CT 






a 


\1a(A 

- cy 

p = ■ 

j(h^ - 

- 2CT)(A 

- B) 



j2A T 

- 62 

V 


ABC 


P 


\iS{A 

- B)’ 

k = 

IB- 

c 

2 AT 

- 62 



f2AT - /i2 

^ A 

\1a - 

B 

62 - 

2CT 

7 


yjciA - cy 






^2 

< 

2BT. 









Ih-^ - 

2CT 


• 




a 


\Ia{a 

- cy 


j{2A'j 

r - 

- k^){B 

- C) 



jh^- 

2CT 

V ^ 

V 


ABC 


P 


yjB(B 

-C)’ 

k = . 


B 

62 - 

2CT 



I2AT - 

\jB - 

C 

2AT 

- 62 

7 


\c{A - cy 
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111 establishing those results, the following identity is useful: 

(14 117) (B - C){h-^ - 2AT) + (C - A)(h- - 2BT) 

^ + (,1 - - 2Cr) = 0. 

But the determination of wi, (*> 1 , W3 a.s function.'! of t does not 
complete the .solution of the problem. We should be able to 
tell, from given initial coiulitions. the position of the body at any 
time. To do this, we .specify the directions of the triad i, j, k, 
relative to a triad I. J, K. fixed in space, by means of the Eulerian 
angles d, <p, 'P- Then, by (11.202), 


(14.118) 


wi = sin p 6 — sin B cos p p, 
u-. = cos p B A- sin B sin p p, 
0)3 = cos B p A- P- 


If we substitute for toi, w-j. ^3 from (14.114) and (14.115), ^\e 
obtain three differential ecpiations for 0. p, p. The solution of 
these ecpiations in this general form pre.sents a formidable 
problem. It is greatly .simplified if we choose the vector K in the 
direction of the invariable line, defined by the constant vector h. 
Then the components of h along i. j, k are found by multipU ing 
h by the direction cosines of K relative to i. j. k. These direction 
co.sine.s are easily found (cf. Fig. 118. page 287) by projecting K 
on i. j. k; then* are 


Hence, 


(14.119) 


sin B cos p, sin B sin p, cos 6 


— hsxn B cos p, 
h .sin B sin p, 
h cos 0. 



From these ecpiations. we get 0 and p as functions of t without 
any integration, thus; 


(14.120) 


cos 0 = 


C<o 


tan p = — 


B(jj 


a>i 


To find p, wo deduce, from the fii'st two of (14.118), 


(14.121) .sin B p = W 2 sin p — cos p, 

and so p is obtained by a quadrature, since 0, p, wi, wo are already 
known as functions of t. 
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From the periodic property of tlic elliptic functions, we sec 
that 6, sin \}/, cos <}> are periodic functions of i; in general, <p 
does not increase by a multiple of 27r in a period, and the motion as 
a whole is not periodic. 

The case of a body with an axis of symmetry. 

When the momental ellip.><oid at the fixed point O has an axis 
of symmetry, two of the three moments of inertia -1 , B, C become 
equal to one another. This will l>e the case if the body is a solid 
of revolution of uniform den.'^ity, but all that is actually recpiired 
is the symmetry of the momental ellipsoid. 'I'he motion of the 
body under no forces is then greatly simplified. In fact, the 
simplification is so great that it is easier to discuss tlie problem 
afresh, rather than to apply the formulas of the general case. 
The motion can be determined, both (qualitatively and (quantita- 
tively, by the method of Foin.'^ot. 

Let us denote the principal moments of inertia at O by .4 and 
C, C being the axial moment of inertia and A tlie transverse 
moment of inertia. (This means that C is the moment of inertia 
about the axis of svmmetrv and A the moment of inertia about 
any perpendicular line through O.) The ca.ses A > C and 
A < C ditTer in some respects, but for the present we may treat 
them together. 

The Poinsot ellip.soid is of revolution. Since its center i.s 
fixed and it rolls en the invariable plane, the following facts are 
obvious: 

(i) The body cone and the spa(*e cone are both right circular 
cones. 

(ii) The angular velocity vector is of constant magnitude 
(oj = OQ) and makes a constant angle with the invariable line OP 
(cf. Fig. 143). 

(iii) The invariable line, the angular velocity vector, and the 
axis of symmetry are coplanar at every instant. 

(iv) The axis of symmetry makes a constant angle (a) with the 
angular velocity vector and a constant angle {/3) with the invari- 
able line. 

To get a clear idea of the behavior of the bodj% let us start 
at the instant 1 = 0 ^^^th the body in some definite position and 

with some definite angular velocity w, say OQo. Let ORq be the 
initial position of the axis of symmetrj'. Then a = RoOQq. 
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Let OSo be pcrpciulieular to 0R<, in the plane RoOQo. We 
re-solve w along OIU and 0S„ obtaining components w cos a 
and tc. sin a. Since these are principal axes, the angular momen- 
tum vector h ha.< comi)onents Cw cos a along ORo and dw sin a 
along O.So; it has, of course, no component perpendicular to the 
plane RJ)Qt,. We are now in a position to construct h, and hence 
tlie invariable line OP- The angle 0 (= RoOP) is given by 


(14.122) 


tan ^ = TT tan a. 


We have now to distinguish two cases, as shown in Figs. 144« 
and h. 



Case («): A > C (as in the ca.se of a rod). Here /? > a; the 
angular velocity vector lies between the axis of symmetry and the 
invanable line. 

Case (h): d < C (as in the case of a Hat di.sk). Here /3 < «; 
the invariable line lies between the axis of symmetry and the 
angular velocity vector. 

We have spoken of the instant t = 0. But a similar construc- 
tion may be made at any instant, and, as we have seen, the 
angles a and 0, and the magnitude of the angular velocity o> are 
constants. So the figures we have constructed represent the 
state of affairs at any instant, the plane containing the figure 
rotating about the invariable line OP. This rotation is due to an 
angular velocity to of con.stant magnitude, inclined to OP at a 
constant angle; hence the plane containing the axis of symmetry 
and the angular velocity vector rotates about OP with a constant 
angular velocity. We .shall denote this angular velocity by Q. 

There is one more constant of importance. It is the angular 
velocity of the instantaneous axis about the axis of symmetr>^ as 
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judged by an ob.scuver moving with the borly. We shall denote* 
this angular \flo(ity by u. 

Wc have, in all. the following constants: 

Of, w, f>, 

Of these, a and <i> are eletermined by initial conditions; /3 is given 
by (14.122). We shall now .set up eepiations to find <2 and n, and 
at the .same time get a clear picture of the motion by considering 
the space and hotly cones (Fig.s. 145a anti 6). OP is the invari- 
able line, OQ the instantaneous axis, OR the axis of svmmetrv 
and QN, QM are drawn perpendicular to OP, OR, respectively. 
In each case the space corie is fixed, and the body cone rolls on 



Fio. 145. — (a) The case where A > C. (6) The case where A < C. 

it. This motion is ea.s}' to follow in Fig. 145a. The motion in 
Fig. 1456 may be understood b}' thinking of what the motion looks 
like from above, or by making a simple model out of thick paper 
and working the cones through the fingers in order to reproduce 
the condition of rolling. 

Case (a); A > C. The line OR turns about OP with angular 
velocity O. Thus, in time dt, the point M receives a displacement 

OM sin 0 ^dt = cos a sin /3 OQ\ 12 di, 

perpendicular to the plane POR. But A/ is a point fixed in the 
body cone, which is turning about OQ with angular velocity 
Hence the displacement of A/ is also 

QAf cos a w rff = cos a sin a OQ\ oj dt, 
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since QM cos a is tlic pcrpendiciilur distance of iU from OQ. 
I':(luatinK the two expressions, wo obtain 


(14.123) 

or. by (14.122), 

(14.124) 


_ sin a 

Q = ^ r O), 


sin /3 


a = 


~ C‘ 

OJ * /sill- « + ;t5 “ 


'I'o find n, wo note tliat. in time (U, Q travels a di.stance QNP.flt 
on the space cone. But. from the definition of n, in the same 
time Q travels a distance QMn (it on the body cone. From the 
condition of rolling, these distances are equal to one another, and 

QMn = QN9., 


or 

(14.125) 


sin (d - a) si ll (d - <>) 

71 = \l : — U» — 


Sin a 


sin 0 


In terms of tlie liasic constants, we have 

A - C 

( 14 . 1260 ) n = ^ w cos a. 

The sen.'^e of this rotation n is obviously retrograde, when com- 
pared with o). 

Case (h): .4 < C. The reasoning in this case follows the 
same lines, and we get the same formula (14.124) for Q, while 

C - .4 

(14.126b) n = — ^ — w cos a. 

'I’he sense of this rotation n is direct, when compared with w. 

In the case of the earth, which is slightly flattened from the 
spherical form, we have -4 < C, and the ratio (C — A) /A is 
small. Thus, case (b) applies, but in an extreme form, since the 
instantaneous axis is close to the axis of .symmetry and a is 
small. The angular velocity n represents the rate at which the 
celestial pole, or axis of rotation of the earth, moves round the 
earth’s axis of symmetry. For the period, we have approximately 

27r A 2ir 
C - ^ ‘ 


71 
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If the sidereal day is taken as unit of time, then 27r/w = 1. and 
ealculation gives the value 305 for the period. Thi.'< i)re(liction is 
in poor agreement with observation; for tliougli a rotation of this 
.sort is observed, its period is about 433 days.* The moih'l n.sed 
{a rigid body) proves at fault here, on account of the elasticity 
of the earth. 


Exercise. A circular disk is mounted .so tluit it can turn frcclv about its 
center. Its angular velocity vector makes an alible of with il.s plane 
and 1ms a maKnitudo of 20 revohitions per second. Make a roufjh sketch 
of the space and body cones, atid find and n. 


14.2. THE SPINNING TOP 


The spinning top is the most familiar example of a gyroscopic 
system. Tin* word “gyi'oscope” was invented to denote an 
instrument in whicli the earth’s rotation produced an effect whicli 
could be ob.served. But the word “gyro.scopo” (or “gyrostat”) 
is now used for any .system in which a rapidly rotating body 
is so mounted that it may change the direction of its angular 


velocity vector. 

Why does a spinning top not fall down? How does its rapid 
rotation render it apparently immune to the force of gravity, 
which makes non-spinning bodies fall? It is difficult to give a 
simple answer to this question. The only way to explain the 
phenomenon is to construct the mathematical theory of the top. 
For our purposes, we shall understand a “top” to mean a rigid 
body with an axis of symmetry, acted on by the force of gravity. 
A point on the axis of .symmetry is fixed. Thus we idealize the 
ordinary top by supposing it to terminate in a sharp point (or 
vertex) and to spin on a floor rough enough to prevent slipping. 


Steady precession of a top. 

The motion of any rigid body with a fixed point 0 satisfies the 
equation 

(14.201) h= G. 


where h is the angular momentum about O and G the moment 
of the external forces about O. In most dynamical problems, we 


• Cf. R. N. Russell, R. S. Dugan, and J. Q. Stewart, .-Vstroiiomy (Ginn and 
Company, Boston. 1926), Vol. I. pp. 118, 132. The section of the body cone 
by the earth's surface is a circle with a diameter of about 26 feet. 
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tliink of the foreof^ as given and the motion as unknown; in that 
v'\<c G is given and h is to he found. But we can look at {14.201) 
the other wav round. We may regard the motion a.s prescribed, 

so that h is known as a vec- 
tor function of the time. Then 
(14.201) -shows directly the mo- 
ment G which must be applied 
to the body in order to give this 
motion. 

Let us now describe a simple 
motion of a top. called steady 
precession, and inquire what forces 
must act on the top in order that 
this motion may take place. 

In steady precession, the axis 
of symmetry of the top describes with constant angular velocity a 
right circular cone with the vertical for axis. At the same time 
the top spins about its axis of symmetr>' with constant angular 

velocity. 

We shall use the following notation (Fig. 146): 

a = distance of mass center D from fixed vertex 0, 
m = mass of top, 

A = transverse moment of inertia at 0, 

C = axial moment of inertia at O, 

K = unit vector directed vertically upward, 

(i, j, k) = unit orthogonal triad, with k along OD and i in the 
plane of k and K, 

d = inclination of OD to the vertical. 

We note that 


— mgK 


Fio. 14(i. — \ cctor diagram for top 
in steady precession. 


(14.202) 


K = sin ^ i + cos $ k. 


The angular velocity vector w of the top lies in the plane 
(k, K). It can be resolved along i and k; we shall write 


(14.203) 


a> 


= wji H" 6‘k 


and call s the spin of the top. The velocity of the point D is 

o> X nk = (wii -H sk) X ak = — cuioj. 

We understand by the precession p the angular velocity with 
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whicli ()D lotjite.'^ about K. 


I'lu* velocitv of 1) is tlicn 


pK. X = —pa sin 

Equating the two expressions for the velocity of D. we have 

(14.204) a>i = p sin 0. 

In the steady preces.sion d. a, and p are con.stants. 

The angular momentum is 

(14.205) h = .4w,i + C'.s-k 

= A p sin 6 i + C-'^k. 


This vector lies in the plane (k, K), and rotates rigidly with it. 
Thus h is the velocity of a point with position vector h in a rigitl 
body which turns witli angular velocity pK. Therefore. 


(14.206) h = pK X h 

= p (sin 0 i H- cos ^ k) X (Ap sin 0 i -f- C'.sk) 
= p sin d(Ap cos 6 — Cs)j. 


The steady precession takes place, with assignetl value.s of 
d, p, and «, provided that the moment about 0 of all forces 
(including gravity) is 


(14.207) G — p sin 0{Ap cos 6 — C«)j. 


Now the weight of the top is a force — at D and so has a 
moment 


flk X (~mgK) = —mga sin Oj 

about O. If this is equal to G. as given by (14.207), no force 
other than the weight of the top is requirecl to maintain the 
motion. Thus the steady precession takes place under gravity 
alone if 

(14.208) p(Cs — Ap cos 6) = mga. 

This is a single equation connecting the three constants 
6, p, s. There is, therefore, a <loubly infinite set of steady 
precessions corresponding to arbitrary values of two out of the 
three constants. It is not, however, possible to assign com- 
pletely arbitraiy values of two of the constants; these values 
must be such that (14.208) yields a real value for the third 
constant. 
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If \v(' .<ce a top spinning. 0 aiul p arc easy to observe. In 
tciin.'; of th(‘in, .s- is Ki\’on by 


(14.20!)) 


mga , - 1 /> cos 9 

■ Cp c 


\Vc note tliat. if the precession is small, the spin is great and 
is given approximately by 


(14.210) 



'Phis is a very simple and ii.seful formula. 


Exercisf. X disk, 0 inches in (lijitiictcr, is mounted on the end of a light 
rod I inch long an«l spins rapidly. It prece.sses once in 15 seconds. Find 
apI)roxinintcly the spin, in re*volutions per second, and the velocity of a 
point on the e<lBc of tlu* disk. 

General motion of a top. 

'I'o discuss the general motion of a top. we shall use the same 
tjotation for the constants of the top as that used above. 



Let I, J, K (Fig. 147) be a fixed orthogonal triad, K being 
directed vertically upward. Let i, j. k be an orthogonal triad, 
with k pointing along OD, the axis of symmetry of the top, and 
i coplanar with k and K; thus j is horizontal. The triad i. j, k 
is fixed neither in space nor in the top, but k is fixed in the top. 

Let 6, 4 > be the usual polar angles of k relative to the fixed 
triad. ^ ariations in 6 are referred to as nutation, and variations 
in ^ as preces^on. 

Let 


(14.211) 


— <i3ii -f* W2j + ojak 
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be the angular velocity of the top, and 


(14.212) a = liii + + bbk 

the angular velocit>' of the triad i. j. k. It is ea.s>' to see that 

(14.213) Hi = sin e 4>, ih -S, <>3 = co.^ 9 <p. 


Xow the relative motion of the top and the triad i, j. k consists 


only of a rotation about k. Hence, 


(14.214) wi = = sin 6 <p, 0*2 = ih = 

The angular momentum is 


(14.215) h = Au>ti -j- -dwaj + Cwsk, 
and its rate of change i.s, by (12.306), 

(14.216) h = .'lojii + -leijij + C’a).3k + 12 X h. 

The moment about O of the weight of the top is 

(14.217) G = flk X i-mgK) = -mga sin 9 }. 

The motion of the top satisfies the fundamental equation 

(14.218) h = G. 

When we substitute the expressions given above, this vector 
equation gives three scalar equation.s for 6, and W3. However, 
an indirect method of attack proves simpler, and we shall make 
direct use only of the third component of (14.218). 

The component of (14.218) in the direction of k gives 


CW3 = 0, 

since, by (14.214) and (14.215), 12 X h has no component in the 
direction k. Hence 


(14.219) W3 = s, 

a constant; Ihe spin of the top is a constant. Further, since the 
weight of the top has no moment about K, the component of 
angular momentum in this fixed direction is constant, and so 

(14.220) h-K = a, 

a constant. By (14.214) and (14.215), this gives immediately 

(14.221) A4> sin^ d + Cs cos 6 — a, 
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since K = sin 0 i + cos 0 k. Finally, we have the ecjuation of 
enerjiy 

(14.222) T V = E, 


or 

(14.223) + col) + + mga cos 6 = E, 

E heiiiK a con.'^taiit. Substitution from (14.214) and (14.219) 
^ives 

(14.224) d(r + 4>- Q) + = 2{E - mga cos 0). 

We liave in (14.221) and (14.224) two e(}\uitions to determine 
6 and </) as functions of the time. 

It is convenient to write Cs = /3. Then our two ecjiuitions 
rea<l 


(14.225) 


{ .\<i> sin- 0 = a — 0 cos 0 
j .1(0= + ti>- sin= 0) + = 2{E — mga cos 0). 


Tlie plan is now obvious. We are to .substitute for <j> in the 
.second equation from the first; this will give a differential equa- 
tion for 0. When this is .solveil. the first equation will give 
by a (juadrature. 

Let us put X — cos 0. On multiplying the second etjuation 
in (14.225) by sin= 0 and substituting for 4, we obtain for x the 
differential equation 


(14.226) 




C 


-x=) 

= 2{E — mgax){l — x=). 


This ecpiation may be written 


(14.227) r-=f(x), 
where 

(14.228) fix) = l(2E - 2mgax'^ (1 - x') - 



1 his is a cubic in x, and, by the same form of argument as that 
\i.sed in vSec. 13.3 for the spherical pendulum, we see that it has a 
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graph of the general form shown in Fig. 148; the function f{x) 
has three real zeros Xi, xo, x^, such that 

— 1 < Xi < X2 < 1 < X 3 . 

(In special cases, we may have one or more signs of equality 
instead of inequality.) Thus/(x) may be written 

(14.229) fix) = (x - x,)(x - X 2 )ix - xs). 

Again by the same argument as in See. 13.3. the solution of 
(14.227) is 

(14.230) cos d = X = xj + (X 2 — xi) sn'^ [/>(< - fo)l, 


f(x) 



where p and the modulus k of the elliptic function arc given by 


(14.231) 



m^ajxs — xi) 
2A 


Xa — Xi 

— • 

X3 — Xi 


The constants xi, X 2 , X 3 are functions of the constants occurring 
in (14.228), i.e., the constants of the top and a, /3, E] the latter 
are known when the initial position and angular velocity of the 

top are given. 

The complete solution for the motion of the axis of the top i.s 
given b 3 " (14.230) and 

(14.232) * = ^(1 

Since x is known as a function of this last equation gives <t> 
by a quadrature. 

This analytic solution does not immediately give a clear 
idea of the way in which the top behaves. However, we can 
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coiistriK't the essential feature.s of the motion, by fixing our 
attention on the intersection of the axis of the top with a unit 
sphere having its center at 0. It is interesting to compare the 
motion of this point with the motion of a spherical pendulum. 

In the first place, it is clear from (14.230) that the representa- 
tive [)oint on the unit sphere oscillates between two lev'cls 
0 = 6i and d = 62. given by 

cos 01 = j-j. cos $2 = Js. 

'I'his behavior is like that of the splierical pendulum; but while 
the mean level for tlie spherical pemlulum must lie below the 
center of sphere, that is no longer neces.sarily true for the top. 
There is, however, a more striking difference; in the case of the 



Fig. 149. — Motion of the axis of a top: (a) without loops, {/>) with loops. 

top, we may liave loop.s on the ctir\-c. The absence of loop.s, 
as in Fig. 149a, or the presence of loops, as in Fig. 1496, depends 
on the way in which the motion is .started, i.e., on the values of 
the constants a, d, E. The criterion for the existence of a loop 
is that <f> should .sometimes increa.'^e and sometimes decrease, 
and the condition for thi.s Ls that should vanish during the 
motion. By (14.232), 0 = 0 when x = a/0; since x oscillates 
between xj and xj, it is just a question as to whether a/0 lies 
in this range of oscillation. If it lies in the range, there are 
loops; if not, there are no loops. 

Cuspidal motion of a top. 

A particularly interesting case arises when the top is spinning 
with its axis fixed in position and then released. It starts to 
fall but recovers and rises to its former height, repeating this 
process over and over again. 

This case can be discussed in terms of the theorj- just developed. 
The behavior of a top depends essentially on the cubic f(x) of 
(14.228), and to it we must direct our attention. 
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Fii*at, let us note tliat initially x = .ro (say), x = 0, and = d- 
Hence, by (14.232), a = fixo; also, by (14.226), 



i ^ + tngaxQ. 


Substitution in (14.228) gives 

(14.233) /(x) = ^ (x„ - x)(l - x=) - (ro - x)’. 


Obviously, one zero of /(x) is x = Xo; but is this zero Xi or x-^? 
Differentiation gives, for x = Xo, 


/'(Xo) 


2mga 

~A~ 


(1 - x^) < 0. 


Since this value is negative, it is clear from Fig. 148 that Xn = xo, 
not xi. 

The oscillation of x is from Xj to xo (or Xo), where Xi is the 
smallest zero of /(x). Putting 


(14.234) 



/gg _ C-s- 
4Amga 4Amga 


we see that the three zeros of /(x) are 

( Xi = X - Vy- - 2Xxo + 1, 

(14.235) < X 2 = Xo, 

( X3 = X + VX' - 2Xxo + 1. 

Thus the axis of the top falls down from an inclination do 
(where cos do = Xo) to an inclination d^, where 

(14.236) cos = xi = X - -s/X" - 2Xxo + 1. 

Then it starts to rise again anti swings up to 0 = tfo, where the 
axis is again instantaneously at rest. 

If X is large, i.e., if the spin is great, binomial expansion of the 
radical in (14.236) gives approximately 

. sin^ $0 
cos di = cos do 2 \ — 

The difference di — do is small, and so we may use the approxima- 
tion 

cos di — cos ^0 = — (^1 “ do) sin do. 
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Thv axis falls only through tlio small angle 


(14.237) 


2/1 ffioo 

- 00 = • -sin 00. 

i -.s- 


'Fhe (litTcrential equation of the path of the repre.sentative 
point on the unit sphere is 

d<t> _ 4> _ 0i-^o - 

tlx ~ X +.4(1- X-) \/7(P) 

Since/(x) vanishes like x — xotisx —* xo, it is clear that d<i>/dx = 0 
at the highest positions of the axis. Hence the path of the 
representative point meets the circle 0 = 0o at right angles; the 
path has cusps at these points, directed upward. 


Stability of a sleeping top. 

Anyone who has seen a top spinning is familiar with the 
general nature of the motions discus.sed above. Sometimes 
the top executes a motion of steady prece.ssion, and sometimes the 
more general motion in which the axis of the top nod.s up and 
down !is it preces.se.s. A third tyj)e of motion is often seen, 
in which the top spins with its axis vertical. The axis remain.s 
stationary and there is no apparent motion of the top as a whole — 
it is then said to be a slecfn'ng top. A small disturbance of a 
sleei)ing top produces only a small oscillation when the spin 
is great; when the spin has been considerably reduced by fric- 
tional resistance, the top begins to wobble and ultimately falls 
down. We naturally ask: What is the critical value of the spin 
below which the motion of a sleeping top is unstable? 

'I'he answer is found by examining the cubic /(x) given in 
(14.228). Since 0 = 0 = 0 for a sleeping top, we have, by 
(14.221) and (14.224), 


a = 0 — Cs, E — ^Cs- + mga; 
hence, (14.228) gives 

(14.238) /(x) = (1 - X)’- (1 + x) - 

We observe that x = 1 is a double zero of /(x). Two cases 
aiise: either the third zero of /(x) is greater than unity, or it 
is less than unity. The forms of the graph of /(x) for these two 
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cases are shown in Figs. loOn and 6; in terms of the notation 
used for the zeros of /(x). Fig. 150a shows the case wlierc the 
third zero is Xa, and Fig. 1506 the case where it is Xi. 

When the top suffei-s a small disturbance, the grapli of f{x) 
for the disturbed motion will not be the same as that for the 




Fig. 150. — (a) Graph of /(x) for a stable sleeping top. (6) Graph of /(x) for 
an unstable sleeping top. In eaeh case, the broken curve is the graph for dis- 
turbed motion* 

sleeping top. The difference will be small, however, since only 
small changes in the constants a, /3, E can result from a small 
disturbance. The broken curves in Figs. 150a and 6 indicate the 
way in which the graphs of /(x) are modified by a small dis- 
turbance. In general, the three zeros of /(x) will become dis- 
tinct — tw'o of them must, of course, lie in the range ( — 1, 1), 
and the third must exceed unity. 
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Since, in tlic disturbed motion, the value of x lies between 
(he two smaller zeros of fix), it is clear that one or other of the 
following ilescriptions applies: 

(i) The axis of the top. when disturbed, does not tiepart far 
from its original \'ertieal |>osition — the motion is stable. This 
corresponds to Fig. lo()«. 

(ii) The axis of the top falls to an inclination 0i. where 

cos 0i = Xi 

— the motion is unstable. This correspond.s to Fig. 1506. 

T'o find the critical value of the spin s. it remains to distinguish 
tlie two cases analvticallv. 

The two types of curve are distinguished by the sign of fix) 
at X - 1; it is negative in Fig. 150« and positive in Fig. 1506. 
DitTerentiating (14.238), we find 




this is negative and the mution of a sleeping lop is stable, if 


(14.239) 


j ^ 4 .4 mga 


> 


C 


In the limiting ease s- = \Amga/C-, it is easy to sec that all 
three zeros of fix) coincide at j = 1, and the motion is stable. 

Exercise. Sl><)w that, for a motion of stmcly precession, the cubic /(xi 
Inis a <lo»ible zero lyiiiR in the range (—1. 1 ). Hence show that this type of 
.steady motion is always stable. 

Stability of a spinning projectile. 

Considered mathematically, a top is a solid of revolution 
which can turn freely about a point on its axis of symmetry 
(the vertex) and is subject to a force of constant magnitude and 
direction (its weight), acting at a point on the axis of symmetry. 
If we were to mount the top in a Cardan’s suspension (Fig. 142) 
so as to fix its mass center and then apply to its vertex a force of 
constant magnitude and direction, the mathematical discussion 
would be essentially the same as that given above. If we adopt 
this second point of view, the theorj' of the sleeping top explains 
the stability imparted to an elongated projectile by the spin 
which it receives from the rifling in the gun. 
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As pointed out in See. 12.4, motion relntivc to the mass etnter 
may be treated by regarding the mass eenter as fixed in spaee. 
The weiglit of tlie projectile does not enter into the discussion, 
bccau.se it has no moment al)out the mas.s center. The other 
force.s on the projectile are due to the resistance of the air. These 
are very complicat(*d and .some .simplifying a.ssumption must bo 
made. We .shall follow the older writers on ballistics and assume 
that the forces due to the air are equipollent to a single force 
intersecting the axis of the projectile at a fixed point (the cent(‘r 
of pressure). If, further, we consider only a fairly small period ot 
time, this force may be regarded as constant in magnitude and 
direction, the direction being the reverse of tliat in which the 
projectile is actually traveling. 

If the projectile is moving along its axis of symmetry, we have 
what is essentially a sleeping top. Tlien (14.239) is the condition 
for stability, i.e., the condition that the projectile will not t\irn 
broadside-on to the direction of motion. In this lormula, vV is 
the spin which the projectile has received from the rifling, mg 
is to be replaced by the force of resistance, a is the distance 
of the center of pressure in front of the mass center, C is the axial 
moment of inertia, and A is the transverse moment of inertia 
at the mass center. It should be noted that A refers to the mass 
center, not the center of pressure, because in applying the funda- 
mental equation (14.218) it is the angular momentum relative 
to the mass center of the projectile that is used. 


14.3. GYROSCOPES 
The stability of a gyroscope. 

Let us suppose that a gyroscope (i.e., a rigid body ^\^th an 
axis of symmetry) is mounted in a Cardan’s suspension (Fig. 142), 
so that its mass center is fixed. It is set spinning about its axis 
of symmetry with a great angular velocity s. Now let an 

impulsive couple G be applied to the gyroscope. The instan- 
taneous change in angular momentum is [cf. (12.602)] 

(14.301) Ah = G. 

We have then a vector diagram as in Fig. 151. The vector OA is 
h, the angular momentum before the impulsive couple was 
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applied. It is made ioiiK. because s (and consetiuently h) is 

assumed to be large. The vector AB is Sh, and OB represents 
the final angular momentum. * It is clear that the angle AOB 
is small; in fact, it tends to zero as s tends to infinity. Thu.s, 
the application of an impulsive couple to a rapidly spinning 
gyroscope makes only a small change in the direction of the 
angular momentum vector. It is easily seen that the cor- 

B 

A 

=G 

Flu. 151. — Change in angular momentum due to an impulsive couple. 

responding change in the direction of the angular velocity vector 
is also small. 

This simple re.sult illu.strates the .stability which a rapid 
iotation imparts to a body. The gyroscope shows, as it were, 
an unwillingness to alter the direction of its axis. When it doe.s 
vield, it does .'jo in a manner which continues to cause surprise 
even to those familiar with the theory. 

The gyroscopic couple. 

In Fig. 152a, 0 is a fixed point on the axis of a gyroscope, 
and j a unit vector fixed in space. As pointed out earlier, any 




(6) Relations between ooupte» precession, and spin. 


motion can be produced, provided suitable forces are applied. 
Let us demand that tiie gyroscope shall spin with constant 
angular speed « about its axis, and at the same time that the axis 


shall turn (or precess) with constant angular speed p in the plane 
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perpendicular to j. If k is a unit vector along the axis of the 
gyroscope and i completes the triad, then the angular velocity 
of the gyroscope is 

(14.302) « = !>} + .sk, 

and the triad (i, j, k) has an angular velocity 

(14.303) a = ?>j. 

If A and C are, re.spectively, the transver.se and axial moments 
of inertia, the angular momentum is 

(14.304) h = Apj Csk, 
and its rate of change is 

(14.305) h = ii X h = Cspi. 

Thus the gyroscopic couple G reciuired to maintain this motion is 

(14.306) G = C«/n, 

that is, a couple of magnitude Csp, produced by a pair of forces 
in the rotating plane of j and k. 

The relations i^etween the couple, the precession, and the spin 
are shown in Fig. 1526. It is more interesting here not to show 
the vectors in the usual way, but to represent them hy arcs in 
the planes perpendicular to them. The curious fact, hard to 
understand intuitively, is that the plane of the couple does not 
coincide with the plane of the precession, but is perpendicular 
to it. Instead of j'ielding to the couple, the axis of the gyroscope 
turns at right angles to the plane of the couple. 

It is evident from (14.306) that when the gyroscope spins 
rapidly, a very great couple is required to produce even a mod- 
erate rate of precession. 

Although the diagram of Fig. 1526 shows only a simple gyro- 
.scopic phenomenon, it is very useful from a practical standpoint. 
We note that the three quadrants form a single closed curve. 
As we traverse it in the sense indicated by the arrows, we cover 
the following quadrants in order: 

Couple, 

Precession, 

Spin. 
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'riiis is easy to remember, since tlie letters C, P, S are in alpha- 
betical order. 

Example. .1/1 airplane has a rotary engine, which rotate.'i in a clockwise 
ilinclion when inrwd from behind. The airplane makes a left turn. Does 
the gyroscopic effect of the rotating engine tend to make the nose rise or fall! 

First wo -^vipposo tlial tlic pilot sets the rudder and elevator in such a way 
Oiiit th(' nose (i<tos iioith<*r up nor down. Ihe mass center of the engine 
d(“scri1»os a circular arc C as the :iir[)lane turns (Pig. lo3). The angvilar 

velocity of the erjginc i.s made up of a large 
component along the tangent to C and a 
small vertical ooinponent. due to the turning 
of the airplane as a whole. The quadrants of 
precession and spin arc therefore as shown. 
Hetico, by the rule of alphabetical order, the 
couple (piadrant coine.s down in front. To 
maintain the motion described, the pilot must 
set the rutlder and elevator in such a way 
that aerodynanne forces, acting on them, pro- 
duce the reqjiircd couple. 

If the i)ilot flics the airplane with a rotary 
engine in the .same way as he would fly a 
similar airplane with a stationar>' engine, the 
couple required to maintain the steady flight 
in a horizontal cinde will not be present. 
Situ'C the couple is one which tends to depress 

, the nose, in its absence the nose will rise, 

iio. 153. — Airplone lurtung. ,,,, . ... , x i 

What will happen after the initial lift takes 

place is a complicated question, not covered by the present simple theory. 



The gyrocompass. 

If the spinning of the earth on its axis were much faster than 
it actually is. it would be a .simple matter to devise a mechanism 
l)y which the true north eoidd ho found on a ship at sea. How- 
c\’er. the earth’s rotation is so slow that an apparatus of groat 
delicacy is retiuired. in order that a minute effect may not he 
wiped out by f notional resistances. The modern gyrocompass 
is such a piece of apparatus. The simple system which we shall 
discuss is much les.s elaborate than the gyrocompass as it is 
actually constructed.* However, the basic fact that a spinning 

* Cf. H. L:imb, Higher Mechanics (Cambridge University Press. 1929), 
p. 144; H. F. Deiinel. Mechanics of the Gyroscope (The Macmillan Com- 
pany. New York, 1929); .\. L. Rawlings, The Theory of the Gyroscopic 
(’miipass (The .Macmillan ('ompany, Xew York, 1929); E. S. Ferry, .Applied 
Oyrodynamics (John W'ilcy & Sons, Xew York, 1932). 
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j^yro.scopo enables to fiiul tin* north i.< deinonstrated l)y a 
<iiscus.sion of an ideally simple gyrocompass. 

Ill Fip;. 154, PQ is part of tli(‘ eartli’s axis, <lra\vn from .south 
to north, ^'he point () is on the i*artlrs surface at latitude X. 
Thus the horizontal line, drawn dm* north from O, is inclined 
to the earth’s axis at an ansh' X; this line 
is OQ in the diagram. The unit vector K 
is parallel to PQ. 

A gyroscope is mounted in a Cardan’s 
suspension (Fig. 142) .so that its mass 
center lies at O. But it is not left free to 
turn about 0\ one pair of the bearings in 
the suspen.sion is locked, so that the axis 
of the gyroscope can move oidy in the 
horizontal plane at O. The unit vector k 
lies along the axis of the gyroscope, making 
with OQ a variable angle 6; i is perpen- 
dicular to k in the horizontal plane, and 
j is vertical (i.e., coplanar with PQ, OQ 

and perpendicular to OQ). The gyroscope itself is not shown 
in the diagram; the curve is a unit circle in the horizontal plane. 

The angular velocity of the triad (i, j. k) is made up of the 
angular velocity of the earth, wliich we may write UK, and an 
angular velocity due to change in d, in fact, <?j. Since 

K = — sin 6 cos X i + sin X j + cos d cos X k, 



P 

Fig. 154. — Voctor <]iu* 
grain for gyrocompass. 


the angular velocity of the triad is 

(14.307) G>' = - S2 sin 6 cos X i -h (» + sin X)j 

-h fi cos $ cos X k. 

The angular velocity w of the gyroscope differs from tliis only by 
the spin, which we denote bj" 6k; thus, 

(14.308) 6> = — n sin 0 cos X i + (0 + sin X)j 

-b (s -f 12 cos 6 cos X)k. 

The angular momentum is 

(14.309) h = -A Q sin 0 cos X i + + Q sin X)j 

-h C(s -h cos 6 cos X)k, 

where A and C are, respectively, the transverse and axial moments 
of inertia. 
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'I’o krcp llic axis of the fiyroscopo in the horizontal plane, 
tlie lu’aritigs of the suspension must exert a couple G on it. 
Since the l)earinf;s are assumed to be smooth, no work is done 
!)>' tiiis couple in rotations about either j or k. Hence, G is 
perpendicular to these vectors, and we may write 

(14.310) G = f/'i. 

where G may be either positive or ncKative. 

'i'lie fundamental e<iuation h = G gives 

( 14 . 311 ) — .4ii cos B cos X ^ + .4dj H- r(.<: — sin 9 cos X i$)k 

-I- to' X h = Gi. 


We now pick out the j and k components of this etiuation and .so 
obtain two scalar etpiation.s for .v and 6. However, at this point 
we .sliall make an approximation based on the smallness of 9.. 
X(‘glecting il-. we obtain in thi.s way 

( A6 CsQ cos X sin ^ = 0, 

('■*•■^*2) I _ o cos X sin 0 d) = 0. 

'Fhe second ecjuation shows that .«? differs from a constant value 
(say sy,) only by a small (piaiitity of the order of H. Thus, with 
1>- neglected, the first equation may be written 

(14.313) 0 + «-sin0 = O, 


where 

(14.314) n = 

Now (14.313) is tlie equation of motion of a simple pendulum. 
It is po.ssible for the axis of the gyroscope to go right round 
the horizontal circle, but if the initial values of 9 and 9 are small, 
the motion will be oscillatory. The important fact is this; 
The axis of the gyroscope oscillates symmetrically about the direction 
9 = 0. Hence, ))y bisecting the angle of s^^^ng, we may find 
the north. The gyroscope therefore acts as a gyrocompass, 
indicating the true north; the magnetic compass, of course, 
indicates the magnetic north. 

For small oscillations, the periodic time of swing for the gyro- 
compass is 
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Since is so small (1 re\ulution |)er .sidereal day = 27r, 86.104 
radians per second), the spin of tlie gy roscope (.s.,) must be Kiv(Mi 
a large value in order to make r reasonal)ly small. If \ = ± W, 
the periodic time becomes infinite, and the gyrocompa.ss falls to 
function; but that is only to be expected, for the points in (jue.s- 
tion are the North and South I'oles. 


Exercise. .4s.suniiiifj llu‘ mass of tlio gvro.M-opc < om-riitratcd in a tliin 
ring, find the luiinhcr of revolutions j>cr secotul recpiired for a poriodi<- tiiiu* 
of 10 seconds at latitude 4r>". 


14.4. GENERAL MOTION OF A RIGID BODY 

The general motion of a rigid body consists of (i) motion 
of the ma.ss center an<l (ii) motion relative to the ma.ss center. 
The etiuations governing the.se have been given in Sec. 12.4. 
But it would be wrong to suppose that the determination of the 
general motion always split.s into two part.s- a prol)iem in 
particle dynamics and a problem in the dynamics of a body with 
a fixed point. Constraint.s make the two problems interlock, 
and complications ari.se. We cannot give a general plan for 
the .solution of all sucli problems, but .shall determine the motions 
of two .systems as examples. 


The motion of a billiard ball. 

A billiard ball is struck by a cue. At time / = 0. we suppose 
that the ball is in contact with the table; its center has a horizon- 
tal velocity qo, and the ball has an 
angular velocity wn. We wish to find the 
.subsequent motion of the ball. 

If the table were perfectly smooth, the 
center of the ball would retain the 
velocity qn, and the angular velocity wo 
would also be retained. But we shall 
atssume the table to be rough, with a 
coefficient of kinetic friction m- 

At a general time /, the center 0 ha.s 
a horizontal velocity q, and the ball ha,s 
an angular velocity to. Bet K be a unit 
vector drawn vertically upward (Fig. 155). The reaction of the 
table on the ball at the point of contact P may be written 



Fio, 155. — Ball 

on a table. 


F + RK, 
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where H is the magnitiule of the normal reaction iinf' ^ 
of friction; F, of course, acts horizontally. The weight is mgK, 
where m is the ma.s.s of the ball. Thus the equation of motion 

of the ociiter is. by (12.410), 

U4.401) = F + (/^ “ 

But since tiic i)all remains in contact witlx the table, the aet^lera- 
tion' of tile center lias no vertical component. Thus H - mg, 

ami we have 


{14.402) 


mq = F. 


Since everv axis at O is a principal axis of inertia, the angulai 
momentum about O is h = where k is the radius of gyration 

about a diameter. Tlius tlie expiation for motion relative to 

(} is. by (12.411), 

(14.403) mk'-ui = —<iK X (F + /^K) = —x/K X F, 

where « is the radius of the ball. 

In the vector expiations (14.402) arul (14.403). there are 
actually five scalar expiations. There ai-e seven iinknown.s, viz., 
two components of q. three components of xo, and two components 
of F. Thus, two more expiations are rexpiired; they arc furni.shexl 
by the law of kinetic friction, as long as there is slipping between 
the ball and the table. This law tells us that F acts in a direction 
oppxisitc to the velocity of the particle of the ball at P , and that 

(14.404) F = nR = nmg. 


Thus, 

(14.405) 


F = -firng^i 


where q' is the velocity of the particle at P, given by 


(14.406) 


q' = q + w X ( — aK). 


Hence, using (14.402) and (14.403), we get 


a- 


?nq' = F + ^2 (K X F) X K 


(14.407) 
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since K • F = 0. Thus, l)y (14.405) and (14.407), the derivative 
of q' has a direction oppo.-^ed to q'. This implies that, as lonj? 
as slipping is taking place, the vector q' ha.s a fixed direction. 

Let I be a unit vector in this fixed direction. Then 


(14.408) q' = c/'I. F = 

and, by (14.407), the magnitude of q' changes according to the 
equation 

a 

I 

Hence, 

(14.410) q' = q'„ - ^gl ^1 + 

where fjQ is the magnitiule of qj,, the initial velocity of slipping, 

Wz., 



(14.409) 


f = -Mf/ ^ 


1 + 


(14.411) 


qo — qo — X K. 


By (14.410), we shall have q' = 0 when 


(14.412) 


/ = ^ 


A:2 


^ig a2 + A: 


-2» 


at this instant slipping ceases. It is easy to see that, once slipping 
ceases, the motion becomes a simple rolling in a straight line 
at constant speed, for (14.402) and (14.403) are satisfied by 
constant values of q and w, with F = 0. 

There is a point of interest in connection with the motion of 
the center before slipping ceases. By (14.402) and (14.408), 
w'e have 


(14.413) q = -ugl. 

This means that the acceleration of the center of the ball is 
constant in direction and magnitude, and so the center desciibes 
a parabolic path a>s long as slipping persists. 

The above results hold for any ball in w’hich there is a spheri- 
cally symmetric distribution of matter. If the ball is solid and 
homogeneous, we put k- = fa*. 


The motion of a rolling disk. 

Everyone knows that a child’s hoop, or a rolling coin, acquires 
stability from its motion. If the hoop or coin rolls slowly, it will 
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-l irt to wobl^le violently, bvit if it rolls fast, it can pass over small 
ol', Stacies without being upset. We shall now discuss such 
motions i.lealizing for simplicity to the ca.se where the bodj ha.s 
slnrp'rolling edge. We can treat the hoop and the com (oi 
milecl anv hodv with a sharp circular edge, pos.ses.s,ng an axis 

‘ ■ ■ and a plane of symmetry) in a single 

aisvimcnt hv using general symbols for 
moments of inertia. For purposes of 
reference, however, we shall use the word 





li.<k. 




Fio. 


15Ci. -Disk rolling 
on a plane. 


Figure 156 shows the disk in a general 
position: F is the point of contact with 
the gro\md. which we shall suppose rough 
enough to prevent slipping. Let d be the 
inclination of the plane of the disk to the 
vertical, and the angle between a fixed 

horizontal direction and the tangent to the disk atP. Let (i, j, k) 
be a unit orthogonal triad, k being perpendicular to the disk at 
its center 0 and i lying along the radius toward P; j is therefore 

horizontal and lies in the plane of the disk. 

For the velocity of the center and the angular ^x■loclty of 

the tiisk, we may write 

q = wi + t'j + w’k. 


o> == ojji -b wj + wjk. 


These two vectors are not independent, because the particle 
at P is instantaneously at rest. This gives the condition 


q + w X ai = 0. 

where a is the radius of the disk; or, in scalar form, 

(14.414) a = 0, y + uwa = 0, w - «a )2 = 0- 

These equations determine q when w is known. 

Now the angular velocity Q of the triad arises solely from 
changes in 6 and d>. The former gives an angular velocity 
-dl and the latter an angular velocity <>'about OQ, the vertical 

through 0. Thus, 

(14.415) £i = — cos 0 4>i — d] + sin 6 <^k. 

But the angular velocities of the disk and the triad differ only 
in the k component. Therefore 

(14.416) wi = — cos 0 <i>, OJ 2 = — 
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For the reaction of the kiouikI, uc write 

(14.417) R = H,i + R.^ + /^,k. 

By (12.410) and (12.411), the two vector ecjnatioiis of motion 
are 


(14.418) 


j' mq = R + m^(eos d i — sin 0 k), 
I h = rti X R, 


where m is the mass of the disk and h is the anpjular momentum 
about O; we liave 


h — .4a)ii -{- Aui2j CoJsk, 

A and C being transverse and axial moments of inertia at O. 
Since, by (12.306), 

(14.419) q = lii + rj + li’k + il X q, 

the first of (14.418) gives the three scalar equations 

{ ;«(u — dw — .sin 6 (j>v) = Hi + mg cos $, 

m(v + sin 6 tpu -\- cos 6 (jyw) = 
m{w — cos d + du) = R3 — mg .sin d. 

By (14.414) and (14.416), we eliminate a, v, w and obtain 

( ma{P 4- sin 6 ^0)3) = R\ + mg cos 6, 

(14.421) ) — m«(w3 + eos 6 6^) = R2, 

[ —ma{B — cos $ ijuas) = R3 — mg sin 

Turning now to the second of (14.418), we have 

(14.422) h = .4w,i + + Cwak + ft X h, 

and .so we get the three scalar equations 

f dwi — Cd(j33 — A sin d <j>(A}2 = 0, 

(14.423) / .40)2 + -4 sin 9 + C cos 9 ^3 = —aRa, 

^ Ca>3 — A cos 9 + 4^wi = a/22- 

By (14.416), these become 


A ^ (cos 9 <i>) C9 cj 13 — A sin 9 9<i> = 0, 

A9 A- A sin 9 cos 9 4"^ — C cos 9 <^3 = a/^a, 



(14.424) 
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AssociatinR these eciuations with (14.421), wo have six e<iuation.s 
for tile -MX unknowns 6. (#>, w.i, ^^ 2 . ^^3- T he\ arc t ic cqua ions 

(12.412). applied to our special problem. 

Before proceeding to di.seuss the stability of the disk rolling 
straiglit aliea.l. let us consider simple steady motions satisfying 

tlie eipiations (14.421) and (14.424). 

'I'he most obvious .solution is 


10 = 0 4> = constant, cj3 ~ constant, 

( 14 . 425 ) = 71 *., = 0 . 

This is the straight-ahea<i motion, in which the plane of the disk 
is vertical. .Vnother simple motion is given by 

( 14 . 426 ) 6 = constant. <!> = constant, u>3 = constant. 


The correspomling reactions are. by (14.421), 

/ = ni(n .‘iin 6 tjxjiz — 9 ^). 

(14.427) 5/^-. = 0. 

I 7^3 = m{n cos 6 «^ a >3 + 9 

When we substitute in (14.424), the satisfaction of these equations 
recpiires 

(14.428) (C + ma-) cos d <#.aj 3 + irtga sin 6 = A sin $ cos 6 4>‘', 

this condition must be .satisfied by the con.stant values of 6. <}>, 
W 3 . in order that the steady motion may exist. It is. of course, 
a rolling in a circular path. 

Let us now discuss the stability of the rolling disk. We 
suppose the di.sk to be slightly disturbed from the steady motion 
given by (14.425). In the disturbed state the following quanti- 
ties are assumed to be small, since they vanish in the steady 
motion: 


(14.429) 6, 6, d, 4, <ji, W3, 72i -|- mg, Rz, Rs- 

With only first order terms retained, (14.421) and (14.424) 
become 


( 0 = 7?i -j- ffig, .4 0 4“ C^W3 — 0, 

(14.430) ■! mawa = —R 2 , Ad — C<^3 = aR^, 

* mad — m «<^3 = —R3 A- mgd, Cws = aR2. 
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From the second and last ecjuations we s(*(‘ (hat aj;i = constant. 
Elimination of 4> and Ui from (he other e<juations fjives 

(14.431) .1(.4 + ma-)e + [C(C + - Am(in]e = a. 

where a is a constant of integration. Obviously the coiulition 
for stability is 

(14.432) 0:3 > 

14.6. SUMMARY OF APPLICATIONS IN DYNAMICS IN SPACE - 

MOTION OF A RIGID BODY 

I. Rigid body with fixed point under no forces. 

(а) Fora general body, the motion is given by roiling the Poin.sot 
ellipsoid on the invariable plane; there is an analytic solution 
in terms of elliptic functions. 

( б ) For a body with an axis of symmetry, the Poin.sot ellip.soid 
is of revolution, and the motion is given by rolling the right 
circular body cone on the right circular space cone at a constant 
rate. 

II. The spinning top. 

(a) Steady precession (p) with fast spin (•■?): 


(14.501) 


mqa 

s = 

Cp 


^ (approximately) 


( 6 ) General motion expres.sible in term.s of elliptic functions 
(c) Sleeping top or spinning projectile stable if 


(14.502) 


52 > 


4Atnga 


III. Gyroscopes. 

(a) A finite impulsive couple, applied to a fast-spinning 
gyroscope, alters the direction of the axis of rotation only slightly. 

(b) Gyroscopic couple G required to maintain prccc.ssion p: 

(14.503) G = Csp. 

Couple — > Prece.ssion — > Spin. 

(c) Gyrocompass: 

(14.504) T = 27r 
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IV. General motion of a rigid body. 

(n) CVnter of a slipping billiard ball describes a parabola. 

(6) Rolling disk is stable if its angular velocity w satisfies 

„ -4 7nga 

(14.505) > e(C + m^) ‘ 

EXERCISES XIV 

1. .\ circular disk, pivoted at it.s center, is set spinning with angular 
velocity u. about a line making an angle a with its axi.s. Find, in terms of 
u. and ft. the time taken by the axis of the .lisk to de.scribe a cone in space. 

2. gyroscope cafi turn freely about its mass center 0 wliich is fixed. 
Initially, it is set spinning about it.s axis, which is then struck perpendicu- 
larly. Find the angular velocity immediately after impact in terms of the 
initial sjjin, the moments of in«*rf iu. the magnitude of the impulsive force, and 
its distance from O. Draw a diagram showing the direction of the impulsive 
force, the angular velocity, and the angular momentum just after impact. 

3. The center of a stpiare plate is fixed. If at a certain instant the 
angular vohx'itv ve<‘tor makes an angle of 30' witli the normal to the plate, 
find the inclination of the angular momentum vector to the normal. 

4. .\ rigid Ixnly turns about a fixed point O under the action of a single 
force F (in addition to tlic reaction at the fixed pointl. If the extremity 
of the angular moinentutn vector, <lrawn from 0, lies in a fixed plane P 
throughout the motion, show that F intersects or i.s parallel to the perpen- 
dicular dropp<‘d from O on P. 

5. .\ heavy homogeneous right circular cone spins with its vertex fixed. 
The axis of the cone is \ in. long, and the radius of the base is 2 in. The 
axi.s maintains a coiistajit inclination to the vertical and completes a rotation 
about the vertical in .5 sec. KimI ai>proxjmately the number of revolutions 
por second of the cone ahont its axis. 

6. A lamina turns freely under no forces in three-dimensional motion 
alxrnt its mass center, winch is fixed. I'se Euler’s equations to prove that 
tin* comfionent of angular velocity in the plane of the lamina is constant in 
magnitude. 

7. .\ rigid body turns about a fixed point under no force.s. The momen- 
tal ellipsoid at the fixed point Is of revolution, and the axial moment of 
inertia C is greater than the transverse moment of inertia .4. Show that 
if ft is the angle of inclination of the instantaneous axis to the axis of sym- 
metry, then the semianglc of the space cone is 

. — .4) tan a 

r -b -4 ton* ft 

Noting the inequality C S .4 + /?. satisfied in general by moments of 
inertia, show that the semiangle of the space cone cannot exceed 

tan“* i y/2- 

8. Make a rough estimate of the speed at which a twenty-five cent piece 
must roll in order that its motion mav be stable. 
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9. A solid l>oin(>Kon«*«nis nihoul of 'In, 2m. 4m can turn fro(“l\’ under 

no forces about its center, wliicli is lived. It is >el spinning with an^jular 
velocity a> about a diagonal. Kind the seniivertical an^'l«■ of tin* cone 
.lo-scribed in spa«'c by tlie line through tin- center par.allel to tlie ioiu'cr 
edges, ami show that the time taken bv this lim- to move once rouml tliu 
cone is lOir/tw \ 1 1 i. 

10. A circular disk of mass m and radius n is madi- to roll without slipping 
in steady motion on a rough horizontal plane, its plain* being vertical and 
its track a cinde of radius b. It c<miph*tes a cin-uit in time r. Ibalma* to a 
force at the center of the disk and a <-ouple. the forc<* system (inclmling 
wi'ight and the rcai'tion of the plane) which must act on the disk, in order 
that this motion may take place. The components of the force and the 
couple are to bo expressed in terms of a. b, r. m. 

11. .\ rigid body with an axis of symmetry ran turn about its mass center. 
There acts on it a frictional couple — Xw. wh«*re w is the angular velocity 
vector and X a positive constant. Show that tin* axial component of angular 
velocity is redm'eii to half its original value in a time {(’ log^ 2)/X, where (■ 
is the axial moment of inertia. If re.xceeils the transverse moment of inertia 
.1. show also that the semiangle of the boily cone decreases .steadily. 

12. .\n egg-shaped solitl of r<*volution rolls in steaily motion on a rough 
horizontal plane, the axis of figure being horizontal. Kstablish the relation 

(a- + A-’)/is = <ibn^ 4- bg, 


where a is the radius of the greatest circular section, b the distance of the 
mass center from thi.s .section. A the radius of gyration about the axis of 
figure, and n, s the vertical ami horizontal components of angular velocity. 

13. Prove that a top cannot move in steady i)rece.ssion with spin s and 
inclination e to the vertical, unlojw 


C^s* S 4-4 mga cos 9. 

14. \ solid cone of height 6 and scinivcrtical angle a rolls m steady motion 
on a rough horizontal table, the line of contact rotating with angular velocity 
12. Show that the reaction of the table on the cone is equipollent to a single 
force which cuts the generator of contact at a distance 

A* 12* 

§6 cos a 4 eot a 

* 9 


from the vertex, where A is the radius of gyration of the cone about a genera- 
tor. Deduce that the greatest possible value for il is 

^ (g6 sin or (1 4" 3 sin* a))^, 

2k cos a 

as the cone would overturn if 12 exceeded this value. 

16. A circular disk of radius a spins on a smooth table about a ver^l 
diameter. Prove the motion is stable if the angular velocity exceeds 2 V g/a. 

16. A circular disk of radius a rolls on a rough horizontal plane in steady 
motion. The speed of its center is go, and its plane is inclined to the vertica. 
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at a constant anulc 0. Sliow that the radius r of tlio circle described by the 
(•enter of the disk satisfies tlie e(|uation 

\gr* — cot 9 — qlit cos 9 ~ 
deduce that, when 9 is small, 


r 



approximately. 


17. A rigid body can turn freely about a smooth axis, for which its moment 
of irjertin is I . It is acted oii by a couple of constant magnitude (?, applied in 
such a way that, when the body has turned through an angle 9, the vector 
rei)resenting the couple makes an angle 9 with the axis. If the body is ini- 
tially at rest, find its angular velocity when it has turned through a right 
angle. 

If the axis is an axis of symmetry of the body, find the reaction exerted 
l)V the bodv on the axi.s when it has turned through an angle 9. 

» I 

18. A light axle L carries two gyroscopes; L is their common axis of sym- 
metry. and thev can turn freely about it. L is so mounted that it can turn 
freely about a fixed point on it. halfway between the mass centers of the 
gyroscopes. Kind a (piadrafie erjuation to determine the angular velocities 
of steady processiot* under the action of gravity, in term.s of the following 
constaTits: 

m. m\ the ma.sses of tlie gyroscopes, 

C, C'. their axial moments of inertia, 

A, A', their transverse moments of inertia at their mass centers, 

s, s', their spins. 

2a, the distance between their centers, 

0, tlie inclination of L to the vertical. 

19. A rigi<l body turns about a fixed point under no forces. Show that, 
relative to the body, the extremity of the angular momentum vector h moves 
on the curve of intersection of the sphere 


and the cone 



X* + y* + 2* — /i* 




the axes being principal axes of inertia. 

Sketch the curves, taking A > H > C and considering all possible values 
of 2T/h\ 

20. \ top is spinning about its axis which is vertical. It is at the same 
time sliding over a smooth horizontal plane with velocity qn. The vertex 
strikes a small smooth ridge on the plane, the direction of the motion being 
inclined at an angle a to the direction of the ridge. If the coefficient of 
restitution for the impact is e, find the angle at which the verte.x rebounds 
from the ridge in terms of qo, a, e, and the constants of the top. Find also 
the direction of motion of the mass center immediately after impact. 
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21. .V thin plliptical plate of .'ieiniaxc.'s n, b (a > b) «-aii torn freely about its 
eenter. which is fixed; it is set in motion with an annular velocity n about an 
axis in its plane equally inclined to the axes of the ellipse. Show that the 
instantaneous axis will again be in the plane of the plate after a time 


where 



if)* — x*)~'‘ tix, 


a‘ - b- 
2 fl- + b-' 


22. A thin hemispherical bowl of mass m and radius a stands on u smooth 
horizontal table. A horizontal impulsive force of magnitude P is applied 
along a tangent to the rim. Find the juagnitude and direction of the veloc- 
ity instantaneously imparted to the point of the bowl in contact with tlie 

table. 

Show tlmt, no matter how large P may be, the rim of the bowl will never 
come into contact with the table. 



CHAPTER X^■ 

LAGRANGE’S EQUATIONS 

16.1. INTRODUCTION TO LAGRANGE’S EQUATIONS 

The question must have oreurretl to man>' people: If science 
keeps on Rrowinp; at its present rate, how are .succeeding genera- 
tions of students to keep up with it? We may find a partial 
answer by looking back at what has happened during the past 

two hundre<l vejirs or so. 

% 

First, there has been the development of specialization — a 
Inoad s])ecialization into subjects (pure mathematics, applied 
mathematics, astronomy, physics, chemistry), followed by a 
narrower specialization into branches (differential geometry, 
hydr(Mlynamics. spectroscopy, to mention a few). Each branch 
is now big enough to provide work for a lifetime. A still nar- 
rower specialization is not a pleasant prospect, for intensive 
work in a restricted range becomes in time unintere.sting and 
sterile. 

But. side by side with the growth of specialization, we fin{l an 
increa.sing temloncy to use mathematical method.s. Mathe- 
matics gives to .science the power of abstraction and generalization, 
and a .symbolism that says what it has to say with the greatest 
po.ssible clarity and economy’. The mathematician, penetrating 
deeply into the structure of theories, is often able to detect 
common features, not obvious on the suiface. In this way, 
he breaks down the barriers between restricted fields and brings 
the specialists into contact with one another. Further, the 
mathematician can compress a mass of descriptive theory into 
a few differential equations and so greatly reduce the bulk of 
science. 

Long before science reached its modern state of complexity, 
Lagrange invented a uniform method of approach for all dynami- 
cal problems. Tliis method has formed the basis for nearly all 
work on the general tlieory of dynamics and is the foundation 
on which quantum mechaiuc,s i.s built. In the more elementarv 

444 



Sk<'. 15.1) 


L.UiirWO'h'S liQl AT/OXS 


4 4 ■) 


parts of mechanics, it has not yet .supplanted tlie more ilirect 
and physical approach. ])ecause its ratlier ab.stract and general 
character has made it appear difficult. However, it seems 
probable that as time passes the metliod of Lagrange will work 
its way from the end to the l)eginning of textbooks on mechanics. 
The easier, but more cumbrous, methods are becoming a luxury 
for which we cannot afford the time. 

Instead of proceeding at once to Lagrange’s equations in 
their full generality, we shall start with the case of a particle 
in a plane. Much of the difficulty of understanding the method 
may be overcome by a study of this comparatively simple case. 


Lagrange’s equations for a particle in a plane. 

Consider a particle of mass m. moving in a plane. Let Oxi/ 
be rectangular Cartesian axes, and let A', Y be the components 
of the force acting on the particle. The usual equations of 
motion are 

(15.101) mx = X, rny = Y. 

Now let gi, gi be any curvilinear coordinates (e.g., polar 
coordinates). It will be po.ssible to express x and \j in terms 
of and g-i, and so we may write 

(15.102) X = x{g\, (/ 2 ), y = yig\* 9a)- 
These i*eIations hold for all values of the time i, and .so 


(15.103) 




The partial derivatives occurring here are functions of gx, g^ we 
can calculate them when the functions (15.102) are given. 

Looking at (15.103) in a formal way and forgetting that gi 
is actually the derivative of gi, we may regard them as equations 
expressing the two quantities x, y as functions of the four quanti- 
ties gx, g2, gi, 92 ; we may express this by writing 


(15.104) X = f(gi, g2, 9:, 92 ), y = 92 , gi, 92 ). 


If we speak of the partial derivatives 

dx dx dx dx 

dgi dg 2 ^gi ^92 



]f!-:cnA\/cs /X space 
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Ul) - - 

or the eonosiJoiuUri'? derivatives of we understand tlmt they 
are ealeulated from (15.104). all the (luantitios f/x, r/,. -7. 7, 

I, ring treate<i as constants. exeei>t the one with respect to which 

we dilTerentiate. . n-inQ\ 

But the functions in (15.104) are the same as those in (lo.lOd). 
and so 

^ Oy dy _ ^ 


. fl.r 0.r 

(15.10;)) -r - = V 

dr/i 0 (/\ 


dx 

'd(h 


dx 

d<h 


da 


d(h ^<72 


Furthermore, dx/dqi is a function of 7,. r/.,; so, following the 
motion of the particle, 


(15.106) 


(I ^ ^d^ . d^x 
ill dq\ dq\ dq-> dq\ 


But. on the other hand, if we dilTerentiate the first of (15.103) 
partially with respect to 71, we get 


(15.107) 



'Phis is e(iual to the expression in (15.106). Hence, assembling 
this result with the other results obtained by u.sing 72 and y, 
we have 


(15.108) 


<l d^ 

lit dqi 
(I dx 
(ft dqi 


d£ 

dqi 

ax 

^72’ 


(It dq I d 7 1 

(I dy dy 

(It dq-i dqi 


The equations (15.105) and (15.108) are fundamental in the 
development of laigrange’.s equations. 

The kinetic energy of the particle is 


(15.109) r = Xj- + y-). 

If we substitute for .r and y from (15.103), we obtain a function 
of 7i, 72> q\y 72. 

(15.110) T = Tiffx, 72, 7i, 72)- 


Actually this function is of the form 

(15.111) r = 4(071 + 2/17,72 + hql), 

where n, h, b are functions of 7,, 72. 
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Now, in (15.109). 7' is expi-esscd as a function of .r, //; by 
(15.103), .r, y are functions of r/,. r/... «y,, ry-^; lienee we obtain, 
using (15.105). 


(15.112) 


d'l 

dq 


dx d<]\ (iy dq\ 

. d-r , . Qy 

= inx -- + tny --- 
dqx dqx 


Tlierefore, by (15.108) and (15.109), we have 


(15.113) 


dq 


d or .. dx , .. dy , . dx , . 

dt dqi dqx dqi 

. dx , . dy 

- = mx f- )ny — • 

1 dqi dqi 


.. Oy 


dq 



Subtracting and u.sing the eciuations of motion (15.101), we get 


(15.114) 


d ^ 

dt dqi 


dT _ ^ dx I y dy 
dqi dqi dqi 


There is, of cour.se, a .similar equation with 72 instead of 71. 

Any small virtual displacement* of the particle corresponds to 
' increments 5qi, 672 in the coordinates 71, q->- The corresponding 
increments in x, y are 


(15.115) 5x = 571 + 572, 

^71 dqz 


Sy = 571 + 672. 

dqi dq2 


The work done in tliis displacement is 

(15.116) = A' 5x + y 8y, 


or 

(15.117) 
where 

(15.118) Q, = .v|i + yg; 


6 ir = Qi 6qi + Qz 


£ 


Hence, we have the following result: The motion of a particle 
in a plane satisfies the differential equations 


* It .should be emphasized that this virtual displacement is arbitrary; it 
is not to be confused with the displacement actually occurring in the motion. 
If we want to refer to the latter, we write dx, dy, dqi, dq». 
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(lo.UD) 


(It d('ii df/i 


ddT_^ 

dl dqo dqz 


irhcre r/,, q-i arc any cunnlmcar cof/rdinatcK. T is the kinetic energy 
{expressed ns a function of qi, 72 . 7 i- V 2 ) ^’'^d Qu Qi obtained 
from the expression dW. as in (15.117). for the work done in an 

arbitrary small displacement. 

The.se are Lagrange’s equations of motion. 

The curvilineur coordinates q\, 72 ‘ire, of course, generalized 
coordinates, as discussed in Sec. 10.6; the (luantities Q,. Qi are 

tlie generalized forces [cf. (10.708)]. 

It must he clearly understood that the Lagrangian method 
only provides the dilTerential equations of motion; it does not 
solve them. It is true that the method does give some hints 
helpful for solution, but that is a matter into which we cannot 
go here. 


Exoiriple. Consider a particle of ina.ss m inoving in u plane, under an 
attractive fnr<-e r*. directed to the origin of polar coordinates r, 6. If 
we take ns generalized coortliiiate.s 


- r, qj - d. 

and denote the generalized forces l>y It, H. the equations of motion (15.119) 
read 


±>2T _<2T ^ ^ = O 

lU dr dr “ ' fll 0$ dS 


(15.120) 

Now 

aii<l so 

(15.121) — * nii-, = iiir6', 

(ir t^r 


r = \,n(r- + r*d»). 


— T- = — = 0. 

dd d9 


To find H and O, we luive iforan arbitrary <lisplaceinent Sr, 0 $) 


R Sr + eS$ = ill' = - ^ Sr, 

and so 

(15.122) 9 = 0. 

Substituting from (15.121) and (15.122) in (15.120), we get 

(15.123) rttf — mr6* = — ~ (mr^d) = 0. 

r* (If 


'Phe-sc cqviations are the .same as (5.104i; the pre.sent metho<l of obtaining 
tliem Is simpler tlian the method used earlier. 
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16.2. LAGRANGE’S EQUATIONS FOR A GENERAL SYSTEM 

Lagrange’s equations for a system with two degrees of freedom. 

We pas.-< now from a particle moving in a plane to any system 
with two degrees of freedom, with generalized coortlinates 
r/i, (?2 (cf- Sec. 10.6). Let N be the number of particles forming the 
system, and let the Cartesian coordinates of a particle (of mass 
im) be X.. Vi, 2i (f = 1, 2. • ■ • N). Then x., y,-, 2i arc functions 
of «?i, ^/2, and we may write 

(15.201) xv = x.(«7i, 

Here we have ILV e(iiiations like the two etpiations (15.102), and 
we obtain on ditferentiation 3-V etpiations like (15.103), 


(15.202) 


X, ~ 


y> = 


Zi 


dXi . , dx, . 

<h 


dQ\ 

dZi 


dq-i 


. , dZi . 

dr/1 dq2 


\.s a matter of fact, the whole argument for a system with two 
degree.s of freedom follows very clo.scly the argument for a 
particle in a plane; the complication introduced by having ‘^N 
Cartesian coordinates, instead of only two, is not serious. Thus, 
if we use a symbol $ to stand for any one of the coordinates 
X,. 7/,, 2., we obtain, exactly as in (15.105) and (15.108), the follow- 
ing equations: 


(15.203) 

(15.204) 


dqi 

d ^ 

dl dr/i 


dqi 

dqi 


^ il, 

dq2 ^q^ 

dl dq-i Oq-i 


The kinetic energy of tlie .system is 

(15.205) r = + in, 


\ 


and this is expressible in the form 
(15.206) ^ ^2, 9i. q^)- 
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As in the raso of the sinpk* particle, this is a (luadratic expression 
(15.207) T = hUiq\ + 2^7,7, + bql). 


where «, h, h are functions of 71 . 72 . 
'rhen, by (15.203) and (15.205), 


(15.208) 


dr/i 


V -I- 

\d-r. O 71 d>j, O 7 , 


^ aii dqj 

^ / . dx, . , . dZi \ 

\ ar/i/ 


and so, by (15.204), 


(15.209) 


<l dj 

(H dr/', 



The last term on the right is dTIdq^. Let A'„ l'„ Zi be the com- 
ponents of force (external and internal) acting on the fth particle, 
so that 


(15.210) m,x. = A’„ imji = Y i, m'Zi = Zi. 

'riien (15.209) may be written 


(15.211) 


(J_ ^ 

(It d('ii 


dqi 



Now, if (3i. Qo are the generalized forces, .so that the work done 
in a general displacement is 


(15.212) 511 — Qi Sgi -L Q 2 5q2, 

it is clear from (10,707) that the expression on the right-hand 
side of (15.211) is precisely the generalized force Qi. 

Thus, as.sociating with (15.211) the companion equation 
in 72 , we have Lagrange’s equations of motion for a system loitk 
two degrees of freedom, 


dt dqx 


dqx dt dq 2 dq. “ 

(51T = Qx 8qi -f- Q, 572 ). 


(15.213) 
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The form of these equations is precisely the same as for a particle 
in a plane; no additional complexity has been added by consider- 
ing the general system with two degrees of freedom, of which a 
particle in a plane is. of course, a special case. 

When the system is conservative, with potential energy 
T'(r/i, q-i)y the generalized forces are connected with \ by (10.712). 
Thus, (15.213) may be written 


(15.214) 


sL 

(It d<j 




d<ii 


7 dT or 


lit dq - dq 


>> 


dqz 


Fxiiwplr 1 Wc shall now find the c<iii!»tions of motion of a sphcnciil 
pendulum. U-t be the mass of the particle and a the radius of the sphere 
on which the particle is constrained to move. e take as generalized 

coordinates 


g, « 0 , 


q. ~ <t>. 


where 6 is the angular distance from tl>e higliesi point of the spbeie and 
the azimuthal angle. 'I'lietn 


T = -b sin* 0 1' = 


and so 


dT 


= ma*&, 


’21 = „iir- sin 0 cos 0 <i'-, ^ 

dB 


».rp 

s tna^ sin* 0 


il . 0 , 


= 0 . 

0<t> 


Thus fl5.214) give, as eriuations of motions of a spherical ijeiidulmn, 

— m«* sin 0 cos sin 0, 

^ (m«* sin* B 4) = 0- 
at 

Emmple 2. C’on.sider a bar hanging by one end from a smooth horizontal 
rail It can move oi.lv in the vortical plane through the rad and is under 
the influence of grnvit.v and a horizontal force X applied to its lowest point. 

Let us fiml the cquation-s of motion. 

For generalized coordinates, we take ^ . -i 

g. = distance of point of suspension from some fixed p<.iiit on rail, 

gj = inclination of bar to vertical. 

Then, 

r - I [i + « sin „)]’ + [ J «> «=)][+ 

where w = mass of bar, ■ . c 

a = distance of mass center of bar from point of suspension. 

k — radius of gyration about mass center. 
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’I'lu* ahovr (•xpriv'^-sjori reihice.s to 

T = + 2o co.s 

'I'lif forces !irc nivcti hy 

Q\ + Q: i«7j = A' 6iqi + 2a .sin qt) + fug S(a cos 9 :). 


Thus 


(Ji = A'. Qz = 2Xa cos qt — mga sin qz, 
niid .so the rcpiiitions of luotion iin*. by flo.213), 

m ^ 9'j9:) = A, 

ni ^ (n cf>s qz t/i + (o* + k^)qz\ + '«« sin qz qiqz =2 Xa cos qz — mga sin gi. 

If tlic l)!ir remains nearly ve*rtical, so that q* is small, these equations 
simplify to the approximate form 


7i 4" ffQi — — » 

//( 

, . . 2A' 

7i + 5^7: + 77 j = — • 


Lagrange’s equations for a general system. 

Consider a sy.stcm with n degrees of freedom and generalized 
coordinates r/j, 72 , • • • 7n. The method of finding Lagrange’s 
(•(jiiations in this general ca.se differs from the method given 
above otdy in a slightly greater comple.\ity, due to the n degrees 
of freedom. We shall give here an argument complete in essen- 
tials but omitting details which can be supplied by the type of 
argument ii.'ied earlier.* 

Let niu x„ i/„ Zi {i = 1,2, • • • N) be the mass and coordi- 
nates of the /th particle. Then, for r = 1, 2, • • • n, 



(i_ or 

dt dQr 


V 

2 ^\Ar An 


I \ 


, ^ ^ , ar ai. 

\dx, d<]r dyi dfjr dz 


U dqr) 


.1 

I. ( 


dXi , . dui , . dzA 

ffU I Xi b yi b Zi )' 

dqr dqr dqrj 


X. + y.p + I, f 

dqr dqr dq 


0 





* As in See. 10.6. non-holonomic systems will not be considered. 
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Tliis last ctiuatioii may Im? written in the f<»rni 




where A',, 1\, Z, are tlie eomponents of lOree aetinji on the /tli 
particle. 

Thus, by (10.707), we have L(igr<in(jc\s <(/ua(ions af motion Jor 
a system with n degrees of freedom, 

<‘5-215) <'■ = '•2. ■ »). 

where Qr are the generalized forces, defined by the condition that 
the work done in a general displacement is 

II 

(15.216) 5ir = '^Qr ^<lr. 

r» 1 

If the system is conservative, 

(15.217) Qr=- (r = 1,2, • • ■ /)). 

Two features of Lagrange’s etpiations shouUt be emphasized. 
First, there is no unique set of generalized coordinates; however 
we choose them, tlie etiuations of motion always have the form 
(15.215). Secondly, since only working forces contribute to 5W, 
reactions of constraint are automatically eliminated.* 


16.3. APPLICATIONS 

Components of acceleration in spherical polar coordinates. 

Although the normal u.se of Lagrange’s method is to obtain 
equations of motion, it may sometimes be used indirectly to give 
information not easy to obtain otherwise. Consider a particle 
moving in space. Let us take the spherical polar coortlinates 
r, 6, (i) as generalized coordinates qi, q^, qz- Then, if the particle^ 
is of unit mass, 

r = -^(r^ + r^- + 7-2 sin2 e 

(To obtain this, we need only the components of velocity along 
the parametric lines.) If R, O. 4> are the generalized forces, the 

equations of motion are, by (15.215), 

• Except where forces of friction do work. 



MIir/l.\S/CS IX SiWCE 


[Sk(\ I 0.3 


lo4 


r 


— rd- — r sill* 0 0' = K, 


— ir-d) — /•- sill 6 cos 6 <t>'^ = 6, 
(K 


(ft 


(/•■ sin* 0 0) = 't*. 


Let fr. /fl, /« bo tbo cDinponouts of acceleration along the para- 
metric linos. Those are etpia! to the cominments of force in 
those airectiims. Hence, equating two (UtTerent expressions 
tor work liono in an arbitrary displacement, we have 

5M' = /, 5r + /rtr o0 + J<,r sin 6 dtp = H 5r + H 50 + ‘k 50, 
and so 


(lo.dOl) 


f, fi = r ~ r6~ — r sin- 9 <i>'\ 

= I o = 14 “ '■ ^ ^ 

•' >• r f/f 


= 


1 


-- . < 


/• sin 0 


I. = 


1 


r sin 0 d/ 


(r- sin* 0 0). 


'I'lioso are the components of acceleration along the parametric 
lines of spherical polar coonlinates. 

Normal frequencies of vibration of a system with two degrees 
of freedom. 

hot C be a position of ecpiilibrium of a conservative system 
with two degrees of freetlom. Let us ehoo.se generalized coordi- 
nates .such that r/i = q. = 0 at C. The kinetic energy is expres- 
sildo in the form 

(15.:502) T = i(nqi + 2/iqp/2 + bql), 

where n, h, h are functions of 71, 72. Let us, however, consider 
onh’ fifnaU oscillations about C, so that 71. 72. 71, 72 Jire .small, 
'rhon the principal part of T has the form (15.302), where a, h, b 
are constants, viz., the values of the coefficients for 71 = 72 = 0. 

Consider now the potential energy V. We may choose C 
as .standard oonfiguration, so that V = 0 for q\ = (Ji — 0. The 
expansion of V in a Taylor series reads 

(15.303) F = </, + q, 

doi 072 


+ 


i « 

^ V 07T 


+ 2 


, d^V 2 

^ ^ Q1Q2 -r -tt 
071 072 072 


0 


+ 
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.vr,7”.s- rjji at loss 


4 


wIkmc 1)»c partial dcriv at i\ cs aic c\ aliiat(‘<l f«n’ 71 = 7 ,: = 0 . 
But. by the principl<‘ ol‘ viilual work (U).714). 



for 7 , = 72 = b. Heuce tlie principal part of 1’ is 
(15.304) r = 4(.l7i + 2//7,7. + 


where . 4 , //, B are constants. 'I'lms, to our approximation, 
T and V are homoKeiieous (piaclratic forms witii constant coefh- 
cients, 7 ’ being; (piadratic in the \’<‘locities and I in tlie coordinates. 

We have 


dj' 

dfh 

£r 

d(j2 


= n<}i + h(j2. 


= Ixji -f b('i-2, 



and so Lagrange’s e(iuations read 


dV 

('#(/ 1 

OV 


• Ir/i + 


U<j\ + 


( + h(j» = —{A<i\ + Hq-^, 

(15.305) I ^ -(//71 + Bq^). 

We seek a solution of the form 

7 , = a cos {ut + e), 72 = cos ini + 0 - 

When we .substitute in (15.305) and eliminate a and pi, we obtain 
for a the determinantal equation 


(15.306) 


an- — .1 hn- — H 

hn} - II bn^ - B 


If /Ji, n-i are the roots of this equation, the normal periods (cf. 
Sec. 7.4) are 27r/»i. 2Tr/n-., and the normal fretpicncies art* ;(,/27r. 

It is, of course, as.sumed that the equilibrium is stable. If 
it were not. we should discover the fact through the appearance 
of a zero or imaginary value for n. 


The top. 

Consider a top with fixed vertex 0. The system has three 
degrees of freedom. For two generalized coordinates, we take 
B, 4>, the polar angles of the axis of the top, 0 = 0 being directe<l 



456 


MECHANICS IN SPACE 


(Skc. 15.3 


vertically upward. For the third coordinate, we take the angle 
4/ between two planes, one fixed in the top and pa.ssing through 
its axis, and the other containing the vertical through O and the 
axis of tlie to[). Then the angular velocity has components d, 
sin 6 <i>. at right angles to one another and to the axis of the top, 
and a component -f- cos 6 <j> along the axis. Thus the kinetic 
energy is 

( 15 . 307 ) T = + -sin^ d + cos d <j>y-, 

where A and C are the transverse and axial moments of inertia 
at the vertex. The potential energy is 

( 15 . 308 ) V = niga cos $, 

where a is the distance of the ma.ss center from the vertex, 
l.agrange’s eciuations then read 

! Ad — .1 sin 6 cos 6 <$>' + C sin 6 + cos 6 <}>) 

= mga sin 6 , 

~ [-4 sin- 0 •)> A- C cos 0(4/ + co.s 0 ^)1 = 0, 

Jt ^ ^ 

The last two e<piations give at once the first integrals 

nr; 1 ln^ i ^ ^ A- C cos 0{i + cos 0 <^) = a, 

( 15 . 310 ) ^C{4'A-co^0<i>) =^, 

where a and /3 arc con.stants. (These are actually integrals of 
angular momentum.) When we substitute in the first of (15.309), 
we get a differential equation for 0 


(15 311) 0-1- ~ ^ ~ Q cos 0) _ Tiiga . 


sin® 0 


sin 0. 


If we multiply this equation by 0, integrate once, and put 
cos 0 = X, we get (14,226). The detailed theory of the motion 
then proceeds as in Sec. 14.2. 


Lagrange’s equations for impulsive forces. 

When impulsive forces act, there are instantaneous changes 
in velocity, without instantaneous changes in position. In 
terms of generalized coordinates q,., there are instantaneous 
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changes in but not in q,. As usual, we approach imi)ulsivo 
forces by a limiting j)rocess, in which the forces teml to infinity' 
and the interval during which tliey act teiuls to isero. We 
multiply (15.215) by (H and integrate over tlie interval (/o, /i). 
When the .second term on tlie loft disappears, atid we 

have Lagrange's equations for impulsive forces, 

(15.312) = Q., (r = 1, 2, ■ ■ ■ a); 

oqr 

liere A denotes a sudden increment and Qr arc the generalized 
impulsive forces (cf. (8.112)) 

(15.313) Qr = Urn T' Qrdt. 

These may be calculated from a formula analogous to (15.216), 

n 

(15.314) 6W = ^Qr 5qr, 

r = l 

where hW is the work which would be done in a general dis- 
placement by the impulsive forces if tliey were ordinary forces. 

The Lagrangian method is particularly useful for systems of 
linked rods, because the impulsive reactions are automatically 
eliminated. Thus, to take an e.xample, con.sider the problem 
worked in Sec. 8.3 (Figs. ODa and 996). As generalized coordi- 
nates we take x, y, the coordinates of the joint, and di, B-i, the 
inclinations of the rods to their initial line. Then, for the given 
position (01 = 02 = 0), 

T = + (1/ - a0i)2 -f- + (y + 

where h is the radius of gyration of a rod about its center. Now 
if X, y, 01, 02 are the generalized impulsive forces, we have 

2 5x ? 5y H- 01 601 + 02 602 = P(hy -h 2« 602). 

Thus 

X = 0, f = F, 01 = 0, 02 = 2aP. 

Lagrange’s equations give 

2mi = 0, 

m(y — atfi) + 7hiy a02) — F, 

-ma{y — a^i) + mA:^0i = 0, ^ 

Tna{y + a02) H" ~ 2aP . 
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lleiiC'C \\c with k- — o' 3, 




r_ 

mo 



n 

T 


ma 


16.4. SUMMARY OF LAGRANGE'S EQUATIONS 


I. Finite forces. 

For system with kinetic eiieri^y T, expresse^l as funetion of 
Vo ■ ■ • 'In, 'j\. <h, ■ ■ • 'h- 

d or d'l 


(15.401) 

I 15.402) 

(15.403) 

II. Impulsive forces. 

1 15.404) 

(15.405) 


dt dtjr Bqr 

2 Qrhqr. 


= Qr, (r = 1.2, 


«). 


r- I 


n - - ^ 

dq,' 


for conservative svstem. 


= (.= 1,2, 


n). 


5H' = ^ Q, hqr. 


r-l 


EXERCISES XV 


(To he <lonc by LH^range’s erjuiitioiiR) 

1. Find the equation of motion of a simple pendulum, taking in turn the 
folhoving g<*neralizcd coordinates: 

(ii the angular <lispla«‘eniont, 

(iij the horizontal displacement, 

<iii) the vcrti<-al <lispliu*emoiit. 

2. Find the cipiation of motion of a sphere rolling down a rough inclined 
plane. 

3. Find the e(iuations of motion of a spherical pendulum, taking as 
generalizeil coordinates the horizontal C'artesian coordinates of the bob. 
U(‘du«'e the e<juations to their principal parts for oscillations near the equi- 
librium position. 

4. Four flywheel.s with moments of inertia /i, /.. /,. I i are connected by 
light gearing so that tlieir angular velocities are in fixed ratios 

!)ri\ing torcpies ,V,, .V-, .Vj. .V, are applietl to the flywheels. Find their 
angular accelerations. 

6. Show that if a generalized <'oordinate (fli) does not appear explicitly 
in either T or V, then <)T/d(ji is constant throughout the motion. 
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A rod huHUS by a imivtM'sal joint from its iippi-r c'lul. 1‘or oscillations 
under gravitv, use thc‘ above result and the <*<pi:ili(m ol enerjiv to (in<l a 
differential ofpiation of the first or<h*r for 0. the iin'linat ion <il tin* rod to the 
vertical. 

6. \ pendidum consists of two equal bars AB, BC, smoothly joint<Ml at /f 
and suspetulod from A. The mass of each bar is m, and its letiKth is 2<f. 
Find the normal periods for small oscillations in a vertical plane under 
j'rnvity, in the form 


27rX 



where X is a numerical constant. 

7. The pendulum de.seribcd in Exercise 6 lumRs at rest. A horizontal 
impulse P is applied at its lowest point. Kind the ansular velocities 
imparted to the bars. 

8. The ends of a heavy uniform bar of mass 120 lb. are supporterl by 


sprinR.s of equal strength, the bar being horizontal. The .strength c)f the 
springs is such that a weight \V of 100 lb.. plaee<l getdly at tlie middle point 
of the bar. causes it to descend 1 in. Fiml. to two significant figures, the 
normal frequencies of .small vibrations of the bar (without the weight II ). 
considering only vibrations in which the springs move vertically. 

9. On a sphere, 6 and <t> are polar angles. A partii'le describes a .small 
circle 0 = constant with constant speed q». Find the generalized forces «, <l> 
••onsistent with this motion. 


10. .K carriage has fotir wheels, each of which is a \miforni disk of nia.ss 
The mass of the carriage without the wheels is M. The carriage rolls 
without slipping down a plane slope incliiuMl to the horizontal at an angle 
a. the floor of the carriage remaining parallel to the .slope. .\ perfectly 
rough spherical ball of mass m' rolls on the floor of the carriage along a line 
parallel to a line of greatest slope. Show that the acceleration of the carriage 
down the plane is 


74/ -I- 28m + 2m' 

74/ + 42h. + 2m' ' ^ “ 


and find the acceleration of the ball. 

11. rhombus of equal rods, smoothly jointed, lies on a plane in the form 
of a square. .-Vn impulse is applied to one corner, along the diagonal through 
that corner. Find the angular velocities imparted to the rods, in terms of 
the impulse (P). the imiss (m) of a rod. and the length (2«) of a rod. 

12. smooth circular wire carries a bead. The wire is suspended from a 
point on it. Find the normal periods of small vibrations tinder gravity, 
when the wire swings in its own plane and the bead slides on the wire. Show 
that, when the bead is fixed to the wire, the period lies between these two 
normal periods. 

13. Using the fact that 7’ is a homogeneous quadratic expression in the 
generalized velocities 4,, show that the integral of energy T + T = constant 
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iiKiy hp proved as a mnlhemat i<-al deduction from Lagrange’s equations. 
Note that, if /is a homogeneous function of degree m in Xi, Xi, • • • Xn, then 



14. A gyroscope is mounted in a light Cardan’s suspension (Fig. 142). 
Take Kulcrian angles simply related to the .suspension, and find the equations 
of tnotioii of the system under the action of a couple G applied to the outer 
ring. G being in the line of the outer bearings. 

16. A .system is said to have “moving constraints” when the configura- 
tion of the svsfem is determined by the values of generalized coordinates 


«?|. < 7 :. • • • and the value of the time f. Show that, for such a .system, 
Lagrange’s eipiations hold in the same form as when there are no moving 
constraints, but that tiie kinetic energy is no longer a homogeneous quadratic 
cxpressi<»n in i/i- '/i* ' ' ‘ ')'»• 

Apply this result to fiml the equations of motion of a heavy bead on a 
smooth circular wire, the wire being nia<le to rotate about the vertical diam- 
eter with constant angular velocity 



CHAPTKK X\I 

THE SPECIAL THEORY OF RELATIVITY 

16.1. SOME FUNDAMENTAL CONCEPTS 

The hardest part of a subject is the beginning. Once a certain 
stage is passed, we gain confidence and feel tlnit, if need i>e, we 
could carry on by our.selves. The process of learning is \'ery 
much the same whether in swimming or in mechanics — an initial 
feeling of insecurity is followed by a feeling of power. 

The simple things that we learn first are the hardest to change 
later. Whether they are mu.scular actions or mental concepts, 
they are used again and again until they become part of u.s. Our 
bodies or minds have learned to follow a pattern, which can be 
broken only by a conscious effort. 

Breaking up the Newtonian pattern. 

We arc now faced with the task of breaking up the pattern of 
Newtonian mechanics, to make way for the new pattern of 
relativity, which we owe to Einstein. This would be com- 
paratively easy if it were merely a question of making changes 
in the later and more elaborate parts of the subject. But that 
is not the case. The change is to be made right down in the 
foundations — in our concept of time. 

To show how fundamental the change is, we .shall describe an 
imaginary experiment, putting into opposition the predictions 
that would be made by a follower of Newton on the one hand and 
a follower of Einstein on the other. 

Two clocks stand side by side at a place P. They arc of 
the ver3' finest construction and identical with one another. 
Their readings are the same, and they continue to nin in perfect 
uni.son as long as the.v stand side b.y side at P. One clock is 
left at P; the other is put in an airplane and flown with great 
speed on a long flight, being finally brought back to P and set 
up beside the clock that has stood there unmoved. 

Will there then be any difference between the i*eadings of the 
two clocks? 
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'I'lie practical plivsici.^t will, before an.swering. make inqinries 
to the wav ill which the clock was treated on the flight— 
whether it was knocked about, whether it was subjected to 
extremes of heat and cold, and so on. Let us suppose that the 
greatest care has been taken, so that effects due to these acci- 
<lental causes may be ruled out of consideration. Then the 
answers are as follows: 

Newtonian tlieory: The clocks will show the -same reading.^ ^ 
Kelativitv theory: The readings will not be the same. 1 he 
Hock tliat has Ix'ci'i on tlic flight will he slow in comparison with 

Ww clock that has stayed at homo. 

The follower of Newton reasons along these lines: A perfect 

cioek registers the time. A flight in an airplane does not alter 
this faet, provide<l that proper precautions are taken. Since 
after the flight each clock registers the time, they must agree. 

We cannot vet give the reasoning of the relativist; that 
will come later in the chapter. For the present, we must be 
satisfied with the wonls witli which the relativist would begin 
his attack on the argument of the Newtonian: There is no such 

thing as the time, in any absolute .'<ense. 

It would be impo.-^silile to decide between the two predictions 
by carrying out the experiment we have described. The rela- 
tivist would jircdict a difference between the two readings far 
too small to detect. The airplane would have to fly with a speetl 
eomparalile witli that of light before the effect would be notice- 
able. But it is the principle that is important. Other experi- 
ments can he carried out in which the predictions of the two 
theories are different and the difference is large enough to 
measure; in every case the relativistic prediction proves correct. 
Tlicrc can be no doubt that the theory of relativity gives us a 
mathematical model closer to nature than the Newtonian model. 
We must therefore pay attention to the words: There is no .such 
thing as the time, in any absolute sense. Once that point is 
conceded, the basis of the Newtonian pattern is broken, and the 
way is open for relativity. 


The ingredients of relativity. 

The theory of relativity is divided into two parts: 

(i) the special theory; 

(ii) the general theory. 



463 


Si:r. IG.ll THE SI^ECIAL THEOKY OF liELM'I VITY 


Tile si)ec‘ial tlieorv deals with phenoiuetia in whi<'li gravitational 
attraction plays no )>art. whiU' the^tnuMal theory iniKht he calliMl 
“Einstein's tlu'ory oi j;ra\ itation.” In this book, we shall la; 
concernetl solely with the special thcor>'. 

At this stage the reailer should glance over Chap. I to concen- 
trate hi.s attention again on fundamental matters. Jhirt, but 
not all, of the contents of that chapter will pa.ss over into the 
theory of relativity, and we mu.st umlerstand clearly what 
pa.sses over and what does not. Let us therefore start again with 
a blank sheet and put in, one by one. tlie ingredients of the 
theory of relativity. 

First we introduce a particlv, understootl in the same sense* 
as before. Next we introduce a frame of r(ferenee and an observer 
in it. The ob.serv(*r lias a measuring rod with which he can 
measure the distances Ix'tween the particles which iorm his 
frame of reference. If the tlUtanees between these jiarticles 
remain constant, the observer declares that his frame of reference 
is a rigid body. 

Now we provide the observer with a clock. As in Chap. I, 
this is an apparatus in which the -same proce.^s is repeateil over 
and over again, the rejX’titions defining (’ipial intervals of lime. 
The actual mechanism of the clock tloes not matter. \\ e may 
think of it as an ordinary watch, driven by a sjiring and controlled 


by an escapement. 

As we have indicated above, the transporting of a clock is an 
operation which may lead to curious conseciucnces. W e .shall 
therefore not expect the observer to carry his clock about but 
shall provide him with a great number of clocks, all of identical 
construction. These will be distributed throughout his frame 


of reference and kept fixed in it- 

We must not overlook the fact that the synchronization of 
these clocks raises an important ami difficult (luestion. If there 
is no synchronization, the observer will note some strange things 
as he walks among his clocks. For example, he may start at 
2:15 (by the local clock), walk a mile, and find that the time is 
2:10 (by the local clock). Under such circumstances, in ordinary 
life, one would put a clock in his pocket and walk around, setting 
each local clock as he passed to agree with the clock in his pocket. 

But if our observer does this he finds the following strange 
result. The clocks which he synchronizes in walking out from 
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liis base no lonKor agree with the eloek in )iis pocket when he Is 
walking hack. 

"i'his is tlie same phenomenon as that (h'serihed earlier in tlie 

4 -ase of the clock ami the airplane, and the reason for it will be 

tnade clear later. Tlie eft'eets are so small as to be negligible 

in ordinarv life, but our observer is expected to be mathc- 

maticallv accurate. 

% 

This description of the difficulties of synchronization may 


explain why the theory of relativity has had for the popular 
mind much the same appeal as Alice in Wonderland. Familiar 
ideas are tui'iied upside down. Why does the ob.server not simply 
set all the clocks to show the correct time? The answer is; There 
is no such thing as the correct time. 

We recall that, in C'hap. I. we introduced the idea of an event — 
something happening suddenly at a point. We earry this idea 
over into relativity, where we shall make exten.sive use of it. 
Kveti though his clocks are not yet synchronized, the ob.server 
Is prepared to describe any event by as.signing four coordinates 
to it. Of these coordinates, three are .spatial (x,y,z), and the 
fourth (/) is given by the local clock, i.e., the clock .situated at 
the j)oint where the event occurs. 


Galilean frames of reference. 

W’e have already seen in Newtonian mechanics the importance 
of making a proper choice of frame of reference. The laws of 
Newtonian mechanics take their .simplest form only in certain 
special frames, which we called Newtonian. Similarly, in rela- 
tivity there are frames of reference which are particularly 
convenient to use. These are called Galilean frames of reference.* 
They correspond in nature to rigid bodies situated in remote 
space, far from attracting matter, and without rotation rela- 
tive to the stars as a whole. 

W^e shall now make the following hypothesi.s regarding a 
Galilean frame of reference: 

I. .4 Galilean frame of reference is a rigid body, isotropic with 
respect to mechanical and optical experiments. 


* This is the usual name, ami not a very good one. for Galileo lived before 
Xowton and of course had no idea of the theory of relativity. “Einstein 
frame of reference” would be a better name. 
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To explain this, we note that “isotropic” means “the sann; 
in all ilirections.” 'J'he neighhorhootl of the earth is not i.^o- 
tropic. If we drop a stone, it falls in a definite direetion ainl 
tlie earth’s rotation defines a direetion wliich we ean tleteel hy 
means of a gyrocompa.ss. However, in ajjplying the theory of 
relativity, we may often regard the eartli as a Galilean frame, 
for its giavitational attraction may he small compared with other 
forces involved and its rotation may be of no imj)ortance. 

The assumption — that a I'igid bod^' in remote space is iso- 
tropic is at least plausible. T'o assert that it was not i.sotropic 
would at once raise the (piestion: Why shoukl anj' one direction 
be privileged above another? 

The hypothesis refers to mecduinical and oj^tical (experiments. 
AVe must provide the ob.server with apparatus to perform these. 
We shall therefore give him mechanisms by which he can exert 
forces, and lamias and mirrors by which he can send out flashes 
of light and reflect them. 

In Newtonian mechanics, we had no occasion to refer to light. 
Optics appeared to be a separate subject. In relativity, on the 
other hand, we have to di.scuss optics and mechanics together. 


The synchronization of clocks. 

Space does not |)ermit us to attempt an axiomatic treatment of 
the theory of relativity. To reach the most interesting deduc- 
tions quickly, we shall outline some steps in the development 
without proof. 

Thus, we shall only .sketch the method of synchronization of 
clocks in a Galilean frame of reference. The .synchronization 
is done by means of light signals. Taking the clock at the origin 
O as master clock, the ob.server sends out flashes of light to the 
other clocks, fiom which they are reflected by mirrors back to O. 
Let h and (2 be the times (as given by the clock at O) at which a 
flash leaves O and returns to it after reflection at a point A. 
In ordinary life, we should rea.son in this way: If v is the velocity 
of light and r the distance OA, the light would take a time r/v 
to go and a time r/v to return. T"hus (2 ~ it = 2 r/v, and the 
time of arrival at A is 


t = tx A- r/v = tx A- Uh - ft) = Adi + h). 

But we cannot use this argument, becau.se v^elocity is a derived 
concept, depending on the measurement of both distance and 
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time. We be arguing in a circle if we used velocity to 

ileane time. We shall merely adopt a.s dehnition of synchroniza- 
tion that tlie clock at .1 is synchronized when it is set to read 
.j(/i + ( 2 ) ut the instant when the flash strikes it. By this rule, 
all the clocks may be synchronized with the clock at 0. 

We ask the reader to accept the fact that, in consequence of 
tlie assumption of i.sotropy, this synchronization is satisfactory- 
'I’liat is, a repetition of the proce.ss, with another clock as master- 
clock. will and all clocks reading just what they ought to read, 
.so that no change in the settings is necessary. This means that 
there is no confusion such as we predicted earlier, in the case 
where the synchronization was attempted l^y carrying a clock 

about. 

The obser^•er now has a serviceable time system. He can 
measure velocities, and in particular the velocity of light. By 
virtue of the a-ssumed isotropy, this proves to be a con.stant, 

the same for all directions. 

Although we have met .some new ideas in connection with 
synchronization, there is nothing new or strange about the final 
picture of a Galilean frame of reference and the time system we 
have set up in it. It differs in no e.ssential way from the concept 
we liave u.sed in Newtonian mechanics. We do not encounter 
the real peculiarities of relativity until we consider two Galilean 
frames of reference and the relation.*? between them. 


16.2. THE LORENTZ TRANSFORMATION 
The principle of equivalence. 

Let us suppo.se that wc can shoot a rocket right out of the 
solar system. In this rocket we place an observer. When the 
rocket has pas.sed far beyond the solar system, it forms a Galilean 
frame of reference. The observer has lost the sense of motion 
he had when rushing past the planets. He sees' around him 
nothing but stars, and they are so far away that they appear 
fixed. 

A second identical rocket is shot out with a greater speed and 
on such a track that it overtakes the first. In it there is also an 
observer. Now we have two Galilean frames of reference. 

Imagine that the two observers leave their rockets and travel 
independently in space. One of them comes upon one of the 
rockets. How is he to tell whether it is the rocket he occupied 
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before or the otlier one? To answer tliis (juestion, he Ls allowe<) 
to perforin any incH lianical or optical experiments lie chooses. 

The same (jiiestion in a ililfiMinit ftirm occurred to tin' pli\ sicist 
Miclielson in 1S81. What he asked iniKiit lx* put thus: Is it 
possible to tell the sea.son of tlie year {i.e., the position of the 
earth in its orbit round the sun) liy means of optical experiments 
performed on a clouded eartli? The earth at tlie two seasons 
corresponds to the two rockets (Galilean frames of reference). 
It was fully expected that the season could Ije determined in tliis 
way, for it was then believed that light was jiropagated in an 
“ether,” and the ditference between the velocities of the earth 
through the ether at the two seasons should be a measurable 
quantity. 

The qiie.stion w'as put to experimental test by Michelson 
and later by Michelson and Morley in 1887.* The expected 
result was not obtained. As far as this experiment was con- 
cerned, the two seasons (Galilean frames of reference) were 
indistinguishable. 

Generalizing from the negative re.sult of the Michelson- 
Morley experiment, wc make the following sweeping hypothesis: 

II. Phinciple of Equiv.\lknce. Two Galilean frames of 
reference are completely equivalent for ALL physical experiments. 

This gives the answer to the question raised earlier. The 
observer is not able to tell w'hich rocket he has found. No 
experiment he can perform will tell him which it is — they are 
indistinguishable, like identical twins. 

To the hypothesis already made we add another: 

III. Any two Galilean frames of reference have, relative to one 
another, a uniform velocity of translation. The. relative velocity 
is less than the velocity of light. 

We may recall that, in Newtonian mechanics, two Newtonian 
frames of reference are similarlj' related, but in that case there is 
no restriction on the relative velocity. The assumption that the 
velocity of light is a limit which cannot be exceeded is something 
essentially new. 

To sum up, we have made three hypotheses in all. The first 
deals with a single Galilean frame of reference; the last two con- 
cern the relations between two Galilean frames of reference. 

* For an account of the Michelson-Morlcy experiment, see L. Silberstein, 
The Theory of Relativity (Macmillan Conipanj', Ltd., London, 1924), p. 71. 
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The Lorentz transformation. 

lot S and S' be two Galilean frame? of reference. (We 
without confusion also use these letters for observer ,n 
the two frattu-s.) Consider any event, observed by both observ- 
crs To tlii^ event. S attache^ coordinates {i,y,z,t), and * 
attaches coordinates (x'. //'. <'). In doing this, each observer 

uses his own measnring ro.l and clocks. The event determines 
(lie coordinates, and conversely the coordinates determine the 
event Thus, considering all possii>le events, four numbers 
(,- V 2 /) determine an event, and that in turn determines the 
four numbers (r'. //. s'. I')- The last four numbers are therefore 
functions of the first four, and we express this by writing 

(10.201) t' = f{x.ij,z,t), y' = 9{x,y,zJ). 

z' = h(x, y, z, 0. t' = y- 2 , 0- 

Such relations, connecting the coordinates of two Galilean observ- 
ers, constitute a Lorvnlz transformation. 

We have now to investigate the forms of these function.s. ^^ye 
shall not, however, suppose that the axes Oxyz and Oxyz 
are given arbitrary directions in the resiieetive frames. We shall 
suppose them so chosen that Ox and 0 x lie on a common line 
when viewed by either obseiwer. this line being parallel to the 
relative velocity of either frame with respect to the other. We 
shall consider the Lorentz transformation only for events occur- 
ring on this common line. Thus y — z = y' = z =0, and the 
transformation is of the form 


(16.202) 


/ 0. t' = K-r.O. 


We must carefully avoid the ulea that there is any “absolute 
frame from which S and S' may be viewed. We must look at 
things either as they appear to S or as they appear to S'. Fimt. 
S sees the particles of his own frame. They are fixed as fai 
as he is concerned, anti through them there pass the particles of 
the frame <S'. These particle.s all move parallel to Ox with a 
con.stant speed T', the speetl of S' relative to S. Similarly, to 
S' the particles of his frame appear fixed, and the particles of S 
pass with a speed directed in the negative sense of 0 x . 
To do justice to both observers, it is best to draw two diagrams, 
as in Figs. 157a and h. In Fig. 157a we take the view of S and 
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(•(HiatioH. 'I'lms, if oiio of tlio Lujiiatioiis is satisfied, 
other, and tlierofore uc liave the identity 


so is the 


(16.203) 


iW^ - = k {dr- - dx-fr-), 


whore k is .some unknown faetor. But by the principle of equiv- 
alence we must also luive 


(16.204) dt- - dx-/c- = k (df'^ - dx"^/c-). 

Comparing tliese two identities, we see that k- = 1, and so 

A* = -fl or —1. To see which value to take, we follow the 

particle O', fixed in S’. Then dx' = 0, and so, by (16.203), the 

history of O' satisfies 
% 



But, by hypothesis III, {dx/dl)- < c-; hence, A* = +1. Accord- 

iiiffl.v. 

(16.205) dV^ - dx'Vc-'- = dr - dxyc\ 

The Lorentz tran.'^formation tnu.st be such that this identity holds. 

We shall a.ssume tliat the transformation is linear, and that the 
zeros of time are chosen so that t = t' = 0 when O' i.s passing 
through 0. Tims we write, in place of (16.202), 


(16.206) .r' = aj + 0t, t' = a'r -f 


where a. 0, a', 0' are constants so connected that the identity 
(16.205) is sati.sfied. We have 


1 dx' = a dx 0 d(, dl' = a' dx -|- 0' dt, 

(16.207) I dt'- - dx'yc^ = (a' dx + 0' dty- - (a dx + 0 dt^/y- 

( = dr - dxycK 

and so. equating the coefficients of dx-, dt-, and dx dt. 

(16.208) a=-cV2=l, ^2 _ = .^ 2 , a0-r-a'0' = O. 

Let \is define <f>, <t>' by the equations 

(16.209) .sinh <t> = ca, sinh </>' = 0/c. 

Then, by the first two equations in (16.208), we have 

a = cosh 4>, 


0' = cosh 4>', 
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aud tlio last of (16.2US) f^ivos 

sinli {<^)' — <t>) = 0. 

'Pluis <t>' = <t>. and the transfonuation (16.206) is 


(16.210) 


x' = X co.'ili <p + ct sinh 
ct' = X sinh (t> cl cosii 4>- 


It is easy to verify directly that this transformation satisfies 
(16.205) for any constant <t>. 

To identify <t>, we take the viewpoint of S and follow the 
particle O'. For O' we have x' = 0. dx/df = V, and .so differen- 
tiation of the first of (16.210) gives 


(16.211) 

hence, 

(16.212) cosh <t> = 


tanh 4> = —V/c', 


sinh = 


-V/c 


Vl - VVc- 

So we have the Lorentz transformnlion 

(16.213) x' = y{x - Vt), t' = y (t - 

1 


V"! - Wc' 


y = 


v/i - rvc- 


Solving for x, I, we get 


(16.214) 


X = Tfx' + Vi'), t — y ^ 



If we now take the viewpoint of S' and follow O, wc have x 0, 
fix' /dV = —V\ where V' is the speed of S relative to S'. But 
when we put x - 0 in the fii-st of (16.214) and differentiate, we 
obtain dx' /dt' = -V. Hence V' = F, as indeed wc might have 
anticipated from the principle of equivalence. 

Now we have the explanation why the theory of relativity did 
not force itself on the attention of mankind long ago. Apart 
from the high velocities of electrons, which were not observed 
until comparatively recent times, physicists and astronomei-s 
have had to deal only with relative velocities very small indeed 
compared with the velocity of light. If V/c is small, then y is very 


472 


Mf-X'HAXICS IX SPACE 


(Sec. 1G.2 


nearly unity; ns V c 
lends to 


0, the Lorentz transformation (16.213) 


(10.215) y = j- - Vf, t = i. 

as in Newtonian mechanies (ef. See. 5.3). 

Immediate consequences of the Lorentz transformation. 

'I'o a per.son aeeu.stomed to thinking in the Newtonian way, 
some of the prediction.s of the theory of relativity are startling. 
Outstanding among these are the contraction of a moving body 
and the .slowing down of a moving clock. These apparently 
curious facts are consecpiences of the Lorentz transformation 
(16.213). 

First, let us consider a measuring rod which *S' lays down 
along his axis O'j'. To him it is a fi.xed measuring rod. U A, B 
are its ends, the history of is a seciuence of events for which 
.r' = {x')a, a constant, and the liistory of B is a sequence of 
events for which x' = (x')/,, also a constant; the length of the 
rod is 


(16.216) L’ = (x')b - {x')a. 

\ iewed by S, the rod is not fixer!. An instantaneous picture, 
taken by S at time t, .shows A at (x)^, .say, and B at (x)^. If 
a.sked what is the apparent length of the rod, 5 naturally says 
that it is 


(16.217) L = (x)« - (x)^. 

Now, by the fir.st equation of (16.213), 

I (x')« = y[{x)B - Vi], 

\ (y)x = y[{x)A - Vil 


(16.218) 


and subtraction gives, in view of (16.216) and (16.217), 

L’ = yL, 
or 


(16.219; L = L'/y = L' Vl - Vyc^ < V. 

Thus L is less than L'\ the rod appears to S to be contracted in 
the ratio v^l — 

We might expect that, if S' viewed a rod fixed in 5, he would 
see an expansion instead of a contraction. But if we carry out 
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tlu‘ calculation, now nsin«^ (Hi. 214) in.stcuti of (16.213), wo find 
the same contraction aKain. Ench ithsernr cuttsi/lrrs that ihr 
ineasui'ing rod of the athcr f-s coulroried . 

Now let us consider a clock carried alonj; in S'. Let (/').t, 
{f')B be two readiiiKs of the clock. These are two event.s, both 
with the same x', ami with I' = (I')*. I' = «')». lospectively. 
Viewed by -S, the clock is moviuK; let tlie times of the two events 
be (0^. (Ofl, respectively, as measured in liis time system. From 
the second equation of (16.214), we have 


{0« = y 


(16.220) 


it) A = y j^(f')A + j- 


By subtraction, 

(Ofl — 
or 

(1G.221) r = ir = 

where T is the time interval recorded by S and T' the time 
interval reeorded by S'. Since 7” < 7’, the clock carried by 
S' appears to S to be running slow. Just as in the ca.se of 
contraction of length, this result works both ways. Each 
observer considers the clock of the other to be running slow. 


Space-time. 

It does not seem possible at first sight to <lo justice simul- 
taneously to each of two Galilean observers, for it appears neces- 
sary to take the point of view of either the one or the other. 
This difficulty is overcome by using a space-time diagram. 

There is nothing peculiarly relativistic about a space-time 
diagram. We have used the idea in Newtonian mechanics, 
as in Fig. 78, when we plotted the position of a damped harmonic 
oscillator against the time. But it is in relativity that we get 
full advantage from this idea. 

Consider first one Galilean observer S. Draw oblique Car- 
tesian axes on a sheet of paper, and label them fix, Ytt (Fig. 158). 
(We use Q instead of 0 for origin, to avoid confusion \sAth the 
origin of the observer’s axes.) Any event which happens on the 
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axis of Ox in tlie ol)scrvcr's frame will liave attached to it values 
of X. and t. It can then l)e represented hy a point in Fig. 15S, 
which is our spac<‘-tiine diagram. The history of a particle moving 
along Ox will appear as a curve C in the .space-time diagram. 
If it moves with uniform velocity, dx/iU Ls a constant, and the 
curve hecomes a straight line C\. 

(’onsider now a .second Galilean obsen'er S'. Instead of 
making a new space-time diagram for him, we superimpo.se his 
diagram on that of S. But we u.se new oblique axes Ux't' 
(Fig. 151)), so related to 9.xl that the geometrical law of transfor- 
mation of coordinates in the plane is precisely the Lorentz 
transformation (1().213). Now any event E ha.s, of cour.se, two 



Fi<i. 15S. — Histories of partiries 
ill the spftoe*tinio <liatfruiii. 


Fig. 159. — An event E. 
and the spacc^time axes of 
two Galilean observers. 


pairs of labels (j, /), (r', /'); but since the.se are connected by the 
Lorentz transformation, E appears as a single point in the space- 
time diagram. 

In fact, the space-time diagram give.s us a representation of 
events independent of the frame of reference. It is the same 
situation as we have in geometry. The .sides of a polygon drawn 
mi a plane have equations which depend on the choice of a.xes. 
The polygon itself is .something ab.solute. 

We must not. however, rush to the conclusion that the ordinary 
methods of geometry can be carried over completely into the 
plane of the space-time diagram. For example, in ordinary 
geometry we are accustomed to speak of the distance between 
two points as something intiependent of the axes used. If we 
liave two .sets of rectangular axes Oxy, Ox'y' in a plane, then the 
stpiare of the distance between adjacent points is 


(16.222) 


dx'^ -f = dx'^‘ -b dy'^. 
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III fact, the quadratic expression dx- + <hj- is an invariant. 

But in the space-time diaKiam 

dt- + d.r~ ^ dt'~ + dx'K 
Tlie invariant (piantity is, by (10.205), 

(16.223) d/-’ - dxyc-'- = dt'~ - dx’yr\ 

In geometry, we tUmote tlie in\’ariant (16.222) l)\ ds~ and 
call ds tlie di^Uinve between two adjacent points in tlie plane. 
This suggests that we should give a name to the square root of 

(16.223) . However, the minus .sign introduces a complication, 
since the invariant may be negative, and hence its square root 
imaginary. So we put 


(16.224) 


e d^- = dl- - dxyc\ 


where e = +1 or —1, accortling as the exiire.ssion on the right is 
positive or negative. We call r/.v the reparation between tlie 

events (x, f) and (x + (/j, i + dt). 

In the ca.se of two events which are not adjacent, we define 
the .separation as 5 = jds, taken along the straight line joining 
the points in the space-time diagram which correspond to them. 
Since dx/dt is constant along a straiglit line, we easily find 


(16.225) 


6.V-J = (b - t.)- - (x, - x..)-/^-, 


where the two events in question are (xi. b) and (xa, b). We note 
that if the two events have the same x, the separation is simply 
the ifferenee between the Ts; if they have the same i, the separa- 
tion is the tlifierenee between the x s, divided b^ r. 

The lines in the space-time diagram satisfying one or other 

of the equations 

(16.226) dt = dx/c, dt = -dx/c, 

are called null lines, because the separation between any two 
points on such a line is zero. Clearly a null line represents 
the history of a flash of light traveling along the axis Ox of a 

Galilean frame, in one direction or the other. 

So far we have made no hypothe.sis regarding the motion of a 
particle in a Galilean frame. We shall postpone the discussion of 
motion under a force to Sec. 16.3, but now accept the law that a 
free particle travels in a straight line with constant speed, just as in 
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Newtonian mechanics. This means that a free particle traveling 
along Oi moves in accordance with 

dx 


dl 


= w, 


wliere u is a constant. It.s history appears in the space-time 
diagram as a .straight line, with etiuation 


(16.227) 


t = constant. 

u 



We shall now show how the contraction of a moving rod and 

the slowing down of a moving 
clock ai>pear in the diagram. 

In F'ig. 160 the lines a, b 
represent the hi.stories of the 
ends of a measuring rod lying 
on Ox' and fi.xed in S'. These 
lines arc drawn parallel to V.t', 
because the x' of each end of 
the rod is a constant. The 
length L' (judged by S') is 
proportional to the separation 
A'B'. To get an instantane- 
ous picture from the viewpoint 
of iS, we draw a line parallel 
to fir (i.e., with t constant), 
cutting rt, 6 at .1, B, respectively. Then the length L (as judged 
l)y S) is proportional to the separation AB. That L ^ L' is 
evident from the diagram. 

The line a in Fig. 160 may also be regarded as the historj' of a 
clock fixed in S'. In it.s hi.^tory. A', A are two events?, and the 
time interval T' between them (as judged by S') is the separa- 
tion A' A. As judged by 5, however, the interval between these 
events is T, the increase in t in passing from A' to A ; it is, in fact, 
the separation C-4, where CA is drawn parallel to Qt. It is 
evident that T 7 ^ T. 

There are some facts about the space-time diagram which we 
leave to the consideration of the reader. Why do the axes 
Ux't' not interlace with Uxt? Why does T appear smaller than 
T' in Fig. 160, whereas we have proved the reverse in (6.221)? 


Flo. -Space-tiino diagram for the 
rontruction of a moving rod and the 
slowing down of a moving clock. 
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Is it true, for a triaiiftlc in the space-time «liap.ram. that tlu‘ sum 
of tlic separations repi-esentecl by two si<l(‘s is jjieatca tlian flu* 
separation represente<l Uy tlie tliinl side? 


16.3. KINEMATICS AND DYNAMICS OF A PARTICLE 


Composition of velocities. 

Let P, Q be two particles traveling witli uniform velocities 
Ui, Ui along the axis Ox of a Galilean frame of reference .S, 
What is the relative velocity of the two particles? In Newtonian 
mechanics, we should answer: »2 “ Wi- Li relativity, we say 
that this is only the difference between the velocities. The 
velocity of Q relative to P is the velocity of Q as estimated by a 
Galilean ob.server *S' traveling along with P, i.e., using a Galilean 
frame of reference in which P is fixed. 

Between S and 5' we have the Lorentz transformation 
[cf. (16.213)1 


(16.301) 





Vl - 



Con.sider now the motion of Q; for it, dxfdt = u^, and its velocity 
as estimated by S' is 


(16.302) 


u' = 


dx' 

dt' 


dx — Vi dl 


U2 — Vl 


dt — uidx/c- 1 — M 1 W 2 /C* 


This is the law which replaces the Newtonian law, 


(16.303) u' = U2- ui. 

We note that, if Ui and are small compared with c, (16.302) 
diffei's very little from (16.303). 

If we solve (16.302) for Ua and then make a change in notation, 
we get the relativistic law of composition of velocities: If a particle 
moves with velocity ui in S', and S' has a velocity U 2 relative to S, 
then the velocity of the particle relative to S is 

^ U\ + U2 

( 16 - 304 ) 1 + 


Proper time. 

Let S be a Galilean frame of reference, and let P be a particle 
traveling along the axis Ox ^^^th uniform velocity u. It may be 
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r,-K-inlo(l as a partiflc of a second Galilean frame S\ Consider 
two adjac<'nt events in the idstory of P; the time interval dt’ 
l.i-tween them (as estimated hy a clock carried with P) is, by 

( 16.213). 


(U — u <lx/c^ 

Vr- aVe-' 


Ihit dx'(U = a. arul so 


di' = dl \/l - a- 'c- = Vdt- - d.f\^c:^ == f/s, 

where ds is the separation between the two events. 1 hus the 
.separation e(iuals the time interval, as measured lyy a clock carried 

witli the particle. 

Hitherto we have consi<lered only particles with uniform veloc- 
ities. We now think of a particle, 
traveling with accelerated motion. 
Its hi.story appears in the space-time 
diagram as a curve. How does a 
clock behave if carried with the 
accelerated particle? Our previous 
hyjiotheses do not tell us; we must 
make a new assumption. This 
assumption is as follows: The tune 
interval betu'een two adjacent events in 
the history of an accelerated clock is 
given by the separation between these 
events. 

This separation is called the interval of proper time between 
the events. Thus the element of proper time for a particle 
moving along O.r with spee<l n is 



Flu. 101 . — Spuco-tinu* <lia* 
l^rain of the liintorics of two 
clocks. 


(16.305) 
where 

(16.306) 


ds ■= dt/y,,, 


1 


7m = 


y/\ — u-/c- 


Xow we can give the exiilanation of the curious prediction 
made early in the chapter regarding the behavior of a clock taken 
on a flight. Figure 161 is a space-time diagram; a is the history 
of the clock that stayed at home. At the event A{i = ri) the 
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other (“lock left and (h'scribiMl tlie s])acc-tinu' curve />, |•elurtliIly: 
at the event B{t = t>). Suppose botli clocks read zero at .1. 
I'hen at B the clock that staj'ed at home reads (since dx = 0 
throughout its history) 


(10.307) T = 

X" 

(along (/) 

— 



Tlie clock that flow roads 

L - tx. 


(16.308) T = 


(along b) 




< 

L - b. 



Thus V < T, which proves the validity of the prediction. 

Equations of motion in absolute form. 

It has been remarked that gravitation lies outside the scope of 
the .special theory of relativity. But there are available other 
forces by means of which aceelci-ated motion may be produced. 
What we shall have to say is theoretically applicable to tin; 
accelerated motions of ordinary life, but the differences between 
the relativistic aiul the Newtonian predictions are tlieii far too 
.small to measure. The differences become appreciable only 
in the dynamics of atomic particles, accelerated by forces of 
electromagnetic origin. However, the same principle applies 
throughout, and we may understand it by thinking of any 
small body under the influence of any force. 

We have accepted the hypothesis that all Galilean frames 
arc equivalent. Thus, whatever form of equations of motion 
one Galilean ob.server adopts, a similar form mu.st hold for any 
other Galilean ob.server. In fact, the equations of motion of a 
particle must he invariant under the Lorentz tra7isf or motion. 

If we take the Newtonian equation 

d‘X o 

(16..S09) 

and apply the Lorentz tran.sformation (16.213) to get an equation 
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ill j' aiul t', we find an equation of quite different form. Thus 
(16.309) is not invariant under the Lorentz transformation. 

To see what form of etiuation is suitable, we have to consider 

.spncc-tiinc vrctor.y. 

In Fig. 162. wc have taken a point .1 in the .space-time diagram 

and drawn a directed segment 9.A. ThLs is a space-time vector; 

its components in the directions ilx, 
9U are x, /, the space-time coordinates 
of .4. If we use other axes 9.x't', the 
sanu' vector has different components. 
But between the two sets of com- 
ponents the Torentz transformation 
holds. 

We define a space-time vector as 
a pair of quantities (^, r) which trans- 

K,u. ir,2.-A v«. fo'm. when we change axes in space- 

tor. time, just like (a:, 0. i-e., according to 



(16.310) r = yU - Vt), / = 7 

I 

^ “ vi - 

.\s we have .stated, our problem is to build equations of motion 
invariant under a Lorentz tran.sformation. The key to the 
solution is found in the idea of the space-time vector. We shall 
form equations in which a space-time vector is equated to a space- 
time vector. 

Con.sider a particle moving along Ox with a general motion. 
This corresponds to some cur\'e in space time. The proper time, 
measured from some initial point, may be taken as a parameter, 
and the equations of the curve written 


X = x{s)t t = t(s). 


Since ds is an invariant, the pair of quantities {dx/ds, dt/ds) 
is a space-time vector. We see this by differentiating (16.213). 
We call (dx/ds, dt/ds) the absolute velocity of a particle. Explic- 
itly we have, by (16.305), 


(16.311) 


dx 


dt 

ds ~ 
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wlicro u = dx/dt, the velocity of tlio i):irlick‘ relative to tlie 
Galilean frame of roferenee *S', eorie.^pomiiiit; to ilxl. If the 
particle has a velocity small compared with that oi li^lit, so that 
u/c is small, the eomponents of the absolute velocity are approxi- 
mately (w, 1). . 

Similarly. dd/d.Y^) is a space-time vector. \\ e call 

it tlie absolute accclcraiion. 

We now accept, as satisfactory from tlie point of view of 
invariance under the Lorentz transformation, the following 
equations of motion: 

(16.312) 

where mo is a constant (the proper mass of the particle) and 
(.Y, 7’) is a space-time vector, called tlie absolute force. 

In a different Galilean frame of reference S’, with velocity 1 

relative to S, these equations read 




d'^X’ y, 

where 

(16.313) X' = y(X - VT), 


dH’ rp. 

mo -j-v = i . 
ds- 


r 

1 


= -y ('/■ 


rx\ 




y = 


This may be verified immediately by applying (16.213) to 
(16.312). 

Equations of motion in relative form. 

Let us now put the equations of motion (16.312) into another 
form in order to show the relation of relativistic to Newtonian 
mechanics. Since ds = dt/y.. these equations may be written 


(16.314) j^imay.u) = X/y,., 

Let u.s define some terms, as follows: 


{nioyu) = T/yu. 


mo 


(16.315) 


Relative mass = m = mo7u = -\/l — uV^* 

Relative momentum = mu. 

Relative force = P = X/y. = V Vl - 

moC- 

Relative energy ~ E = 
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'rin‘ii Iho first of (l(>.:il U may )m* written 





in wolds, 

rate of ehange of relative momentum = relative force. 

'riiis is the Kf notion of motion of a particle moving on the j-axis 
under the influence of a force P. It is of the Newtonian /o?7n, but 
witli a remarkable ditVerejice. The (relative) mas.s of a particle 
is not a constant; it varies with the speed of the particle according 
to (10.315). 

If nfe Is small, the variation of m from the value mn is insignifi- 
cant, but on the other hand m tends to infinity as the speed of the 
particle (a) tends to that of light ic). No particle has ever been 
observed traveling with a speed e(|ual to, or greater than, that of 
light. 'I’his phy.sical fact agrees with the theory. If the .speed 
of a particle were to increase up to and l)eyond the speed of light, 
tlu* r(‘lative mass would become meaningless, passing through an 
infinite value to imaginary values. 

'I'o discu.ss the .second ecpiation of (IG.314). let us first return to 
( l(i.224). This may be written 


(16.317) 




since [tljr/iH)- < for a particle. 


Differentiation gives 


(10.3 IS) 


(lt(JH 
(h <h - 


Thu.s, by (10.312), 

(10.319) r ~ 

r/.s 


1 

c* (I ft <ts- 



or 


(10.320) c^T = Ad/ = Pay,,. 

In fact, the second component of absolute force is clo.sely related 
to the first component. 

If we multiply the second of (16.314) by and substitute from 
(10.315) and (16.320), we get 

(16.321) ^ = Pu. 

at 
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This is tl»e equation of cm-egi/ jind justifies tlie definition <j 1 r(*lati\c^ 
energy as in (16.315). For (16.321) reads, in words, 

rate of cdiangc of relative energy 

= rate of working of relative forc(‘. 

This lias the Newtonian form, ))ut tlie cxpre.ssion for energy (/s’) 
docs not at first a|)j>oar related to the Newtonian kinetic energy. 
However, if we expand by the binomial theorem, we obtain 


(16.322) E = 


nioc- 

— ^ = ni„c 

VI - uye- 


-/"i _L I 4- « 4- . ■ ■ 

-U + + Scl + 


and if u/c is small, we have approximately 


(16.323) 


JiJ = iiiiiC- + }sni„u-. 


This ditTei-s from the Newtonian expre.ssion for kinetic energy 
only by the constant m^c-, which is callctl the ir^st energy or 

proper energy. 

The quantity moc- appears of little importance here, becan.se 
E is dilTcrentiatcd in (16.321), and -so the con.stant disappeai-s. 
The equation (16.321) would still hold if we had adopted the 

definition 


(16.324) 


E = 


mu< 




Vl - «Vc- 


— niiiC- 


for relative energy. There are, however, good reasons for 
preferring (16.322) to (16.324) as a definition of energy. Some of 
these are connected with the disintegration of atoms and then- 
structure. The known atomic weights of the elements arc con- 
sistent with the principle of energy only if (16.322) is regarded 
as the energy of a particle. In relativity, mass and energy are 
no longer distinct concepts. Even when a particle is at rest it 
has energy nioC-, and we cannot convert this energy into aiiother 
form without destroying or altering the mass mo. 

Consider a particle .noving on the ^axis 
relative force P, starting from rest at the origin at i = 0. B> (16.316) tl.o 

motion satisfies 


(16.325) 


d ( Wou ^ =s 

dt Wl - m*/7v 
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Hciut*. 

( 16 . 320 ) 


mr,u 

V'l - 



Solvitig for li. wo Rot 
(10.327) 


cFl 

\/Fn^ + 


W c iioto tliat u is loss than c for all vuluos of / and tends to the limiting value 
r as ( tCMuls to infinity. This behavior is. of oourse, quite different from the 
behavior of a particle under constant force in Newtonian mechanics. 

Since u = dj, r/f, (10.327) gives, on integration. 


(10.328) 


^ ( vT+1p¥j7(^) - ^]- 


If niuc i.s large compared with Pi. this reduces approximately to 
(16.329) 


tlie familiar Newtonian formula. 


16.4. SUMMARY OF THE SPECIAL THEORY OF RELATIVITY 

I. There is no such thing as absolute time. 

II. Lorentz transformation : 

(16.401) x' = y{x - T'O, V = y - 

- 1 
~ V'l - vyc^' 

III. space-time diagram. 

(«) All event is represented by a point. 

(6) The history of a free particle is represented by a straight 
line. 

(c) The liistory of a Hash of light is represented by a null line. 
{(1) The separation of two adjacent events is (is, where 

(16.402) e = di^ - dxyc^~ (€ = ± 1). 

IV. Kinematics and d3mamics of a particle. 

(a) Element of proper time for moving particle: 



(16.403) 


(Is = dt y/l — u^fc^. 
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(6) Equation of motion: 


(1G.404) inioy..u) = Fy 


7u = 


Vl - mVc- 


(c) Energy: 

( 16 . 405 ) 

( 16 . 406 ) 


E = 


tn^yuC- = tfioC' + 

(IE 


approximately 


(It 


= Pu. 


EXERCISES XVI 

1. An airplane sets out to fly at .500 inilc.s per hour. Show tliat it would 
have to fly for more tliaii a timu.sand years in order to make a differema; 
of one one-huiidredll> of a seeond between tlie times recorded by a clock in 

tlie airplane aiul a clock on tiu* unuind. 

2. Show that, if X r and I are 1uk«*n as coordinates in tl>e space-time 

diaKnnn, the hislorv of a flash i)f li^ht is equally inclined to the axes. Draw 
the history of a flash which passes to and fro between a nurror fixed at the 
origin and a mirror which moves along the observer’s axis Ox with constant 

speed. , , . 

3. Prove ilirectly from the formula (1().304) that, if mi and a- are both 

le.ss than c, the velocity relative to .S’ is less than c. 

4. Two electrons move toward one another, the speed of each being 0.9c 
in a Galilean frame of reference. W'hat is their speed relative to one 

another? . , 

6. For suitably chosen axes in two Galilean frames .S and .S . the com- 
plete Lorentz transformation is 

= y(x ~ rt), y’ = y, z' = Z, V = yii - 

T, = (1 - rve*)-^ 

where r is the relative velocity of 5 and 5'. , , „ -.u 

A particle, as observed by S\ describes a circle + y * - a, z - 0, with 
constant speed. Show that to S the particle appears to move m a elhp.se 

whose center moves with velocity V. , , 

6 All electromagnetic waves travel with the fundamental velocity c in 

omptv space. A radio station fixed in a Galilean frame of reference 5 sends 

out waves. Show that, to an ob.server m another Galilean frame 5 , these 

waves at any instant form a family of non-concentric spheres. U it possible 

that two of these spheres should intersect? 

7. Show that the Lorentz transformation may be regarded as a rotation 

of axes through an imaginary angle. , . 

8. The history of a moving particle is represented m the space-time 
diagram by the hyperbola 
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Slif)\v that 




9. Two });nti<-lcs, with propor masses nii. move along the axis Ox 
(if n (Jalilean frame with velocities mi. u., respectively. They collide and 
eoalesca- l«) form a single particle. As.snriiing the laws of conservation of 
K'lativislic momentum and energy, prove tliat the proper mass wj and 
velocity M 3 of the resulting single particle arc given by 



M3 


+ ‘III + 2»l|fM;7i72 


UiU2\ 


wlierc 77* = 1 — M? C-. 7 . 7 * = 1 — m7 C-. 

10 . .\ particle of proper mass iii.. moves on the axis Ox of a Galilean frame 
of reference, and is attracted to the origin O by a (relative) force ni„k^x. It 
performs oscillations of amplitude n. Show that the periodic time of this 
relativistic hiinnonic oscillator is 


when' 






Verify that, if c 
kti/c is small, 


«. T — 2n- A- (tin* Newtonian result); nrul show that if 



approximately. 



APPENDIX 

THE THEORY OF DIMENSIONS 


Two pliysicists uro sliipwreckcHl on a <l(*scrl island. Aftoi’ 
making (lualitativc ohscn vations of their surroiindings, tliey wish 
to make measurements. Hut lierc a difficulty arises, for they 
have none of the usual apparatus of tlie lahorator> no meter 
scale, no set of weights, no clock.* Everything they require 

they must construct for thems(*lves. 

If tliey can agree on the length of a certain stick as unit of 
length, the mass of a (*ertain stone as unit of mass, and the duia- 
tion of some simple repeatahle experiment as unit of time, all will 
be well; both experimenters will jis.sign the same number to the 
same mea.surable quantity. But why choose one stick rather 
than another, one stone rather than another, one experiment 
rather than another? If the two physicists are obstinate, each 
in his own preference of units, there is no valid aigument by 
which one can per.suadc the other to yield. 

This disagreement concerns only physical measurements. In 
the realm of pure mathematics, there is complete accord; both 

agree, for example, that 

(1) 2 + 2 = 4, (x + l)(x - 1 ) = x2 - 1. 


f " (lx = 5 A/iT. 


But in the matter of the choice of units, we may well imagine 
that neither plivsicist will yield to the other. So they decide 
to work independently, each constructing his own apparatus, 
measuring quantities in the units he prefers, and developing his 
own results. If they wash to discuss their work, how is one to 
interpret the results of the other? How far do their individual 
efforts contribute to the construction of a common science, 
independent of the choice of units? These are questions which 

belong to the theory of dimensions. 

* We may suppose the sky perpetually overcast, so that the rotation of the 
heavens cannot be used as a clock. 
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PRIXCIPLES OF MECHANICS 

It may appear strange we liave been able to postpone to 
an api)enaix tiie disnission of these imp(n*tant (piestions. The 
explanation is that the theory of .limensions l>eeomes necessary 
only when wo wisli to compare results for two different systems 
of units. In our work, we have used arbitrary tmits and letters 
(alKel>ra) instea.l of actual numbers (arithmetic). Our results 
are valid <iuite Ronerally and can immediately be applied in any 
particular system of units. 

Perhaps an anulopy with analytical geometry will be helpful. 
W may <levelop results true for arbitrary C.artesian axes, e.g,, 
proiKM-ties of conics deduced from a general ecpiation of the 
second degree. We meet the theory of transformations (the 
analogue of the theory of dimensions) only when we consider two 
different .sets of axes at the same time. The invariants of analyti- 
cal geometry arc analogous to general physical laws, true for all 
SN'steins of units. 


Units and dimensions. 

'riie theorv of dimensions arises from the fact that units may 

be chosen arbitrarily. Instead of arguing over the respective 

merits of different systems of units (e.g., centimeter-gram-second 

and foot-pound-second), let us regard all .systems as equally 

valid. JCach physicist may select his own units. This means 

tliut he .selects a piece of matter aiul .says that its ma.ss is unity, 

he selects a rigid bar and says that its length is unity, and he 

selects a repeatable experiment and says that its duration is 

unitv. He can now measure ma.sses, lengths, and times, and 
% 

record them as .so many units. To find a velocity, he measures 
di.stance traveled and time taken, and divides the one number 
by the other. He deals similarly with acceleration, moment of 
inertia, kinetic energy, and so on. 

As for force, there are two possible plans: (i) he may use 
Newton’s law of motion in the form P = mi to define force in 
terms of ma.s.s and acceleration, or (ii) he may u.se a separate 
aibitrarv unit of force. The .second plan is good in statics, but 
the first is far .simpler in dynamics and may be used in statics 
also. We shall accept the first plan for the present discussion. 
With this understanding, all the quantities occurring in mechanics 
are built up out of mass, length, and time; the physicist can assign 
numerical values to them all, once he has .selected his funda- 
mental units of mass, length, and time. 
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Two physical cpiantitics may liavc dilTorcnt numerical values 
and yet be of the same type, lor example, the linear momenta 
of two particles may have dilYerent tuimerical x'alues, but the>’ 
are both built up out of mass, length, and time in the same 
definite way; in fact, 



linear momentum = 


mass X length 
lime 


To express this more compactly, we introduce the symbols 
M, L, T for mass, length, and time, and write symbolically 

(3) (linear momentum) = 


The square brackets arc to remind us that this is no ordinary 
eciuation connecting numbers but a symbolic shorthand to show 
how linear momentum involves the fundamental qvuintities. 
This is called the dimensional notation; wc say that linear 
momentum “has the dimensions [MLT-%'' All the quantities 
occurring in mechanics may be expressed dimensionally in the 
form 

where a, /?, t arc positive or negative powers, not necessarily 
integers. The following list of dimension.s is easily verified: 


(velocity] 

[acceleration] 

[force] 

[moment of a force) 
[linear momentum) 
[angular momentum) 
[energy] 

[angular velocity) 
[moment of inertia) 


(/>r-), 

[MLT-% 

[MLT-'], 

(T-*), 

[ML^]. 


In writing down the dimensions of a physical quantity, we pay 
no attention to numerical factoi-s. Thus the dimensions of 

^7^/2 and are the same, viz., 2). 

We do not add or subtract quantities having different dimen- 
sions, but we frequently multiply such quantities by one another 
or divide them by one another. The rule by which we obtain the 
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.liriK-nsions of the pio<hict or <iUotiont is obvious from the tlefini 

tion of (liiiionsions. It is as follows; 

Let Qx and (h pHysical quantities witli dimensions 


(Q,) = {(h] = 

I hen 

[QiQA = 

1^— j 

If Qi and (h have the same dimensions, then 

^ = \M«L"T% 

and we say then that Qx/Q% is (Hmcnsiouless. For example, the 
circular measure of an angle is obtained by dividing a length 
(arc) by a length (radius), and so an angle is dimensionless. 
It is easy to verify that the following combinations are also 
dimensionless: 

force X time 
linear momentum 
force X length 
energ\' 

moment of inertia X angular velocity 

♦ 

angular momentum 


Change of units. First method. 

Let us now consiiler two physicists iSj aiul 6*2. who use different 

units of mass, length, and time. When they measure the same 

physical (juantity, they record different results. But, as we shall 

now see, it is easy to pass from one numerical value to the other 

when we know the ratios of the two sets of units. 

For symmetry, we introduce a third physicist »So, using a 

third system of units; we shall call his units “absolute” for 

purposes of reference, without meaning to imply that they are 

in anv wav more fundamental than the units of S\ or *$2. Let 
% % 

the units of Si contain mj, li, and absolute units of mass, length, 
and time, respectively; and let the units of S2 contain mo, U, and 
to absolute units. 
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Consider a pln-.-^ical ([uaiitity 
This quantity is measured In- S„. S 


Q witii dimensions 

i, and iSc, with numerieal results 


as follows: 



Now every \init of mass recorded by Si corresponds to m, absolute 
units, and similarly for length and time. Hence, one .S', -unit 
of the quantity measured corresponds to absohite units, 

and Qi Si-units correspond to absolute units. But we 

know that Qi 5i-units correspond to Qa absolute units, and so 


Qo = 

Qo = 


(4) 

similarly, 

(5) 

Comparing (4) and (5). we see that the law of transformation 
connecting the results of iS', and is 


( 6 ) 




or 



If we identify the units of So with those of Siy so that the 
absolute units are now the iSi-units, we have 


mi 





and so 

(8) 



Qi 


where m,, U, U are the numbers of S, -units contained in the 
S.-units. This formula gives the number Qi assigned by 6, to a 
quantity, in terms of the number Qi assigned by Si to tlie same 

quantity and the ratios of the units. 


Change of units. Second method. 

The above method is logical, but not good in practice Con- 
version from one set of units to another is a process w^ch we 
■ must be able to carry out quickly and accurately, and the rules 
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should be siini)lo and easy to renicmbrr. Tlie formula (7) is barl 
Ix'rausc it invr)Ives a tliird system of units, and (8) is bad because 
it is unsvmmetncal and hartl to remember. The method we are 
about to descnl)e is that in common use. 

('ompare the equations (1) with the following: 

(9) I meter = 100 cm., I lb. = 453.6 gm., 

22 ft. per .sec. = 15 miles per hr. 

The.sc are true statements, but they ditTer from (1) in an impor- 
tant respect; the eciuations (1) involve only pure numbers, 
whereas (9) involve measurable phy.sical quantities. To dis- 
tinguish them, we may call (1) mathematicians’ equations (or 
briefly M-cquation.s) an<l (9) physici.sts’ ecpiations (or P-equa- 
tiuus). We know what we can do with M-equations according 
to the methods of algebra and calculus. There are certain rule.s 
of manipulation, which we apply with confidence that we .shall 
never reach a false conclusion. Let us boldly apply the rules of 
algebraic manipulation to P-equations, treating such words as 
meter, cm., lb. as if they were ordinary algebraic symbols. A 
word of warning, however — the signs =, +, and — are to be 
used to connect only quantities of the same type, i.e., of the .same 
dimeii.sions. 

We think again of two physicists Si and S 2 . Let jSi name his 
units Ml, Li, Ti; and let name his units M 2 , Ls, T 2 . These 
are names (like grn. or cm.), not numbei*s. If measures a 
length, he records the re.sult in the form 

Q = QiLii 

this is a P-equation, in which Q stands for “the quantity which 
is measured.” and Qi is a number. More generally, if Si measures 
a cpiantity with dimensions [il/“L‘'7’'^], he records 

(10) Q = QiMrLi‘^T,\ 

where Qi is a number. If 1 S 2 measures the same quantity, he 
records 

(11) Q = Q2A/2“L2^7’2>. 

There is nothing novel about this; it is what we do when we write 

acceleration due to gravity = 32 ft. sec.-^ 
acceleration due to gravity = 980 cm. sec .“2 
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Now we bring into operation our assumption that the P-cqua* 
tions (10) and (11) may be treat(M( in tlie same way as we should 
treat M-equa tions. We get at once 

( 12 ) 


and 

(13) 


0,2 ^ AvjV (uy ('£\ 
Qi \>/2/ \L->) \tJ ' 


If we interpret to mean the ratio of the unit M\ to the 

unit M-i, then is a pure number — in fact, the measure 

of M\ in terms of M >. Since Li/La and Ty/Tz may also be 
regarded a.s pure numbers. (13) is an M-e(|uation, although (12) 
(from which it was obtained) is a P-etjuation. 

Equation (13) is what we have been seeking — a formula to 
give Qi when (3i and the ratios of the units are known. If we 
lack confidence in it, because it has been obtained by a symbolic 
method, we can reassure ourselves by turning back to the first 
method; there only M-eejuations were used, and the deduction 
of (6) and (7) is logically sound. We see that (12) is merely the 
P-equation corresponding to the M-eejuation (6), and (13) is the 
same (7) — both M-equations. 

When we actually carry out a conversion from one sj'stem 
of units to another, it is the P-equation (12) rather than the 
M-equation (13) that we usg. It would, however, be more 
correct to say that we use neither. Therein lies the simplicity 
of the symbolic method; we treat each problem on its merits, 
^v^thout having to remember anything, except that it is permi.s- 
sible to use the symbolic method, in which words are treated as 
algebraic symbols. The formulas (12) and (13) were obtained 
only for purposes of comparison \nth (6) and (7). 

To show the symbolic method in action, let us convert an 
acceleration of 32 ft. sec.-^ into mile hr."-* Fii-st we write down 

1 mile = 5280 ft., 1 hr. = 3600 sec.. 


• It is convenient to write each unit in the singular, to avoid waste of 
energy in deciding whether to use the singular or the plural. This is u 
mathematical symbolism, and in it simpUcity is more important than 

Rrammar. 
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so tluit 


1 «• = 5280 


1 = 3600 


Tlu‘n, 


32 ft. sec.' 


(3^00 >-) 

32 X 3600 X 3600 
5280 

78,545i5f mile hr.'^ 


mile hr. 


A phv.sicist would round off the result. For he would think of 
the number 32 as obtained by measurement earned out only to 
two-figure accuracy, and so lie would prefer to write 

32 ft. sec .'2 = 79,000 mile hr.'^ 

This question of “significant figures” has nothing to do with the 
tlieorv of dimensions, and we shall not pursue it further. The 
discrepancy between the two statements arise.s from the two ways 
of thinking— mathematical and physical— which we mentioned 

in Chap. I. 


Dimensionless quantities and physical laws. 

If a quantity is dimcnsionles.s, then a: = /3 = 7 = 0in (13), 
and therefore Qi = Qz- -I dimensionless quantity has a value 
independent of the system of units employed. This fact makes 
such (luantities particularly simple to handle, because any 
possible confusion regartling units is automatically eliminated. 
Anv mathematical combination of dimensionless quantities is 
itself dimcnsionles.s. 

We can now answer the question.s raised in connection with the 
two shipwrecked physicists. The formulas given above enable 
the one to interpret the results of the other, i.e., to transform them 
into his own units. As for the second question the building up 
of a common science independent of the choice of units the 
answer is to be found in the concept of the dimensionless quan- 
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tity. Any equation ronnuinnj Rinn n.yiont ( m quantities is true in 
all systems of units, if true iti one. 

Suppose*, for oxiiinplo, that a physicist (j)iior to tlic time of 
Galileo) maelo incasurcnuaits on a fallinti l)o«l\‘, usiii^; some* 
system of units of hai^th and time. Wo assume that lie was ahh? 
to measure* tlu* heijjlit li fiom whiedi the* bexly fell, the speed q 
with which it struck the ground, anel the time t it took tei fall. 
Suppose he founel 


h 



for a whole set of experiments in which h was given ditTerent 
values. He would have been ju.stifieel in regareling this as a 
re.sult of great importance, because it heilds in all systems of units, 
since qt/h and the pure number 2 are both dimetisionless. 

As shown above, any eejuation connecting dimensionless 
quantities is a physical law, in the sense that its truth is inde- 
pendent of the choice of units. However, it is not necessary 
to exj)ress a physical law in dimensionless form. It is merely 
ncccs.sary that the etpiation should be dimensionally homo- 
geneous; i.e., the terms ciiuated to one another must have the 
same dimensions. This will ensure that the law is true in all 
systems of units, if true in one. 

The constants occurring in phy.sical laws usually have dimen- 
sions. Consider the law of gravitational attraction (6.501) 

„ Gmm* 

L* = 7 — » 


where P is the magnitude of the force between particles of 
masses in, m' at a distance r apart. To make this dimensionally 
homogeneous, we must assign suitable dimensions to the con- 
stant G. This is easily done if we write the equation in the form 


Pr2 

G = — 

mm 

We have then 

_ [MLT-%L^] 
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In the e.g.s. system, 

a = 6.(>7 X 10'“ Kin.-' cm.* sec. 


Applications. 

Apart from its use in the ehansc of units, the theory of dimen- 

sinns has three important appheations: , , 

Ci) It supplies us witii a useful elieck against slips in ealeulation. 

(ii) It suggests forms of physical laws. ^ , , 

(iii) It enables us to predict the behavior of a full-scale system 

from the liehavior of a model. 

These applications will now be explained. 

(i) Provided that we do not in.sert numcncal values, the dimen- 
sions of every combination of .symbols occurring in our work 
are obvious. ‘ For example, if n is the length of a pendulum and 
q th(’ acceleration <lue to gravity, then 



N<»w the basic law of motion (1.402) is dimensionally homo- 
geneous. in the sense that both .sides have the same dimensions, 
viz.. {MLT~'-]- The operations we perform on this equation may 
change the dimensions of the two sides, hut they are both changed 
in the same way. Thus, at all stages of our deductions we have 
dimcnsionallv homogeneous equations. Indeed, it is inevitable 
that this should be so. since otherwise the two sides of an equa- 
tion would change differently on change of units, and if true for 
one system of units would not be true for another. This gives 
a useful check. For example, suppose we are engaged in working 
out the formula for the peiiodic time of small oscillations of a 
simple pendulum. As a result of our work we arrive, perhaps, 
at the result 


T 



Dimensionally, this reads 

in = m. 


which shows that the result is incorrect. Such a cheek will, of 
course, never be of any assistance as far as a numerical coefficient 



rilKOilY or OIMhXSIOXS 


497 


is concerned; for example, 
tell us that 


the theory of dimensions alone cannot 


is incorrect. 



(ii) To see how tlie theory of dimensions suggests forms of 
physical laws, we sliall consi<ler the transverse vil)rations of a 
heavy particle at the middle point of a stretched string. The 
(|uantitics involvetl are 


ni = ma.'ss of particle. 

(I = length of string, 

= tension, 
r = periodic time. 

The periodic time mu.st he some function of the (piantities m, a, 
S, and so we write 

r = f(m, a, .S). 

The only combination of m, n, S having the dimensions (7’J 
is of the form where C, a, fi, y are pure numbers, at 

present unknown. Accordingly we assume 

r = Cni^a‘^S‘’ 


and obtain the dimensional equation 


[7’] = [M‘]{IJ][MLT-^y = l.l/‘’+^//+^7’-2^]. 

Hence, 

a y = 0, 0 + y = 0, -2y = 1, 


or 



and so our formula for r is 


T 




We cannot find the numerical factor C from the theory of dimen- 
sions. To obtain it theoretically, we must solve the differential 
equation of motion. But, if we are satisfied with an experimental 
result, one experiment will suffice to determine C. 



i'rincjples of mechanics 

This method is useful ii. the ease of a complicated system, 
where the direct solution of the differential equations is difficult. 

(iii) To show how the theory of dimensions enables us to use a 
model to piediet full-scale phenomena, let us consider he flow 
,,,4 tl,.. wm, m an airplane. The lift T on the wing 

obviously depends on the following quantities: 
p = tlic density the air. 

(• = the speed of the wing relative to the air. ... . 

I = a linear measurement, of tlie wing (e.g.. its width from 

hack to front, at some definite position). 

The lift tietx'nds. of eourse. on the shape of the wing; we shall 
...msider only wings of one <lefinitc shape, tran.sformed into one 

anotlier l)V changing the length /. , , 

'I'lie problem is to calculate the lift >’ on the full-scale wing 
from the measurement of the lift T' on a model. ^ Now T is a 
function of p. f h f; and V is the same function o! p . I ,l . t'herc 
the accented quantities refer to the CNperiment on the model 
the same units of mass, length, and time being used in both 

cases. So we write 


V = fip. r.i) 


= no\ r\ V) 


As in th(* preceding (‘xample. W(’ take 

/(p. c.i) = Cph:^i\ 

where C is a pure number. Since (p) = [ML *]. [C^J = \LT '], 
[/] = [/.I. and [I'l = [MLT-^, we easily find 

>■ = Cp('n\ )" = Cp'rnr 


Hence the fvdl-scale lift 



If the density 


of the air is the same for both cases, this becomes 



When we insert the numerical values for 1 U', V , obtained from 
experiment on a model in a wind tunnel, and the values of U and 
I appropriate to the full-scale wing in flight, we are able to read 
off the value of the lift 1’. 
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A 

Absolute equations of motion, 479- 
481 

Absolute velocity, a<*c‘eleration, and 
force, 480, 481 

Acceleration, 27, 28, 36, 303, 327 
absolute, 481 
of autoinobile, 203, 204 
complementary, 343 
of Coriolis, 343 

in cylindrical coordinates, 304, 305 
due to gravity (see (?) 
radial and transverse components, 
119, 120, 124 

in relativity, 478, 479, 481 
in spherical polar coordinates, 
453, 454 

tangential and normal compo- 
nents, 118, 119, 124, 303, 304, 
327 

of transport, 343 

Accelerations, composition of, 141, 
305, 306 

Action and reaction, law of, 32, 36 
Addition of vectors, 19-22, 34 
Air, resistance of, 149, 152-157, 182 
Airplane, 269, 270, 430, 498 
Ames, J. S., 16 
Amplitude of oscillations, 160 
Angle of friction, 87, 88, 114 
Angular impulse, 351 
Angular momentum, in impulsive 
motion, 227-229, 236, 351, 352, 
366 

of particle, 128, 129, 146, 324, 328, 
335, 364 

relative to mass center, 135, 136, 
146, 325, 339, 364, 366 


Angular momentutn, of rigid bodv, 
191. 192, 194, 220, 221, 325, 320, 
328 

of system, 134-136, 146, 324, 
325. 338, 339, 364 

Angular velocity, of the earth, 
142, 143 

of rigid body, 121, 124, 306-309, 
327 

Anomaly, 185 
Aphelion, 178 
Appell, P., vii 

Applications, in dynamics in space, 
358-399, 400, 404-439, 440 
of Lagrange’s erumtions, 453-458 
in plane <lynatiiirs, 149-182-184, 
187-219-221 

in plane statics, 74-113-116 
in statics in space, 273-276, 294-298 
Applied force. 58, 293 
Approximations, siiccessivc, 383 
Apse, 169-172, 183 
advance of, for spherical pendu- 
lum, 375 

Apsidnl angle, 171, 172, 372-375 
Archimedes, 82 
Areal velocity, 168, 178, 183 
-'Associative property of vector a<ldi- 
tion, 22 

Astatic center, 73 

Astronomical frame of reference, 31, 
33, 140, 142 

Astronomical latitude, 144, 392 
Attraction, electrostatic, 174 

graxatational, 82-86, 114, 143- 
145, 174, 175, 392, 495 
Automobile, 202-204 
Axes of inertia, principal, 314-319, 
327, 328 
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Vxiallv svniinetric 

M<». 380-391. 399, 400 

Axis, of rotation, instantaneous, 306 
of screw (lisplneemcnt, 283 
of svuunetry, 78, 315, 316 
of wreiu’li, 267. 268 

H 

Halancinti, problems of, 217-219 
Hall slippinp on table. 433-43.7, 440 
Hallistie pendulum. 233, 234 

Hallistics, 149, 182 

(,S<'c nho Projectile) 

Hars in frame, 106, 108 
Ha.se point, 61, 2.77, 278 
chanpe of, 2.78, 281, 282 
Beam, internal reactions in, 92, 93, 
114, 270, 271 
thin, 92-98. 114 
Heeker, K-, 149 
Hell, H. J- 1 •• 31.7 

Hending motnent, 92-98, 114, 270, 
271 

HiUiar<l ball, 433-43.», 440 
Hinorrnal, 262 

Hody centrodc, 123, 124, 307 
Hody cone, 307, 407, 413, 439 
Houiul vector, 18, 19 
Bridge, suspension, 100, 114 

C 

fable, flexible, 98-105, 114, 116 
in contact with curve, 104, 105, 
116 

in space, 263, 264 
Cajori, F., 31 
C^alibration of spring, 17 
Campbell, J. W., 103 
Cardan’s suspension, 404 
Catenary, 100-104, 116 
Celestial pole, motion of, 414, 415 
Center, astatic, 73 
of gravity, 84-86, 114, 269 
instantaneous, 122-124 
of mass (see Mass center) 


Center, of oscillation, 199 
of porcjission, 237 
of system of pnr.allel forces, 269 

Centimeter, 13 

Central force, general, 128, 166-174, 
183 

varying directly as distance, 166, 

' 167, 183 

varying as inverse square of 
distance, 174-183, 448 
Central symmetr>', 77 
Centrifugal force, 142-146, 343, 344, 
393 

Centrodc, 123, 124, 307 
Chain (see Cable) 

C’hange, of base point, 258, 281, 282 
of units, 490-494 
C'harge on electron, 379, 380 
Charged particle, in axially sym- 
metric electric field, 381-384, 
386-389, 399, 400 
in axiallv syn»metric magnctiit 
field, 384-386, 390, 391, 399, 
400 

in electromagnetic field, 174, 375- 
391, 399, 400 

in uniform electromagnetic field, 
376-380, 399 
Chaslcs' theorem, 301 
Circvilar disk and cylinder, moments 
of inertia of, 188, 189, 220, 319 

Circular motion, 28 

C'ircular orbit, stability of, 172-174 

Clock, 12, 13, 487 
in relativity, 461—166, 469, 473, 
476, 478, 479 

Clocks, synchronization of, 463-466 
cn X, 362', 398, 399 
Coefficient of friction, 87, 88, 114 
Coefficient of restitution, 230-232, 
237 

Collar, A. R., 314 
Collisions, 229-233. 237 
Commutative property in vector 
opferations, 19, 21, 244, 266 
Complementary acceleration, 343 
Complex frame, 111, 112 
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Components of vector, 22-21, 32, 34, 
243 

(iScc aho Acccloratioti ; Wl(H'ity) 
Composition, of accolorations, 141, 
305, 300 
of coviplos, 206 
of finite rotations, 20, 2S0 
of infinitesimal clispla<-einents. 280, 
281, 299 

of velocities, 139, 30.5. 300, 477 
('ompound penclnluin, 190-199, 220, 
304 

Compression, 231, 232 
modvUns, 184 

Cone, body or polhodi*, 307. 407, 
413, 439 
of friction, 87 

space or horpolliode, 307, 407, 4 13, 
439 

Configuration of a system, 04, 284 
Conical pendulum, 308, 309 
Conjugate lines, 301 
Conservation of energy, 130, 137, 
146, 146, 194, 199, 220, 229, 
335, 340, 364, 366 
Conservative field, 00 
Conservative system, 05-07, 292, 
293, 300 

C'onstant of gravitation {sec Gravita- 
tional constant) 

Constraints, 58-60, 283-290 
moving, 460 
workless, 54-57 

Contact, rolling, 55, 57, 70, 122, 
123 

rough, 86-88, 114 
smooth, 54, 55, 57, 70, 80 
(’ontinuity of bodies, 14, 15, 76 
Contraction of moving rod, 472, 
473, 476 

Coordinate vectors, 23 
Coordinates, cylindrical, 304, 305, 
332 

generalized, 283-290, 300, 448- 
468 

spherical polar, 453 
Coriolis, acceleration of, 343 
force, 142, 143, 146, 343, 393 


Couloml)’s law. 174 
Couple, 49 

gyrosco|>ic, 428-430. 439 
imi)ulsivc. 227 
moment of, 49, 50, 26.5 
twisting, in a beam, 270 
work «lonc by, 64, 291 
('ouplcs, contposit ion of, 266 
Covering operation, 315 
Cranz, 140 
(Vitical form b)r frame, 113 
(’ul)oid, moment of huTtia of, 319 
(‘urvafiirc, radius of. IIS, 119, 262 
Curves iu s|).ace, 262, 263 
C’lLspidal motion of a top, 422-424 
Cylinder, balancing problem for, 

217-219 

moments of inertia of, 189, 220, 
319 

rolling down incliiual plane, 200- 
202 

C’yliinlrical coor<linates, 304, 305, 
332 

D 

Dale, J. B.. 364 

D’Alemliert’s principle, 137, 138, 
146 

Danipetl oscillations, 161-166, 183 
Deadlx'at oscillations, 164, 183 
Decomposition, method of, 78, 79, 
114, 320 

Decrement, logarithmic, 164 
Degrees of freedom, 205, 206, 285 
Deimel, U. F., 430 
Density, 76, 77 

Determination of past and future, 
334, 335 

Deviations due to earth’s rotation, 
395, 396, 400 

Diflerentiation, used to find 
moments of inertia, 320, 321 
of vectors and their products, 24- 
26, 34, 248, 266 
Digonal symmetry, 315 
Dimensional notation, 489 
Dimensionless quantity, 490, 494 



PlilSCIPLES OF M ECU AS ICS 


:a)2 

I tln'Dry of, 487—198 
oil lino, 22 

l)iso»)iitinMity in l>n<lios, 14. 15 
Disoniitinumis motion. 229 
Disk, inomont of inortia of, 188, 
220, 819 

rolling oti plnno, 48o 440 
Displaoomont of ritinl lioily, (il, ()2, 
70, 270-288. 2SS. 299, 300 
roilui’oil to t Tiinsliit ion anil rota* 
tioii, t)l, (»2. 278, 279, 299 

sorow, 282. 288 

\irtual, 58, 58, 447 
Distrilmtivo proi)orfy of \ootor 
o|)orations, 29, 244. 247 
I )istiirl»ini: foroo, 100, 101, Hil-lOO, 
182, 163 

iln X. 8(i2, 398, 399 
Drag, 270 

Dugan, K. S., 13, 415 
Duiioan, W. ,1., 314 
Dynamioal unit of foroo, 32, 488 
Dyiiamio.s, piano, applioations in, 
149-182-184, 187-219-221 
niothoils of, 127-146, 146 
in rolativity, 477, 486 
in spao<‘, applii-ations in. 358-399, 
400, 404 -439, 440 
rnothcifls of. 331-364, 366 

fiho Motion; Parliolo; 
Rigid body; System of i>ar- 
tiolos; 

Dvno, 32 

K 

l‘5irth, angular velocity of, 142, 143 
attraction of, 84-80, 143-145, 392 
tiuxlols of, 5. 0, 84, 85, 143, 391, 
392, 414, 415 

rotation of, 13, 142-14.5, 391-398, 
400 

Karth’s axis, motion of, 414, 415 
Eccentric anomaly, 185 
Kffoctive force, 138 
Kinstoin, A., 7, 461, 463, 464 
Elastic beam, 95-98, 114 


Elastic botlies in collision, 229- 
233, 237 

Electric field, axially symmetric, 

381-384, 388-389, 399, 400 
uniform, 376-379. 399 
Electric lens, 386-389, 399, 400 
focal length of, 389, 400 
Electric potential, 375 
Electric vector, 375 
Electromagnetie field, 37.5-391, 399, 
400 

axially symmetric, 380-391, 399, 
400 

iinifonn, 376-379, 399 
Electron, determination of e/m for, 
379, 380 

1-Jlei-tron optics (see C'harged par- 
ticle) 

Eloi-trostatic attraction, 174 
Electrostatic field, 375, 376, 379- 
384. 386-389. 399, 400 
Ellipse, momontal, 317, 318 
Ellipsoid, momental, 313-317, 327 
moments of inertia of, 318-320 
(•f Poin-sot, 406, 407, 411, 439 
Ellipsoidal .shell, moments of inertia 
of. 321 

Elliptic functions, 358-364, 398, 
399 

Elliptic harmonic motion, 167, 368 
Elliptic integral, 362 
Elliptical cylinder and plate, mo- 
ments of inertia of, 319 
Elliptical orbit, 167, 177-180, 183, 
368 

Emde, F., 364 

Pmergy, principle of, 129-131, 136, 
137, 146, 146, 194, 199, 220, 
229, 335, 336, 340, 364, 366, 482, 
483, 485 

in relativity, 481-483, 486 
total, 130, 137, 335, 340 

(5<'f also Kinetic eiierg>’; Poten- 
tial energy) 

Equation of the hodograph, 154, 182 
Equations of motion, impulsive, 
227, 228, 236, 237, 351, 352, 356, 
456-468 
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r;<j\iations of motion. Lat'r:iii‘'<-‘s, 
44 J-468 

of churgecl jiartich-. 37t>. 377. 
379, 381, 38o 

of particle, in (•vliiuirical 
coordinates, 332 
in a plane. 127. 128. 146, 447. 
44S 

relative to rotating earth, 
391-394, 400 

relative to rotating frame, 
142. 342-344 
in rc-lafivity, 479 486 
in spaf'e, 331-33t>, 364 
of rigid hody. with five<l axi-, 194. 
220 

with fixed point, 34ti, 364 
in general. 349. 3.")(1, 366 
moving parallel to a )>lam-. 201), 
221 

lainilil)rinm, of particle, 39. 40, 69, 
70, 2()0, 299 

of rigid body, in<»\ahle parallel to 
a fixe«l plane, 02-04, 70 
in space, 271 -270, 299 
stability of. 212-219, 221. 294 
of .system of particle.s, !l-')2, 209- 
' 204, 293-299 
ICrpnmomental sy.stcins, 321 
liciuipollent force systems, 47 '>2, 70, 
258, 259, 204-271, 291, 299 
I'icpiivalence, of Galilean frames, 40G, 
407 

mcehanieal. 9, 10 

Kquivalent force systems, 47, 03, 04 
Kquivnlent simple pendulnm, 198, 
220 
I'Jrg, 53 

Euler-Bernonlli, law, 90, 114 
theory of beams, 95-98, 114 
Kulerian angles, 28G-288 

angular velocity in terms of, 307, 
308 

halier’s equations of motion, 346, 364 
Jailer's theorem, 277, 278, 299 
J'A'ent, 11, 464, 484 
ICwald, P. P., 88 


lixtension, 90 
External forces, 41, 42 

K 


I'.-nd’s law. 391) 

Ferrv, K. S., 430 

I'ict it ions force.', 137, 138, 141-143, 
146, 341-345, 393 
hiehl. .scalar nr vector, 28 


Field of forcr-, tit) 

eh'ctromagnet ic, 375 -391 . 399, 400 
eh'ftrostatic, 375, 37t), 379-3S4, 
38t)-3S9, 399, 400 
gravil at U)nal, 82 Sti, 143, 393 
magnctost:itic. 375, 37t>. 379, 380. 
3S4-3S0, 390, 391, 399, 400 


uniform. t>7 

Finite displacement of rigid body, 
270 280. 299 
l-'lexiblc cable (xrr Cable) 

Fiywbeel, 194-190 
Focal hnigth, of electric lens, 389, 
400 

of magnetic lc‘ns, 391, 400 
Foot, 13 
I'orce, 15- 17, 34 
absolute, 481 
apiilied, 58, 293 
central. 128, 100-183. 448 
centrifugal, 142-146, 343, 344, 393 
on cliarged particle, 174, 370 
Coriolis. 142, 143, 146, 343, 303 
effective, 138 

external ami internal, 41, 42 
fictitious, 137, 138, 141-143, 146, 
341-345, 393 
field of, 60, 07 
of friction. 87, 88 
gcncralizctl, 291-298, 300, 448, 
4.50-453. 457, 468 
of gravity, 82-80, 143-145, 392, 
495 

impulsive, 226-236, 237, 351-353, 
366, 457, 468 
in relativity, 465, 481-486 
reversed effective, 138, 146 
shearing, 92-97, 114, 270, 271 
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l orcc*. 2.-i7, 2?S3. 299 

t raii'^iuissihilit y of, 04 
unit of. 10, 32, 488 
Forcf* systcMn, 2.>#“250 

invariar)ts of, 20)7, 20H, 283 
rctlurtiori of, o()“o2, 70, 204^271, 
299 

Forrc svstoins, (‘(juipollcnl , 47-o2, 
70, 258, 209, 204-271. 291. 299 
(‘cjuiviilcMit, 47, 03, 04 
Forrcal oscillations, HVI—UiO, 183 
|•‘o^c^‘s, paralUOoyrani of, 32, 33, 36 
polygon of. 40 
t riaiiglo of, 40 

whirli ilo no work, 54—6/, 70 
lMiur:iult*s pcaululuin, 39f>-398, 400 

of mechanics, 3-34, 36 
Frairn* of n’forcnco. 11, 12, 34, 403 
asf rin»>iiii»'!il. 31, 33, 140, 142 
(■aliU'aii, 401, 403 
Illovill^, 138' 146, 340-34.), 366 
Newtonian, 31, 33, 34, 132, 134, 
146 

rediu’eil to rest, 141. 142, 146, 3-13, 
311 

in relative motion in rehitivity, 
400 177 

rotntiiiji. Ill 1 13, 146, 341-34.5, 
366 

i-'rames, 100-113 

jmalytical and yraphieal nielUods, 
113, 11.5 

critical fornj.s, 113 
just-rinid an<l pvor-rij:i<l. 100, 107 
simple and complex, 111, 112 
snminary of methods, 116 
l•'^aze^, li. A., 314 

Free particle, in Newtonian mechan- 
ics, 32 

in relativity, 475, 476, 484 
Free vector, 18, 19 
Freedom, donrees of, 205, 200, 285 
Frenet-Serret formulas, 202, 263 
Fretptpneios, normal, 209-211, 221, 
4.')4. 455 

Frequency of harmonic oscillator, 
160, 161, 104. 166 
(See aUo Periodic time) 


Friction, 86-92, 114 
aiiKlt* 

coefficient of, 87, 88, 114 
cone of, 87 
limiting, 88 

Function defined by differential 
equation, 358 
Funtlainontal plane, 39 
Future and past, determination of, 

334, 335 

G 

g, 85. 86, 114, 143-145, 393 
Galile.an frame of reference, 464, 405 
General theory of relativity (see 
Helativity) 

Generalized coordinates, 283—290, 
300, 448-468 

Ctcneralized forces, 291-298, 300, 
448, 450-4.53, 468 

Generalized impulsive forces, 457, 
468 

Geodesic, 203, 204. 333 
Gradient vector, 28-30, 36 
Oram, 13 

Gravitation in relativity, 463 
Gravitational attraction, 82-86, 114, 
143-14,5, 174. 17.5, 392, 495 
Gravitational constant (G), 82-84, 
174, 495, 496 

Gravity, center of, 84-86, 114, 269 
Growth of vector, 342 
Gyration, radius of, 187 
Gyrocompass, 430—433, 439 
Gyroscope, 415, 427-433, 439 
Gyroscopic couple, 428-430, 439 
Gyroscopic effect of rotary engine, 
430 

Gyrostat (see Gyroscope) 

H 

Hamilton, W. R., 33 
Harmonic oscillator, 157-166, 182, 
183 

with constant disturbing force, 

160, 182 
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Harmonic oscillator. «lamp<‘<l, ir.l 

Kifi. 183 

forccil oscillatitms of, Uil H)(>, 

183 

Ht*mi.sj>ltorc, mass center of, 7S, 81 
Heinispheri<'al mass center of, 

81, 82 

Herpolhodc cone, 307 
Heterogeneons Itody, 7(5 
Modogruph, 120, 121, 124, 154, 182 
Holonoinic system, 285 
Homogeneous body, 76 
Hooke's joint, 295, 296 
Hooke’s law, 96, 114 
JToop, moment of inertia of, 188, 
220 

Horizontal plane, 85 

on rotating enrtli, 144, 392 
Horsepower, 53 
Hyperbolic orbit, 177, 183 

I 

Imago, formed by electric lens, 

386-389 

formed by magnetic lens, 390, 391 
Impulse, 225, 351 
Impulsive couple, 227 
Impulsive force, 226-236, 237, 351- 
353, 366, 457, 468 

Impulsive moment, 228, 229, 236, 
352, 356 

Impulsive motion, 225-236, 237, 
350-353, 366, 456-468 
Inclined plane, 202-204 
Indeterminate problems, 68, 69, 90, 
276 

Inertia, moments of (see Moments of 
inertia) 

products of (nee Produets of 
inertia) 

Infinitesimal displacement of rigid 
body, 61, 62. 70, 279-283, 288, 
299, 300 

Ingredients, of mechanics, 8-17, 34 
of relativity, 462— 4G4 
Instability (see Stability) 
Instantaneous axis, 306 


lii>taiitaueous eentcT, 122-124 
Intrjirnlion of iM)UMtions of nioiitm 

ill |)i>\ViT 333, 331 

Iiifrnsilv <if wrcnrli. 2(57 
luternal for<-es, 41, 12 
Internal reactions, in beam. 92, 93, 
114, 270, 271 
ill flexible cable, 98 
in rigiil body, 56, 57, 70, 204, 205 
Intrinsic equation of eatimary, 102 
Intrimsie equations of motion, 332 
Invariable line. 405 
Invariable iilaiie, 406, 439 
Invariant element in .‘iiiaee-lime, 475 
Invariants, of force system, 267. 268, 
283 

of infinitesimal displacement, 28:i 
Inverse square law, 174-183 
Isotropy of tialileaii fraiiu', l(>4, 405 

J 

Jacobian elliptic functions, 358-36-1, 
398, 399 
Juimkc, Iv, 364 
Joints, in a frame, 106, 107 
method of, 108-110, 116 
Just-rigid frame, 106, 107 

K 

Kaufmann, method of, 380 
Kelvin’s theorem, 357 
Kepler’s laws, 179, 180 
Kinematics, of particle, 118-121, 

. 124, 303-306, 327 
in relativity, 471-481, 484 
plane, 118-124 

of rigid body, 121-124, 306-3U, 
327 

in space, 303-311, 327 
Kinetic energy, of mass center, 193 
of particle, 129, 146, 328, 446 
of rigid body, 191-194, 220, 321- 
323, 328 

of system. 136, 146, 449 
Konig, theorem of, 193 
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I> HI SCI rues OF ME('HASICS 


L 

I/iurjiiini-'s «‘(ju;iti()iis. -1-1-1-468 

:i|)|)lir-;<ti(>iis (»f, -loS— 1.>S 
for syst<'in, l’)2, -loS, 468 

for impulsive motion. -l.')t>-468 
for pnrticlf in :i plan<-, — 14K 

for .«\sf<-in with (wo donn-os of 
freedom. 44‘)-i:)2 

l aml.. II., l(\. 113, 270, 43(1 
i.iimina, rcpr<“sciitativc, (>1 
I.amy’s tli»'<»rem, 40 
l.a|)la<c's lapiation, 37'), 370 
l.a(i(u<lt‘, as( ron»)mi<'al, 144, 392 
Law. of actirni ami rcac-ti»m, 32, 36 
of motion. 31, 32. 36, MO-142. 

146, 341, 343, 344 
of till' inviT>(* .icpjaro, 174-183 
of tin- paralU'lourain of fon-i'S, 32. 
33, 36 

l-aws, of friction, .S7, 88 

of Newtonian nn*clianics, 30-34, 
36 

Ix’ft-lianileit triad. 240 

I. encth. 1 I 

unit of, 11, 13. 11. 487, 488 
l.etis. elect ric. 380-389. 399, 400 
tmmiu'tic, 390, 391, 400 

J. e\(*l surface, 28 
Lift, 270, 498 

Liylit, in relativity, 40/V-4G7, 409, 
471, 47o, 482, 484 
.speed of, 27, 409 
l-iinitiiiK velocity, 157 
lane density, 77 
Linear inoinent, 74 
Linear momentum, in impulsive 
Jimtion, 227, 228, 236, 351,-352, 
366 

of particle, 128, 331, 481, 482 
of system, 132-134, 146, 337, 364 
Tanked rods, 234-230, 457, 458 
Ix>adocl strinE, vibrations of, 200- 
210, 497 

LoEuritlimic decrement, 104 
l.orentz transformation. 400-477, 
484 


M 

Maeh, K., 10 

MaEiK'tie field, UNially symmetric, 

384-38(). 390, 391, 399, 400 
uniform. 37()-379, 399 
.MaE»(*tic len.s, 390, 391, 400 
MaEnetic potential, 370 
.MaEUOfic vector, 370 
Magnetostatic field, 375, 370, 379, 
380. 384-380, 390, 391, 399, 400 
Ma.ss, 9, 10 
of electron, 379, 380 
in relativity, 481 

unit of. 10. 13. 14. 487, 488 , 

.Ma.ss center. 74-82, 113, 114 
angular momeiitum relative to, 
135. 130, 146, 325, 339, 364 
fouinl by inti'gration, 77, 81, 82, 
114 

found bv sviiimotrv and decoin- 
position, 77-79, 114 
kinetic energy of, 193 
motion of. 132-134, 146, 236, 
337. 365 

motion relative to, 134-130, 146, 
232. 233, 236, 33S. 339. 366 
of solar system, 134 
Mathematical models, 5, 0 
Mathematical truth, 7 
Mathematical way of flunking, 4, 5, 
494 

Matheniatieians’ ctpiations, 492, 493 
Matri.\, 314 
Mean anomaly, 185 
Measuring rod or scale, 11, 403, 
487, 488 

relativistic contraction of, 472, 
473, 470 

Mechanical eqtiivalence of bodies, 
9, 10 

Mechanics, foundations of, 3-34, 36 
Mercury, 7, 31, 373 
Metacenter, 223 

Methods, of dynamics in space, 
331-364, 365 

of plane dynamics, 127-146, 146 
of plane statics, 38-69, 70 
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Miflielson, A. A., -l(>7 

Michelson-Mt’rley i*\pi riiiu*nt, H*7 
Miliie-'l'lioinsoii, I- M., 3l)4 
Miniiimm of potential oiicryiy, 212 

219. 221 

Mixed triple prodiic-t, 248, 249, 265 
Modes of vibration, iinmial. 20rt- 
212 , 221 

Model, lUJitlK'inatieal, b 

used for predic-ticui of full-sealr 
pherioimuia, 498 
Modulus, eotni)ression, 184 
of elli|)tie fum-tioiis, 301 
Young’s, 0(j, 114 

Moineut, bending, 92-98, 114, 270, 
271 

of (-(mple, 49, 50, 2(»") 
impulsive, 228, 229, 236, 352. 366 
linear, 74 

of luomentuin, 128 

{See also Angular inoiucMitum I 

pitching, 270 

total. 257, 283, 299 

of vector, about line, 43-45, 2.>3- 

266 

in plane inecluinic’s, 43, 70 
about point, 250-2o3. 266 
Monipntal ellipse, 317, 318 
Momcntnl ellipsoid, 313-315, 327 
Moments of inertia, 187-191, 219, 
220, 311-321. 327 
of simple bodies, 188-191, 220, 
318-320 

found by decomposition and dif- 
ferentiation, 320, 321 
principal, 314-319, 327, 328 
Momontnm {nee Angular momen- 
tum; Linear inoincntuin) 
Morlev, E. \V., 407 
Motion, defined, 14 
of charged particle, 375-391, 

399, 400 

impulsive (see Impulsive motion) 
of mjiss center, 132-134, 146, 
236, 337, 366 

relative to mass center, 134-136, 
146, 232, 233, 236, 338, 339, 
365 


Motion, of partii-I<-, under ca-nlral 
fori v. Hi() 183, 448 
• iiUcniiiiual b\ initial condi- 
liohs, 333, 334 

III plane. 127-131. 146, 149 
182 184, 210-212, 445-448 
relative to moving frame ol 
|•«•^eren^•e, 138-143, 146, 340- 
345 

in relativit>', 477-486 
in space, 331-337, 364, 3o8 - 
399, 400 

of rigiil body, parallel to fixed 
plane. 121-124, 187-219 221 
with fixed point. 300-308, 327, 
345-349, 364, 404-430, 439 
general, 308, 309, 327, 349, 350, 
366, 433 440 

of system, 131-138, 146, 187-219 
221, 337-340. 364 
.Moving constraints, 400 
Moving frames of reference, 138- 
146, 340-345, 366 

Moving rod, c-ontraction of, 472, 
473, 470 

Multiplication, of vector and scalar, 
19, 20 

of vectors, 243-266 
Murnaghnn. F. D., 16 
Myers, L. M., 380 

N 

Necessary conditions of equilibrium, 
39. 40, 42, 43, 40, 47, 59, 00, 
69, 70, 200, 201, 271-273, 299 
Neutral equilibrium, 214 
Newfci. I..31.32. 82,174. 461 
Newtonian frame of reference, 31, 

33, 34, 132, 134, 146 

Newtonian law of gravitational 
attraction, 82 

Newtonian mechanics, laws of, 30- 

34, 36 

Newtonian unit of time, 12 
n-gonal symmetry, 315 
Non-holonoinic system, 285, 452 
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N'finiiiil c-(»tiip(>ncnts «>f \’(*lority niiri 
M<‘c(*U*ration, 118, 110, 124, 303, 
304, 327 

N’nrmal fr«*qu(aicu?s :ukI periods, 
20‘)-21 1, 221, 454. 455 
Nortiial tiu)d(“Sof vibration, 205-212, 
221 

Normal rca<-tiort, 87 
Normal vector, prinri|)ul, 202 
Notation, <Iimeiisioiial, 480 
for vectors, 10 
Null liru's ill space-time, 475 
Null jilanes and lines in statics, 301 
Notation of toj), 418 

O 

Object point, 387 
()bsi*rver in relativit>', 403 
Orbit, <M'ntral. 100-183 
circular. 172-174 
elliptical. 107, 177-180, 183, 368 
(Svf filan I’lanctary orbit) 
hyperbolic or parabolic, 177, 183 
Ord(“red triad, 245 
Orthogonal tria<l, 23 
Oscillation, center of, 199 
Oseillations, rlamped. 101-100, 183 
iloadbeat, 104, 183 
forced, 104-100, 183 
Itarmonii-, 158-100, 182 

(See also Pendnlum; Vibration) 
Oscillator, harmonic, 157-166 
OseulatiiiK plane, 262 
Over-riKi<l frame, 106 

P 

Pappus, theorems of, 80, 114 ^ 
Parabola in suspension bridge, 100 
Parabolic orbit, 177, 183 
Parabolic trajectory of projectile, 
149-152, 182 

Parallel axes, theorem of, 189-191, 
219 

Parallel forces, 268, 269 
Parallelepiped (see Cuboid) 
Parallelogram of forces, 32, 33, 36 


Parallelogram law, for eouples, 266 
for infinitesimal rotations, 280 
Partiele, 8, 9, 34 

angular momentum of, 128, 129, 
146, 324, 328, 335, 364 
under central force, 128, 16<>-183, 
448 

charged, 174, 375-391, 399, 400 
<lynamie.s of. 127-131, 146, 149- 
182-184, 210-212, 331-337, 
364, 358-399, 400, 44.5-^48, 
477^86 

eipiilibriuin of, 39, 40, 69, 70, 260, 
299 

free, 32. 475. 476, 484 
kinematics of, 118-121, 124, 303- 
306. 327, 471-481, 484 
kinetic energy of, 129, 146, 328, 
446 

I-agrango’s e(|uations for, 445-448 
linear momentum of, 128, 331, 
481, 482 

in a plain*, 64-66, 118-121, 124, 
127-131, 146, 149-182-184, 
210-212, 215, 216, 364-366, 
445-448 

potential energy of, 65-67 
principle of energy for, 129-131, 
146, 335, 336, 364, 482, 483, 
486 

in relativity, 463, 475-484, 486 
on rotating earth, 143-145, 391- 

398, 400 

in rotating frame, 141-143, 146, 
341-345, 366 

in space, 303-306, 324, 327, 328, 
331-337, 340-345, 364, 367- 

399, 400 

on stretched string, 497 
Particles, on stretched string, 206- 
210 

system of (see System of particles) 
Past and future, determination of, 
334, 335 

Pendulum, ballistic, 233, 234 
compound, 196-199, 220, 364 
conical, 368, 369 
Foucault’s, 396-398, 400 
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PoiJtluluiii, simple", lo7-l")0, 182, 
198, 220, 3Gl-3()H. 399 
sphoriral, 3G7-37o, 399 
IVrcussion, center of. 237 
Perihelion, 178 
Period (see Periodic time) 

Periodic sohitions of a differential 
equation, 35S-3G1 
Periodic time, lo9 
of compound p«‘iululum, 19H, 199, 
220, 3G4 

of harmonic oseullator, 100, IGl, 
104, IGG 

normal, 209—211, 221, -ir)-!, -loo 
of planet. 178-lSO, 183 
of simple pendulum, loO, 182, 3GG, 
399 

Pcr})endieular axes, tlieorem of, 191, 
219 

Pliase of oscillator, IGO 
Philosophical ideas, 3-8 
Physical laws and dimensions, 494- 
497 

Physical truth, 7 

Physical way of thinkiii}?, 3-5, 494 
Physicists' equations, 492, 493 
I^itch, of screw displacement, 282, 

283 

of wrench, 207, 268, 283 
Pitchinp; moment, 270 
Plane, fundamental, 39 
inclined, 202-204 
invariable, 406, 439 
osculating, 262 
of symmetry, 78, 316 
Plane dytiumics, applications in, 
149-182-184, 187-219-221 
methods of, 127-146, 146 
Plane equipollenco, 48 
Plane impulsive motion, 225-236, 
237 

Plane kinematics, 118-124 

Plane mechanics defined, 39 

Plane statics, applications in, 74- 

113-116 

methods of, 38-69, 70 
Planetary orbit, 174—183 
constants of, 177, 178, 183 


Planetary orint, Ki’pler’s law,-, for, 
179, ISO 

pi'iiodic time of, 17H, 179. 183 
Pluml> line on rotating earth, 1 11, 
145. 392, 393 

Poinsot, method of, 405-407, 411- 
415, 439 

Poinsot cllipsoiil, 40G, 407, 411, 
439 

P<tlho(h’ came, 307 
Polygon of forces, 40 
Posclil. Th.. 88 
Position \a*c’tor, 24, 36, 303 
Positive* rotation. 245 
Potential, electric, 375 
gravitational, 83 
magnetic, 37G 

Potential c-nergy, 64-67, 70, 130, 
292-295, 297, 298. 300 
for iiivt*rse scjuarc law of attrac- 
tion. 83, 176 

a minimum for stability, 212-219, 
221 

Pound, 13 
Poundal, 32 
Power, 53 
Pramltl, L., 88 

Preeessioii, 415-418, 428-430, 439 
Principal axes and moments of 
inertia, 314-319, 327, 328 
Principal normal, 262 
Principal planes of inertia, 315 
Principle of angular momentum, 
in impulsive motion, 228, 236, 
351, 352, 366 

for particle, 129, 146, 335, 364 
relative to mass center, 130, 146, 
^ 200, 221, 339, 366 

for rigid body, 194, 200, 220, 
221, 346, 349, 364, 366 
for system, 135, 146, 339, 364 
Principle of energy, for particle, 
130, 146, 335, 364, 376 
in relativity, 482, 483, 486 
for rigid body, 194, 199, 220, 
221, 354, 366 
for system, 137, 146, 340 
Principle of equivalence, 466, 467 
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lVitKipl<‘ of liiionr jiionn’titmii, m 
lnij)ti!'iv«‘ tiiofion, 227, 236, 
.Til, 3.V>, 366 
fur pnrtiflr, 331, 4H2 
for svst«Mii, 132, 146, 337, 364 
l*riiici|ilc of virtual work, 

70, 2‘)3, 201, 299 

l*ro<'(Hlurc in tiu'orcl i<-!il nii'rliatii*'?!, 
(). 7 

rrodin-tfi of iiiortia, 3! 1-314, 327 
l’r<i<lu<-t,s i»f N’octors, 243-266 
MiiNctl trijilc, 24H, 266 
s<-aljir, 243, 266 
vcM-tor, 21-’>, 266 
\(‘ctor triplo, 2ri0, 266 
l*ioj(‘i-t lie. with rosistanro, 152- 
157. 182 

without ri'sistanco. I4f4-152, 182 
on rotatiuK oartli, 395, 300, 400 
staliility <tf, 42t», 427, 439 
I’ropidicr, 310, 311, 310, 317 
I’i'o)H’r (uuTny, 48^1 
PropcT mass, 4S1 
Proper time, 477, 478, 484 

Q 

(Quantum im*ehanies, 7, 8, 175, 334 

li 

Radial eoinponents of velocdty and 
aercloration, 119, 120, 124 
Ua<lius, of curvature, 118, 119, 202 
of ('vratioM, 187 
of torsion. 202 
Uanue of j)rojectile, 151, 152 
Rate, of fhanne of vector, 341, 342, 
366 

of Krowth, 342 
of transport, 342 
Rawlings, A. L., 430 
Roacti(Ui, in beam, 92, 93, 114, 
270, 271 
normal, 87 

in rigi<l body, 56, 57, 70 
in rotating rod, 204, 205 
at rough contact, 86-88, 114 


Reaction, at smooth contact, 54, 55, 
57, 70 

workless, 54-57, 70 
RectaJigular cul>f»i<l, moments of 
inertia of, 319 

Rectangular |>late, moments of 
inertia »>f. 188, 220, 319 
Reduction, of displacement, to 
screw. 282. 283 

to translation and rotalioTi, 01, 

62, 278, 279. 299 

of general force system, 264-271, 
299 

of plane force system, 50-52, 70 
of system of parallel forces, 268, 
269 

Relative energy, 481, 483, 486 
Relative fon’e, 481-486 
Relative mass, 481 
Relative momentum, 481 
Uelativistie contraction of moving 
ro«l, 472, 473, 476 

Relativistic slowing down of moving 
clo<*k. 473. 476 

Relativity, fundamental concepts of, 
461-466 

general theory of, 8, 175, 462, 463 
measurement of time in, 461-466, 
409, 473, 476, 478, 479, 484 
motion of a particle in, 475—486 
special theory of, 461-484, 486 
Represcjitativc lamina, 61 
Resistance of air, 149, 152-157, 182 
varying as the square of the 
velocity, 155-157, 182 
varying directly as the velocity, 
157, 182 

Resonance, 161, 166 
Rest, 14 

Rest energy, 483 
Restitution, 231, 232 
coefficient of, 230-232, 237 
Resultant, of finite rotations, 20, 280 
of forces, 32, 36 

of infinitesimal displacements, 
279-281. 299 

Reversed effective force, 138, 146 
Right-handed triad, 245 
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Hifiul |„„ly. 10. 11, 34 

jinnular inomciitum of, 101. 102 . 

220, 221, 32.>, 320, 328 
aiiKular vclocit y of, 121, 124. 3(10- 
300. 327 

di.-<placpMH*iit «if, 01, 02, 70, 270 
283, 299, 300 

(lynaini<-s of. 187-220, 221, 34.")- 
350, 364, 366, 404-439, 440 
(•(inilibriimi t>f, 02-0-1. 70, 271 270, 
299 
free, 288 

internal n*actions in, 50. 57. 70, 
204. 205 

kini*niatic.-< of, 121-124, 300 311. 
327 

kinetic eneruy of. 101-104. 220, 
321-323. 328 

motion parallel to a pi.-me, 121- 
124, 187-220, 221 
motion in spact*. 345-350, 354, 
366, 404-440 
in relativity. 403 
rotatiiif' about fivcfl axis. 104-190. 
220 

work (lone by forces acting on, 03, 
70, 290, 291, 300 

Kigid body with a fixed point, 
annular momentum of, 325, 320, 
328 

annular velocity of, 300-308, 327 
displacement of, 277-280, 288, 299 
dynamics of, 345-349, 364, 404- 
430, 439 

eepaations of motion of, 340, 364 
Euleriaii annlea for, 280-288, 307, 
308 

Killer’s tlioorern for, 277, 278, 299 
kinmiatic.s of, 300-308, 327 
kinetic energy of, 321-323, 328 
mounting of, 404 
under no forces, 404—415, 439 
{See also Gyroscope; Top) 

Rod, moment of inertia of, 188, 220 
Rolling contact, 55, 57, 70, 122, 123 
Rolling disk, 435—440 
Rotating frame of reference, 141- 
143, 146, 341-345, 366 


b .t il III:: 1. 1.1, 2(i 1, 2115 
b'.tatii.ii, cl till- l•a^l}l, 1.3, 1 12 I 15, 
301 .30S, 400 

aboiil 101 l‘>0. 220 

.-ibciii fixed point, 277 2S(t, 299, 
30»i. 307. 327 

ilistaiit.-ineciiv axis <if. 300 
ill a plane. 01, 02, 121 124 
ive, 2 15 

Itottilioiis, fiiiile. resnltatit of, 2(>, 
280 

infiiiitoinial, ii^iiltaiit of, 270, 
280. 299 

Rough eoiitael, SO-SS, 114 
Rout li's rule, 320 
Russe ll. II. 13. 415 

S 

Scalar, 18 

multiplied by vector, 10, 20 
Setdar field, 28 
Setdar product, 243-248, 266 
Screw displacement, 282, 283 
Second, 13, 14 

Sections, method of, 110, 111, 116 
Semicircular pltile tuid wire, m.a.ss 
centers of, 80 

Sepanition in sptice-time, 475, 484 
Shetiriiig force, 02-07. 114, 270, 271 
Significant figure.s, 494 
Silberstcin, K., 407 
Siini>lc frame, 1 1 1 

Simple harmonic motion, 158-100, 
182 

.Simple pendulum, equivjdent, 108, 
200 

finite oscillations of, 198, 304-3<)(>, 
399 

siiiidl oscillations of, 157-159, 
182 

Sloc|>ing top, 424 — 420, 439 
Sliding vector, 18 

Slowing doum of moving clock, 473, 
476 

Small displacement (sec Infinitesi- 
mal displacement) 

Smooth contact, 54, 55, 57. 70 



PRIXCIPLES OF MKdlASICS 


:>\2 


SII X. :m. 3«>2, 398, 399 
Solar .sysh'tii, cl> iiatnirs of, ISO 
tiiass of, 13-1 

S|ia<M- (-cntroilc, 123, 124, 307 
Spaci* <-oiu*, 307, 407, 413, 439 
S|)a<'c-1 imc, 473—177. 484 
Vf<-tor.s in, -ISO, 481 
S|)('rial theory of relativity {see 
Relativity) 

Speed, 27 

of apitroaeli, 230, 231, 237 
of lifsht, 27, dOo-lO?, -109, 471, 
-182 

of separation, 230, 231, 237 
Sj)liere, mass eeriter <jf, 78 

moment of inertia of, 189, 220, 
319 

Splieres, eollision of, 229-232 
Spherienl peiKlnlnin, 3l>7-375, 399 
apse of, 372-37.’) 

Heju'ral motion of, 309-372, 399 
small oscillations of, 307, 308, 
372-37'), 399 

Spherical polar coonlinatos, 4.53 
Spherical shell, attraction of, 83, 84 
moment t)f iiu'rtitt of. 320, 321 
S|)in of top or uyro.scopo, 410, 419, 
428, 129, 439 
Spinninji top (.'icc Top) 

Stiil)jlity. of cinmiar orbit, 172-174 
of ecpiilibrium, 212-219, 221, 294 
of gyroscope, 427, 428, 439 
of rolling disk, 43.5-440 
of sleeping top, 424—120, 439 
of spinning projectile, 420, 427, 
439 

Statically determinate problems for 
beams, 94, 95 

Statically indeterminate problems, 
08, 09, 90, 270 

Statics, plane, applications in, 74- 
113-116 

methods of, 38-69, 70 
in space, 2.')7-299, 300 
Stewart. J. Q., 13, 415 
Stress, in bar of frame, 108 
in beam. 92. 93, 114, 270, 271 
String (see Cable) 


.Snbtrar-tioii of vectors, 21 
Successive approximations, 383 
Sutlieient I’rnulition.s of e(piili)irini]), 
39. 40. 50. 00, 02, 03, 69, 70, 
271-273, 299 
Surface, level, 28 
rough, 80-88, 114 
smooth, .54, 5.5, 57, 70 
Surface density, 77 
Suspension bridge, 100, 114 
Symmetry, axis of, 78, 31.5, 310 
central, 77 

of central orbit, 170, 171, 183 
digonal, trigonal, etc., 315 
plane of, 78, 310 

u.sed to 6 !ic 1 mass centers, 77, 78, 

114 

used to find prineijral axes, 315- 

318 

Synchronization of clocks, 403- 
400 

System of forces (see Force system) 
System of particles, angular momen- 
tum of, 134-130, 146, 324, 32.5, 
338, 330, 364 

dynamics of, 131-138, 146, 187- 
220, 221, 337-340. 364 
equilibrium of, 41-52, 70, 259-204, 
293-299 

kinetic energy of, 136, 146, 449 
Lagrange’s equations for, 449-468 
linear momentum of, 132-134, 
146, 337, 364 

potential energy of, 64-67, 130, 
292-295, 297, 298, 300 

T 

Tangenti.al components of velocity 
and acceleration, 118, 119, 124, 
303. 304, 327 

Tension, in bar of frame, 108 
in beam. 92-96, 114, 270 
in cable, 98-105, 114, 116, 263, 264 
Tensor, 314 

Tetragonal symmetry, 315 
Tetrahedron, mass renter of, 79 
Theory of dimensions, 487-498 
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'riie»>rv of ri'lativily (.'«» K- Ini i\ it \ i 
Tl>iii bourns, 92-9S 
riirust, 108 

'rijne, in Newtonian nua'lianic-, 12. 
13 

proper, 477, 478, 484 
in relutivit\', 4(>1— KiCi, 4(i9, 473, 
470-479. 484 
unit of. 12-14. 487. 488 
'riinoslienko, S., 113 
'l op, 415-127. 439 

fuspi<htl motion of, 422-424 
gi-nerul motion of, 418-422, 439, 
45o, 45(» 

I>agrang<‘’s (‘t|Uations for, 455, 4.)t) 
.sleeping, 424-420, 439 
in .steatly i)reee.'i.sion, 415-418, 439 
'rorfpie. 194 
'rorsion, ratliii.s of, 202 
'I'otal angular iinpnlse, 351 
'I'otal energy, 130, 137, 335, 340 
'I'otal foree, 257, 283, 299 
'I'otal impulse, 351 
'I'otal impulsiv(* foree, 351 
'I'cjtal moinrmt, 257, 2S3, 299 
Traj<*etory, of ebargial partii-le, 
382-385, 399, 400 
of projcetilo. 149-157, 182, 395, 
390, 400 

Transformation, of axes in spaeo- 
tinio. 471 

I/orentz, 4G0— 177, 484 
NA'Wtonian, 472 

to prineipal axes of inertia, 315, 
317, 318 

'I'ranslatioii, 01, 277 
Transinissibility of force, 04 
I’rarisport, acceleration of, 343 
of vector, 342 

Transverse- components of velocity 
ami aeeeleration, 119, 120, 124 
Triad, Icft-lnindcd and right-handed, 

245 

ordereel, 245 
unit orthogonal, 23 
Triangle of forces, 40 
Triangular plate, mass center of, 79 
Trigonal symmetry, 315 


Triple prodiii t-. 2tS 2.'i(*. 266 
'!'ru»r'- • « 1' raiiie-i i 
Ti utli. niai heinat leal aiul plivsieal, 7 
'Twi>tilig eon|)le. 270 
Two-body problem, ISO 1S2. 184 

I' 

I'nifonn hei<l of foree, 07 

eli-et romagiiet !<•, 370-379, 399 
I’liit coordinate \eetors, 23, 245 
l iut, of fore.', K;. 32. 34, 488 
of length. 1 !. 13, 14, 34, 487. 48S 
of !na^s. 10. 13. 14, 34. 4S7, 488 
..f time. 12 14, 34. 487, 488 
I'liit ortlnigonal triad, 23 
I'tiils, arbit rarine.ss of, 34, 488 
e.g.s. and f.p.s., 13 
change of, 490-494 

\' 

X'arignon, lln-or.-in of. 14, 45, 253, 
254 

\‘ector, 17, 18 
binormal, 202 
bound, 18, 19 

components of, 22-24, 32, 34, 243 

dilTerc-titiation of, 21-20, 34, 248 

el.-etrie, 375 

free, 18, 19 

gradient, 28-30, 36 

magtietic', 370 

moment of, 43-45, 70, 2.)() 266 

multiplied by scalar, 19, 20 

notation for, 19 

position, 24, 36, 303 

principal normal, 202 

rate of change of, 341, 342, 366 

sliding, IS 

in space-time, 480, 481 
zero, 21 

\'ector field, 28 

^'eetor function, 24, 25 
Vector product, 245-248, 265 
Vector triple i)roduct, 250, 266 
Vectors, addition of, 19-22, 34 
coordinate, 23 
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\’r«'tt)rs, product •< of, 213-266 
sui)tr:M-tioti of, 21 
\'c}lic|c. sr‘if-propcilc<l. 202 
\ cliiciti<‘s. coiiiiio.sil ion of, 139, 30."), 
300. 477 

\'c|..city, 20-28, 36, 303 
;il).'oliiti‘, l.SO 

aiiKular, 121, 124, 30t)-309. 327 
areal. lOS. 178, 183 
III <-ylindrieai coordiii:tt«*!>, 301, 
30.") 

of linlif, 27, 40.V4()7. 409, 471, 482 
liiiiiliii^, l.')7 

of particle of ri^id Ixxly, 300. 

30H-31 1. 327 

radial .and t raii.'-vi'ise e«>iiiponeiits 
of. I Ml. 124 

taimential camipinienf «)f, UK. 

124, 303. 304, 327 
Wrtiiad, .So 

on rotatiny earth, 144. 392 
\’il)ration. normal mode.s of, 20.')- 
212 , 221 

of [)artiele in plane, 210-212 
of particle on stretched string, 
197 

of two partiiles on ytrctehecl 
strinj:. 200-210 
{Stc ul.Ko Oscillations) 

\ irtnal displacement, o3, .)8, 447 


N'irtiial work, ")7-()0, 70, 111, 116» 
293, 294, 299 

W 

Wavs of thinking, 3-.5, 494 
Weijilit, 17, 80 

on rotatiiiK earth, 143, 302, 393 
WhitfakiT, K. 'I'., vii, IG 
Work. .i3-07. 290-300 
done hy couple, 04, 291 
done hy f»)re«*, .')3, 70 
done hy frirees on K<'i>oraI svstein, 

291,292,300 

<lone hy forces on ri^id body, t)3, 
70, 290, 291, 300 

Work, virtual, .)7-G0, 70, 111, 116, 
293, 294. 299 

Workless constraints, 54-.")7, 70 
Wremdi, 207, 208, 283, 299 

V 

Young, I). H,, 1 13 
Young's modulus, 90, 114 

Z 

Zero, force sy.stein equipollent to, 
48, 259 

Zero vector, 21 




